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CONGRUENCES RELATING TO THE SUMS OP 

PRODUCTS OF THE FIRST n NUMBERS AND TO 

OTHER SUMS OF PRODUCTS. 

By J. W. L. Glaishbr. 
Theorems of Wilson^ Lagrange^ Wohtenkolme^ Ferrers. 

§ 1. In Vol. v.* of the Quarterly Journal Wolstenholme 
has shown that, if n be any prime greater than 3, 

(i) the numerator of the harmonic progression 



3 n- 1 

is divisible by n' ; 

(ii) the numerator of 

1 1 1 

l + 2« + 3"* ■*■•••■*■ («-!)• 

is divisible by n ; 

(iii) the number of combinations of 2n - 1 things, taken 
n- I together, diminished by 1, is divisible by n*. 

In Vol. xxii-t of the Messenger of Mathematics Mr. Gr. 
Osboru has given a simple proof of properties (i) and (ii) ; 
and in Vol xxiii.| of the same journal Dr. Ferrers has shown 
that 

• " On certain properties of prime numbers," pp. 86-39. 

t " Note on the numerator of a harmonical progression," pp. 61, 62. 

X "Two theorems on prim« numbers," pp. 66-68. 

VOL. XXXI. B 
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2 Dr. Glaislier^ Congruences relating to sums of products 

(iv) if n be an unevea prime, the sum of the products of 
the numbers 1, 2, 3, ..., n — I,' taten r together, r being less 
than n — 1, is divisible by k j ? - 

.(v) if 2n + l be a prime, tbe-fium of the products of the 
squares of the numbers 1, 2, ..., n, taken r together, r being 
less than n — 1, is divisible by 2n + !• 

§ 2. In the first portion of the present paper I give proofs 
of these theorems. It will be seen that they are all closely 
connected with an investigation of Lagrange's, from which, 
however, he did not himself actually deduce any of them 
except (iv), and even this result he did not enunciate explicitly. 

The remainder of the paper contains investigations whjch 
lead to more general theorems of the same class, as well as 
to other formulsB and congruences relating to the divisibility 
of the sums of products of n quantities taken r together. 

§3. Let 

(a?4-lX^+2)...(^+w-l)=a;"''+i4ja;""*+^aj""'+...-|-^^_,aj+^^.,, 

so that A^ denotes the sum of the products of the numbers 
1, 2, ..., n — 1 taken r together. 

Putting or + I for a, and multiplying by a?+ 1, we have 

.(:r+l)"+J/^+ir^+^.(z+ir'+...+^..,(a: + iy+^,.,(aj + l) 
= (a; + w) («"■* + A^x"-' + A^x""'^ +. . .+ A^_^x + ^^.,), 

whence, using (n\ to denote the number of combinations of 
41 things r together, we find by equating coefficients 

(7i),+ (n-l).^. = 2J,, 

(fiX + (n - 1). ^1 + (n - 2). A^ = 3^„ 

Kn\ + (n - 1), ^, + (n - 2), ^, + (n - 3), A^ = 4 J„ 

l + A^ + A^ + A, +...+ A^_, = (n - 1) ^^.,. 

If n be an uneven prime, the first equation shows that A^ 
is divisible by ti, then the second shows that ^, is divisible 
bj w, the third that -4, is divisible by w, and so on up to A^^j 
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q/ the first n numbers and to other sums of products. 3 

the last equation showiDg that A^^ + 1 ia divisible by w, which 
is Wilson 8 theorem. 

The fact that -4„ ^„ ..., -4^_, are all divisible by n when n 
is an uneven prime constitutes the theorem (iv), which has 
thus been proved. 

§4. In the original equation let a;=— f?, n being still 
supposed to be an uneven prime. Then, since the left-hand 
side =^^„ the equation becomes, after division by n, 

=n"^ - A^rC'* + AjnT'^ -. . .+ A^_^n - ^^.,. 

If w > 3, A^_^ is divisible by n, so that all the terras except 
the last have n'' as a factor, and therefore the last, A^^^ must 
be divisible by n*. This is the theorem (i). 

§ 5. Since the numerator of 

1' 1 1 

is equal to il*^.,— 2i4^.,i4^_, • and, since, if n be a prime greater 
than 3, -4^_, and -4^_, are divisible by w, it follows that this 
numerator is divisible by n, which, is the theorem (ii). 

§6. Let x=7i in the original equation, n being a prime 
greater than 3. The equation then becomes 

(n + 1) (n + 2)...(2n - 1) = n""* + ^n""' +...+ ^,.,n + A^_^, 

\vhence 

(n + 1) (n + 2>,..(2n — 1) - 1.2.a...(n - 1) = a multiple of n", 

••e. (2/1 — 1)^^^ -1^0, mod. w', 

which is the theorem (iii). 

The theorems (i), ..., (iv) have thus been proved.. 

§ 7. The investigation in § 3 was given by Lagrange in^ 
the Nouveaux M&moires of the Berlin Academy for 1771.* It 
forms his proof (perhaps the first published) of Wilson^s 
theorem, which had been enunciated, without proof, the 
previous year in Waring's Meditationes Algebraicoe, Although 
Lagrange proves, as above, that if n is an uneven prime, 

• <« D^momtration d'un Th^oreme nouTeau oonoemant lea nombres prtmien," 
np. 126^187. 
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4 Dr. Olaisher^ Congruences relating to sums of products 

^jj A^y ..., A^_^ are divisible by «, he appears to have 
regarded these results merely as subsidiary to the proof of 
Wilson's theorem ; and he does not draw special attention to 
them as possessing an interest of their own. Lagrange's 
investigation is referred to by H. J. S. Smith in Art, 10 of 
his report on the Theory of Numbers-t 

Ml*. Osborn's method was to show first that A^. and the 

numerator of 1 + ri + r-, +...+ z rri ^^^^ divisible by n ; 

2' 8 (n — 1) "^ ' 

and thence to deduce, by the formula used in § 5, that A^^ 

was also divisible by w. From the identity 

(n-l)(n-2)...{n-(n-l)l = (n-l)! 

be obtained the equation 

whence he inferred, as in § 4, that A^_^ must be divisible by n*. 
Wolstenholroe's own method, which was somewhat lengthy, 
differed entirely from Mr. Osborn's and from that employed 
in this paper. He first proved independently that A^_^ was 
divisible by n", and A^^ by ti, whence ne deduced, as in § 5, that 

the^numerator of 1 + r^ + r^ +...+ 7 rr^ was divisible by ti. 

• 2" 8 (n — 1) ' 

Thence from the equation 

{n-f n-l}{w-f n-2}...(n + l) 
(n-l)I 

(n^i)l +' 

he showed that (2w - l)^, — 1 must be divisible by n*. 
Starting from the equation 

(x + !)(« + 2).. .(a? + n - 1) = or""* + ^^aj""" +...+ A^^x -h -4^.„ 

Dr. Ferrers proved the theorem (iv), not by equating coefiicients 
as in Lagrange's method, but by putting ar=s 1, 2, ..., n- 2, 
and considering the values of ^„ -4,, ...,^^_, as determinants, 
which result from these equations. Dr. Ferrers proved (v) 
independently by a similar method. 



t " CoUected Mathematical Papers," Vol. i., p. 46. 
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of the first n numbers and to other sums of products, 5 

§ 8 The theorem (v) raay be deduced from (Iv) as follows : 
The quantity A^ is the sura of the products of the numbers 

1,2,3, ..., n — 1 taken r together. Each term is therefore 

included in the general form 

/ff...u(n-u)v(n-u)...j 

f^ g^ ... being the factors (\( any) whose complements n~fj 
n — ,9r, ... do not occur; ana u, w, ... the factors Tif any) whose 
complements n — w, n — v, ... do occur. Let n be uneven (so 
that a factor cannot be equal to its complement), and consider 
a term /m(w — u) v(n - v) ..., in which only a single factor f 
occurs without its complement; then A^ contains also the 
term (n— /)u(w- w)v(w - v) ..., and the sum of these two 
terms is divisible by n. Thus the sum of all the terms in A^ 
which contain only one factor without its complement 
= 0, mod. n. Consider now a term containing exactly two 
factors f^ g without their complements : combining this term 
with the three others in which /, g are replaced by n -/, gji 
A ^"9 J ^""/j '^ — .^^ respectively, we obtam a sum which is 
divisible by fg + (n - /) g +/ (n - fl^) + (w - f) (n-g) = n\ 
Thus the sum of all the terms in A^ which contain exactly 
two factors without their complements = 0, mod. n*. In the 
same way we see that the sum of all the terms in A^ which 
contain exactly three factors without their complements 
= 0, mod. n* ; and so on. If r is uneven, there must be at 
least one factor in each term without its complement ; and 
therefore, whether n be prime or not, so long aa it is uneven, 

A^^ = 0, mod. fi. 

If r is even we can group as above all the terms which 
contain at least one factor without its complement, so that 
their sum = 0, mod. n : but the terms in which every factor 
has its complement cannot be so grouped. These terms are 
of the form ttfn- w)v(n — v) ... =(- l)*^uV ... . Thus if 
n = 2m + 1, and if B^ denote the sum of the products of 
]', 2', ..., m" taken t together, then, whether n be prime 
or not^ 

jB, = (- iy^„, mod. n = 2m + 1 ; 
for every term uV ... in ^^ gives rise to a term 

u(n-M)t;(n - 1?) ... 
in A^ and vice versd. 
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6 Dr. Olaisher, Congruences relating to sums 0/ products 

Now A^^Oy mod. n, if n be a prime greater than 3, so 
that in this case we have B^ = Oy mod. n^ which is the 
theorem (v). 

Theorems relating to the values o/*/8^(l, 2, ..., n). 

§ 9. it will be noticed that the reasoning employed in the 
preceding section shows that in general ^^ = 0, mod. n, 
where r and n are any uneven numbers, and r is less than n ; 
and it also distinguishes between the classes of terms in A^y 
showing that the sum of those which contain s factors without 
their complements =0, mod. n. 

This mode of classifying the terms will now be considered 
in detail, and from the resulting formulas it will be shown 
that, if n is a prime greater than 3, not only is A^^^ divisible 
by n', but also ^^, r being any uneven number > 1 and <n 
(§ 16). It will also be shown that, r and n being both uneven, 
and n>3, r> 1, 

2 ^•"-' ^•' 

is a multiple of n', and, when n is a prime > 5 and r>3, a 
multiple of n' (§ 19). 

§ 10. Let 8^(a^y a,, ..., a^ denote the sum of the products 
of the numbers a^, a,, •••> ^< taken r together. 

Let I be any number gi*eater than any of the numbers 
o„ a,, ..., a^y and such that no one of the numbers a^, a„ ...i a^ 
is equal to any one of the complementary numbers 

Z-ttj, ? — a„ ..., l-a^ ; 

and let (r^(a^^ a,, •.., a^; I) denote the sum of the products 
obtained by multiplying each product in S^(a^y a„ ..., a^) by 
the product formed of the complementary factorS| i.e.| so 
that, if 

^r(^i> flf„ ...,<»<) = Sa^a^...a,, 

then <rX«„ a„ ..., a^] Z) = 2a^a^...a,(Z-a^)(Z-a^)...(i-aJ. 

For example, 

iS,(l, 2, 3, 4) = 1.2 + 1.3 +1.4 + 2.3 + 2.4 + 3.4 = 35, 

<r,(l, 2, 3, 4 ; 10) =5 1.2.9.8 + 1.3.9.7 + 1.4.9.6 

+ 2.3.8.7 + 2.4.8.6 + 3.4.7.6 = 1773. 
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of the first n numbers and to other sums of products. i7 

§ 11. The following investigation enables us to express 
8^ (a„ a,, ..., a^5 Z— a^, ..., I- a„ i— «,) in terms of 

The som of the terms in S„(a^J ..., a^^ l-ciij ..., ?-«,) »n 
which no factor occurs without its complement is evidently 
<r^(a,| a,, ..., a^] Z). Consider next the terms in which exactly 
two factors occur without their complements. As in § 8, 
if y, g be two such factors (i.e. so that all the other factors 
have their complements), we have also terms in which 
the corresponding factors are Z— /, g] fy l^g\ /-/, l — g 
respectively, the other factors remaining the same ; the sum 
of these four terms therefore is Z' x product of ,^— 1 factors 
and their complements. In forming the pairs/, g we have to 
exclude the cases of g^l—f so that, if we put yk^i—t^ the 
number of pairs is (2)L( + 2) 2/a . Thus the sum of all the 
terms in which two factors occur without the complements is 

(2/iA + 2)2)t* ?• . « 
2l 4 ^*-' ^^»' ^^ •"•' ^*' ^ 

= 21 ^^'-i^^i^ ''«' •••» ^*5 0- 

Now consider the terms in which exactly four factors occur 
Tvithout their complements. Each set of four factors/, g^ A, k 
without their complements gives rise to a system of sixteen 
terms, the sum of which is 2* x product of t — 2 factors and 
their complements ; and the number of products of four factors 
fj gj hj k which can be formed from fJt + 2 (Quantities and their 
ft + 2 complements, subject to the condition that no factor 
occurs with its complement, is 

(2fi + 4) (2fjL -f 2) 2/[A (2/[A - 2) ^ 



* It is easy to see that the number of combinations of the n (= 2t) quantities 
o,. a^ ...f Oi, a/, a^'y ..., a/, taken r together, and in which no suffix occurs twice, is 
^{n— J— 1«- ; . £^^ ^ forming the combinations two together, a, can com- 
bine with aU except a„ a/, t.e. with n — 2 quantities, so that the number of 
combinations is **^""' ^ ; in forming the combinations three together the pair aio^ 

can combine with all except aj, a/, a«, a,', t.e. with n — 4 quantities, so that the 

^ ^ ^. ^. . n(»-2)(n-4) , 
number of combinations is — ^ r— ' j ana so on. 



Digitized by 



Google 



8 Dr. Olaiaher, Congruences relating to sums o/producta 

Thus the sum of these terms 

_ (2/. + 4) (2/. + 2) 2;. (2/. -^2) l\ . ^ ^ . j. 

t= ^^ ^ o-t^ K, a„ ..., a^ , C). 

Similarly we may obtain the sum of the terms which 
contain six factors without their complements, and so on. 
Thus we find that, if /i» = i — «, 

^uC^iJ «i) — ) «<' ^-«<» •••) '- ^a» ^-^'i) =<^.(«i) «a) ••*> «<; 

+ 4] ^ ^«-iC«n «t) •••) «<; 

+ &C. 

The series terminates either hj the occurrenee of a zero 
coefficient or when the suffix of a is zero, the value of 
<^o(«iJ «jj —J «o being unity. 

§ 12. In the same manner we obtain the corresponding 
formula for the case where the suffix of S is uneven, viz. 

^iifi(«P «a» ••'» «<' ^-«<» — > ^~««) ^-«i)=M^<^«(«i)««) —)«o 
+ 3] * ^fr-i C^P «t> — > ^ij 

4 '"'-'-7,''''-'^ iv„(.,,^......i0 

+ &C. 

where /i* = » - < as before. 

§13. In these formulsd let a„ a,, ..., a^ be the numbers 
1, 2, ..., ?n and let Z=2m+ 1. We then have 

(i) 5,(1,2, . ..,2m) = a,(l, 2,. ..,^;2m + l)+^^^±jl^P^^^^^ 
+ ^^-j ^ <r,., + &c.. 



* For the sake of brevity the arguments of the <r'B are omitted in all the terms 
after the first in each series. 
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of ihefint n number$ and to other tunu o/product$. 9 
CO -S.„(l,2,..,,2».)-/*?«r.(l,2, ...,m; 2m+l)+^^i^^P«r„ 

where fissm^t^ /a2m + l. 

§ 14. Let a,, a,, •.., a^ be the numbera 1, 2^ .... m — I and 
let 2= 2m; the numbers a^^ a,, ..., a^ i — «<, ...| /— a,i ? — a, 
are then the numbers 1, 2^ ..., nt — 1, fTt + 1, ...i 2m — 1, that 
ia, all the numbers from 1 to 2m — 1 with the exception of m. 

Now, evidently, 

/8[.(1, 2, ..., 2m-l) = i8^(1,2, ..., m-1, m+1, ...,2m- I) 
4m/S^j(l, 2, ..., m — 1, m+1, ..., 2m — 1), 

for the first term on the right-hand side contains all the terms 
in which m does not occur, and the second term all the terms 
in which m does occur. 

Now, putting r s 2r, we hayCy from § 11, 

/9^(1, 2, ..., m — 1, m + 1, ..., 2m — 1) 

= <r,(l,2,...,m-l; 2m) + ^^ '^^^ ^ r<r^, + &o., 

where fi^m-l-t^ 2s2m; 

and, from § 12, 

^j(-i(l> 2, ..., m — 1, m+1, ..., 2m- I) 

= /«*?<r^,(l,2, ...,m-l; 2m) + ^^^^]" ^V ir^+&c^ 

where ^ = m-^, 2a2m« 

Putting jM - 1 for /a in the first serieSy and adding it to the 
second series multiplied by m * r i we find 

("0^.(^2, .. .,2m- l)a=<r, (1,2, .•., m-1; 2m) + ||jZ»cr^ 
VOL. XXXI. C 
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10 Dr. Glaisher, Congruences relating to sums of products 

where fi^m — t^ Z = 27n. 

In the same manner, by putting r = 2<+ 1, we find 

where /i = m - <, Z = 2m. 

§ 15. The /ci-coefficients in the series (iii) and (iv) are of 

intesrer 

the form, — . This is evident from the manner in which 

' 2 

they have been obtained, viz. in the case of (iii), 

2" 2! +*^' 

Ai^(/it'~l') (/i4l)/i(/i-l)(/ti-2) {fi-\-l)fi{,i-l) 
41 "" 41 "*"^ 31 

/t'(/i'-l')(A.'-2') _ (y:i42)(M4l)...(/i-3) (M+2)(/i+l)...(M-2) 
61 " 6! ^^ 51. 

&c. &c. 

Similarly, in the case of (iv), 

f*-4=/*-i-f i, 

,, /i(M-l) _ M(A~l)(M-2) ^ , Mf/x-1) 

,^ (^^-l)/^(M-l)(M-2) _ (M4l)/i...(M-3) , , (^+l)/ii,..fM-2) 
^^"*^ 51 " 5l "^^ il ' 

&c« &c. 

§ 16. Formula (i), § 13, shows that 
S^X^, 2, ..., 2y?i) = (r,(l, 2, ..., m] 2m -f 1), mod. (2m + 1)'. 
In § 3 it was shown that 8^(1, 2, •.., 2m) is divisible by 
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f>f die first n numbers and to other sums of products. 11 

2m + 1, if 2m + 1 is prime ; therefore <r,(l, 2, .••, m ; 2/n + 1) 
roust be divisible by 2m + 1 if 2m + 1 is prime. 
Formula (ii), § 13, shows that 

^uAh 2, •.., 2m) = /u(2m-hl)<r,(l, 2, ..., m; 2m+ 1), 

inod.(2m + l)', 

and since, as has just been shown, <r^(l, 2, •••, m; 2m + 1) is 
divisible by 2m -h 1 when 2m + 1 is prime, it follows that 
^t«*i(l» 2> •••» 2m) must be divisible by (2m + 1)' when 
2m + 1 is prime, except when ^ = 0. 

§ 17. It will be shown in § 43 that if m be prime 
iS^(l, 2, ..., 2m - 1) is divisible by m for the values 1, 2, ..., 
«i — 2 of r. Assuming this result we see from formula (iii), § 14, 
that 0-^(1, 2, ..., m - 1 ; 2m) is also so divisible for the values 
1, 2, ..., ^ (m - 3) of r. It follows therefore from formula (iv), 
§ 14, that, when m m an uneven prime greater than 3, 
£;(!, 2, ..,, 2m -1) is divisible by m* for the values, 
3, 5, ..., m — 2 of r.* 

§ 18. It is evident from formula (ii), § 13, that iS-^+ifl, 2, •.,, 
2m) is always divisible by 2m + 1 ; and, from formula (iv), § 14, 
that 5^+1 (1, 2, ..., 2m- 1) is always divisible by m. Thus 
iS^^, (1, 2, ..., n) is divisible by n + 1, if n is even, and by 
^ (n + 1) if 71 is uneven. 

§ 19. By multiplying formula (i), § 13, by fil and sub- 
tracting (ii), we find 

filS^ (1, 2, ..., 2m) - S,,,, (1, 2, ..., 2m) 

= (2/i+l)|^^^^^y^P<^,..(l, 2, ...,m; 2m + 1) 
^ 2(M4-2)(^4^1)^(^-l) p^^^^ 3(M + 3)^...(M.2) ^^^^^^^1 ^ 

where, as before 

^ = m — ^ Z=2m+1. 

When 2m + 1 is a prime, a-^_^ (1, 2, ..., m ; 2m + 1) is divisible 
by 2m + 1 if «> 1 (§16). Thus in this case the right-hand side 



* These results are extended to other yalaes of r in §§ 51, 53. 
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18 divisible by (2m + i)*, so that we have, generally, 
(m- «} {2m + 1) 8^{l, 2, ..., 2m) = 8^, (1, 2, ..., 2m), 

mod. (2m + 1)', 
and, when 2m + 1 is a prime, and t> 1, 

(m - (2»t + 1) 8^ (1, 2, ..., 2m) = 8^, (1, 2, ..., 2m), 

mod. (2m + l)^ 
If <« 1, the modulus is (2m + I)'. 

$20. Similarly by multiplying formula (iii), §14, by 
(/i — i) 2 and subtracting formula (iv), we find after reduction 

(M-i)/iff«(l, 2, ,.., 2m ^1)^8^, (1, 2, ..., 2m. 1) 
-i (V- 1) jl^Pcr^i (1, 2, ..., m- 1; 2m) 

where /Acam-e, 2«2m. 

Thus, generally, 

(2m- 2f- 1) m5.(l, 2, ..., 2m- 1) = fl'^^Cl, 2, ..., 2m- 1), 

mod. m'. 

§ 21. When m is prime, c^ (1, 2, ..., m — 1 ; 2m) is divisible 
by m for the values 1, 2, ..., ^ (m - 8) of r (§ 17). It follows 
therefore that when m is prime 

(2m - 2«- 1) m8^ (1, 2, ..., 2m - 1) = /8'^,^ (1, 2, •.., 2m- 1), 

mod. m\ 
for the values 4, 6, 8, •••, m- 1 of 2L* 
If 2^» 2, the modulus is m\ 

§ 22. It is evident that, n being any number, 
Sr (1, 2, .. , It) « /8f, (1, 2, ..., n - 1) + n/9^^ (1, 2, ..., n - 1). 

Putting r = 2< + I, this formula becomes 
5^,(1,2, ...,ti) = 5^,(1, 2,..., n-l) + n5^ (1,2,..., n-1). 



• This result is extended in § 68. 
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Kow we know from § 18 that, if n is uneven, 8^^,^ (1, 2, ..., 
n — 1) is divisible by n, and, if n is even^ by ^n. Thus 
generally, if n is uneven, /S^^, (1, 2, ...^ n) is divisible by n, 
and, if even, by \n. 

If R be a prime greater than 3, then 8^ (1, 2, ..., n — 1) is 
divisible by n (§ 1), and 8 {1^ 2, ..,n- 1) bjr n* (§ 15), 
when t>0. Therefore 8^^^ (1, 2, •.., n), <> 0, is divisible by n\ 
when n is a prime greater than 3. 

§ 23. Patting r » 2t^ we have 
8^(1,2, ...,n) = ^^(l,2,...,n-l)-fw^^.(l,2, ...,n-l); 
BO that 
8^(1 J 2, ..., ti)^fl^„(l, 2, ..., n- 1), mod. n' or mod. Jn*, 

according as n is uneven or even. 

If n is a prime > 3, 8^ (1, 2, ..., ti - 1), 2< < ti — 1, is 
divisible by n, and /8L. (1, 2, ..., n- 1), <> 1, by n* (§17); 
therefore, U' 2( < n - 1, o^ (l, 2, ..., n) is divisible by n ] and, 
ifOl, 

g«(l,2,...,n)^g,(l,2,..,n-l)^ ^,3^^.^ 



n 



If ^ :a 1, the modulus is n. 



§24. It has thus been shown that, if n is a prime >3, 
/S^(l, 2, ..., fi) is always divisible by w, when r <n- 1, ai^d 
by n*, when r is uneven and > 1. 

§ 25. I now proceed to consider the sum of prodnctii which 
lias been denotea by <r^(ap a^ ...^ a^; Q (§ 10). 
Since 

.(-.y.,V.../(.-i)(.-i)(:-i) 

we have 

«r,(a„ a„ ..., a, ; Z) - (- 1)' (5, (a,', a/, ..., a/) 

- Z^; (a,', a/, .... a,0 + l%"(a», a,', ..., a,*) - &c.), 
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where SJ(a*j a/, ..., a/) may be derived from /S/a,*, a,*, ..., a^) 

by multiplyinff each term a*a\..aj by — h — I-...H — , or 

from iS^_, (flj*, a/, ..., a/) by multiplying each terra a^a^...cf^^ 
by the sum of the numbers not occurring in it, i.e, by 
a^-ha^,+...+a.. Similarly 8^' {a^^^ a*, ..., a/) may be derived 
from fi;(a/, a,, ...,a/) by multiplying each term a^*a^..M* 

by 2 — , the products being formed from the numbers 

occurring in the term ; or from 8^^ (a,*, a/, ..., a*) by multi- 
plying each term a.^a/.-.a'^, by the sum of the pairs of 
products formed from the other numbers a^j, a^, •••>«<; ^^^ 
80 on. 



§ 26. Substituting for the a's in the formulae (i), ..., (iv), 
§§ 13, 14, we find 

(i) 8,(1, 2, ..., 2m) = (- ly [8Xi\ 2-, ..,, m«) 

- (2m + 1) 5^,(1', 2', ..., ?w')}j mod. (2m f 1)', 

(ii) ^„„(1,2, ...,2m) = (-iy(7n-0(2m + l) 

X (5,(1*, 2*, ..., wi'')-(2m+l) 8X^\ 2", ...,m')}, mod. (2m+l)', 

(iii) ^„(l,2,...,2m-l) = (-y[^aiS2',...,(m-iyi 

-.2m/S'jr, 2", ..., (7W- 1)*}], mod. 2m% 

(iv) 5,,,,(1,2, ...,2m-l) = (-ym(2m-2«-l) 

X [SJl*, 2«, •.., (m- 1)'| -2m5',{l*, 2", ..., (m-1)'}], mod. 4m'. 

If 2m + 1 is prime, 8^{1, 2, ..., 2m) is divisible by 2m + 1 
for all values of r, and by (2m + 1)' if r is uneven (§ 16). 
Each of the congruences (i) and (ii) therefore shows that 
5.(1', 2*, ..,, m") is divisible by 2??i+ 1, when 2m + 1 is prime 
(Ferrers's theorem, § 1). If m is prime, /S^(l, 2, ..., 2m — 1) 
is divisible by 7n for all values of r from 1 to m — 2, and by 
m* for all uneven values of r from 3 to m — 2 (§ 17). Each 
of the congruences (iii) and (iv) therefore shows that 
iSj{l*, 2", ..., (7?i- 1)'} is divisible by m for the values 
1, 2, ..., i(wi — 3) of < when ??i is prime and > 3.* 

* Thifl result i£ extended to other yalues of Hn § 68. 
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§ 27. We may obtain also some results with respect to 
tlie numbers S'^lV, 2*, ..,, wi'), &c. For example, we see 
Arom (i) that, 2m + 1 being not necessarily prime, 

8„{l, 2, ..., 2»,) + (-ir"^,(l', 2', ..., m') 

is dmsible bj 2m+ 1, and that the quotient 

= (- l)'"'iS',(l', 2", ..., «i*), mod. 2m + i. 

§ 28. We have, identically, (§ 5) 

S^{^\ 2«, ..., (m- 1)'} = {^^..(I, 2, ..., m - 1)}' 

-2(m-l)l5....(l,2, ...,7n-l). 

First, suppose m uneven and not prime ; then S^^, (1,2,..., 
fw — 1) is divisible by 771 and so is (m — 1) I Secondly, suppose 
fR to be a prime > 3 ; then 8^_^(1^ 2, ..., m- IJ is divisible by 
m* and fi'^.,(l, 2, ..., tm- 1) is divisible by m» In both cases 
therefore the right-hand side is divisible by m. Thus, when 
m is any uneven number > 3, 

^«.-t(l') 2*, ..., (w- 1)'} = 0, mod. m. 

§ 29. It follows therefore from formulae (iii) and (iv) of 
§ 26 that when m is uneven and > 3, 

i8^,_^(l, 2, ..., 2m — 1)=0, mod. 7w, 
and ^tm-sih ^1 •••) 27?i- 1) =0, mod. w*. 

Tables and Formulae, 

§ 30. For the purpose of verifying the preceding results In 
special cases I have calculated the values of /S^ (1, 2, ..., n), and 
some other sums of products for certain values of n. The 
table of 8^ (1, 2, ..., n) which is given at the end of the paper 
(§50, pp. 26—28) contains the values of 5^(1, 2, ..., n) as far 
as 72 = 22. If it is used as a table of A^^ t\e, of S;(l, 2, ..., 
w — 1), the heading of the column is n - 1 : thus, for example, 
to obtain the value of A^ forn = 1 1, we enter the table in the 
column headed 10. 

§ 31. The values of <r^(l, 2, 3, 4, 5; 11) are: 
<r,asllO; <r, = 4708; 0-3 = 97416; <r, = 966240; <r, = 3628800. 
The values of <r^ (1, 2, 3, 4 ; 10) are : 

aj=70; <r,= 1773; <r,= 19080; <r^ = 72576» 
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16 Dr. Olaisher^ Oonffruenoes relating to iumi o/ products^ 

The values of S^ (I*, 2', 3', 4*, 5*) are : 
jg^=:55; /S, = 1023; iS, = 7646; /8,= 21076; /ff^^^ 14400. 
The Taluea of S^ (1*, 2', 3*, 4', 6') are : 
/S; = 15; fi; = 600; iS; = 7395; ig; = 31050; 5,'=: 32880, 

532. The formulaB (i), ..., (iv) of § 13, 14 form a systeni 
of results which are of some interest for their own sake ; so 
that it seems worth while to notice that thej may be expressed 
in a more symmetrical manner aa follows : 

(i) flf^(l,2,...,2«i)«ir,(l,2,...,m; 2m + l)+-^]- (gj "^-^ 

^ (X'^n(X'-3') ^^jV^^ + &e.(X«2m-2^+l,Z=2fn + l)i 

(") i8;,+i(l,2,...,2iM) = X-<r,(l,2,...,«i; 2m+l) 

X(X'-2') /?V X(X'-2')(X«-4«) fl\^ - 

(iii) fi;,(l,2,...,2««-l)-«r.(l,2,...,m-l; 2m) + ^ (^- j «r„ 
^X^]V-25 QV„ + &^.(x-2m-2«,Z-2m); 

('▼) i5„„(l, 2, ..., 2m-l)=iX- «r,(l,2, ...,m-l; 2in) 

^\{\'- 1') / ?\' ^ X (X«- 1») (X* - 8') W\* ^ . 
+ 8T- (2) "« + 61 (2) '-+*«' 

(X«2m-2«-.l, I=2m). 

Thus in every equation, if the left-hand side be written 
/S^(i, 2, ..., n- 1), we have X = n — r, ? = n. 

§ 33. In the earlier sections of this paper the results have 
been expressed by means of the notation A^ which is naturally 
suggested by the usual form of Wilson's theorem. It is there- 
fore interesting to give a complete list of the properties of A^ 
which have been obtained. The quantity denoted by A^ is 
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the sum of the products of the numbers 1, 2, 3^ .,., n-1 
taken r together* Thus A^ is the same as /S^ (1, 2, ..., n - !)• 
The following is the list of properties. The suffix r is 
always supposed to be less than n- 1. 

I. If n is prime, 

(i) -4^1 ^ - 1, mod. n (Wilson) ; 

(11) A^_^ = 0, mod. n' (Woktenholme) ; 

(iii) A^ ^ 0, mod. n (Ferrers) ; 

(iv) A^ (r uneyen and > 1) = 0, mod. n* (§ 16) ; 

(t) A^ [r uneven and > 3) ^ ^ ^^ "" ^' u4^„ mod. n* (§ 19). 

In (i) and (iii) n may be any uneven prime, in (ii) and (iv) 
ft must be > 3, and in (v) must be > 5. 

II. If n — 1 = m is an uneven prime, 

(i) A^ [r even and < wi - 1) = 0, mod. m (§ 23) ; 
(ii) A^ (r uneven and > 1) = 0, mod. 7/>" (§ 22) ; 
(ii'J A, = 0, mod. m (§ 22). 

III. If n = 2«i, where m is prime and > 3, 

(i) A^ (r = 2, 4, ..*, w - 3) = 0* mod. m (§ 17) ; 
(ii) A^ (r = 3, 5, ..., m - 2) = 0* mod. m* (§ 17) ; 

(iii) A^ (r == 5, 7, ..., ^) =!ii!Lll) ^^ *, mod. m' (§ 21); 

(iv) -4^, = 0,t mod. w" (§ 29), 
(v) -4„^= 0,t mod. wi (§ 29). 



* In §§ 51-64 (pp. 29—31), these results are extended and it is shown that, if m be 
an nneyen prime, and > 3 in (iii), 

(i) Ar (r even, except r-m — l and 2m — 2) = 0, mod. m (§ 51), 
(ii) Ar (r tmeren and > 1) = 0, mod. »»« (§ 62). 

(iii) Ar (r uneven and > 8, including r = 2i» *- 1) = ~^^ Ar^ mod. m* (§ 63), 
(iv) -4m-, = -2, ^^_, = 1, mod. w(§51). 

t These formulas are true also when m is any uneven number > 8 (§ 29). 
VOL. XXXI. D 
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IV. If n is uneven, 

(i) A^ (r uneven] ^ 0, mod, n (§ 18), 

(ii) A^ (r uneven and > 1) ^ A^_^y mod. n" (§ 19). 

V. If n — 1 IS even = 2m, 

(i) A^ (r uneven) ^ 0*, mod. m (§ 22). 

VI. If w - 1 is uneven = wi, 

(!) A^ (r uneven) ^ 0, mod. m (§ 22). 

VII. If n is even = 2m, 

(i) A^ (r uneven) ^ 0, mod. m (§ 18), 

fl (tl "~ 9*1 

(ii) A^ [r uneven and > 1) ^ — ^-r — ■ -^r-u ™^d^ w' (§ 20). 

In (ii) r may be equal to 2w — 1. 

§ 34. We may also add the following results which are 
not expressible by the notation A^* 

n" 

(i) 5^(1, 2, ..., w) = >S^^(1, 2, ..., w- 1), mod. n* or mod. - , 

according as n is uneven or even (§ 23). 

5..(l,2,...,«)^4.(1.2,...,«-l) ^^ 
^ « n ' ' 

when ti is a prime > 3 (§ 23). 

(iii) S^{i\ 2\ ..,, w') = 0, mod. 2m + 1, 

when 2m + 1 is prime (Ferrers, and § 26). 

(\r) 5,{l',2',...,«,')(r=l,2,...,^j=0,t mod. m H, 
when m + 1 is a prime > 3 (§ 26). 

* It is shown in § 63 that, if m is an uneven prime, 
(i) Ar (f even, except r = m — l and 2to - 2) = 0, mcd. m (J 55), 
(ii) jir (r uneven and > 1) = 0, mod. wi* (§ 5G). 
(iii) Am-i = - 2, ^j,»_, = 1, mod. m (§ 55). 

t It is shown in § 58 that r may have all values from 1 to m - 1 except im; 
and that ^S-^^, (1«, 2», ..., m«) = (- 1)*"*' » 2, mod. m + 1. 
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(v) flf^j (1", 2', ..., m") = 0, mod. m + 1, 
when fTt + 1 is any uneyen Dumber > 3 (§ 28). 

(vi) 5«(1, 2, ..-, 5^) + (- iy''S^(i\ a', ..., m>) 

= (- 1)'-'S\{1\ 2% ..., w*), mod. 2m + I, 
when 2>n + 1 is prime (§ 27). 

Congruences relating to A^. 

§ 35. A few other congrueoces relating to the A's may 
be derived from the fundamental equation in § 3, viz., 

{x + 1) (or + 2). ..(a? + n - 1) = *""' + A^x"^ + ^,(c"^ 
Putting a; = 1 and — 1, we have 

= 1 -^, + J.-...+ (- 1)"-^^, + (- 1)-^^,, 
whence, if n is uneven, 

n\ = 2A^ + 2A^ +...+ 2^^^. 
Thus, when n is uneven and not a prime^ 

— ! + -^+...+ — ^» = 0, mod. w. 

When n is prime and >3, all these A^s except A^ are 
divisible by n', and in this case we find 

4 + 4+...+ ^=^, inod.n, 

where fi^ is the residue with respect to n of the quotient 
in-l)\-(n-l) 



§ 36. Patting ;ess- n, we have, if tt ia eren, 

Thus, when n is even, 

2^«-i = «A..» mod.n', 

2^ 
that is — 2=1 = ^ mod. ru 

n *^ 



Digitized by 



Google 



20 Dr. OlaUher^ Congruences relating to sums of products 
If n is uneven, 

= n"'* - AjiC^ +. . .+ A^ - -4»-tW- 

ThoB in this case we have A =.nA^^^ mod. n*, and 
mod. rf when n is a prime > 3. These results are, however, 
included in lY. (ii) and I. (v) of § 33. 

§37. Putting ^sfii 

(n+l)(n + 2)...(2n-l) = n"'*+il,»i-*+... 

and we have, if n is uneven, 

- n-' - A^rT^ +. . .+ ^^.,n* - J^,fi, 
80 that| n being uneven, 

(n + l)(n + 2)...(2n-l)-(fi-l)! 

= %A^ + 2-4,n"^ +...4 2-4^n* 
Thus 

(n + 1) (n + 2)...(2n- 1) - (n - 1) I = 0, mod. n, n*, or n', 

according as n is even, uneven, or a prime > 3. 



The third case gives Wolstenholme^s theorem 

§ 38. These equations show also that, if n is uneven, 

(n+l)(«-F2)...(2n-l)-(n-l)!^24^ ^^ 
vc n 

and, if n is a prime > 3, 

(n + l)(n42)...(2n-l)-(n-l)!^2^ ^^^^, 
n n ' 

If n is prime, (n — 1]I = — 1, mod. n; and therefore, 
when n is a prime > 3, we have 

(2n-lU-1^2^ ^^^ 
n n ' 

§39. By putting ar=(A-l)n, k being any positive 
integer, we obtain similar results in which 

(2n-l)(2n-2)...(2n-l) 
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is replaced by 

(An- 1) (An- 2)...(4n- n + 1), 
Tiz., we have 

(Aw-l)(in — 2)...(An-n + l) -(n— 1)1=0, mod.n, n', orn*, 

according as n is even^ uneven, or a prime > 3. Thus in the 
third case {kn — 1)^, = 1, mod. n*. 

In the relations corresponding to those in § 38, the factor 2 
on the right-hand side becomes k[k^l)\ ex. gr. if n is a 
prime >3y 

(^n-l)(^.2)...(A^n-«.l)-(n-l)!^^^^^^^^,^ ^^^ ^.^ 

ana (^!LzikiZj=;t(4.1):fiLj mod.n. 

n ^ ' n" ' 

It maj be remarked that h and I being any positive 
integers, and n a prime > 3, 

Z(Z«l)(An-lU-*(A-l)(?n.lU 

= Z(Z ^i)^k[k- 1), mod. n*. 

§ 40. Proceeding as in § 37, we have generally, n being 
uneven and x unrestricted, 

(a;+l)(^+ 2)...(a:4n-l) — («-l)(ar-2)...(a;-n+l) 
=s 2-4^0?*^ + 2^,0?""* + . . .+ 2-4^ jOr ^ 0, mod. n and mod. a?. 
When n is a prime > 3, 
{x + 1) (a: + 2). ..(a? + or - 1) - (ar - 1) (ar- 2). ..(;»- n + 1) 

^ n (n — 1) a?*"' ^ — nx*"", mod. n', 
and therefore, multiplying by x and dividing by nl, 
(a: + n - 1)^ - (a:)^ ^ a?*"*, mod. n 

^ 1, mod. n, if 0? is any number prime to n. 

If a; is any of the numbers 1, 2, ..., n- 1, we have 
a:(a:+ l)(aj+ 2)...(z + n — 1)^- ft, mod. n*. 

By giving x its separate values, however, this congruence 
merely repeats Wilson's theorem. 
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§ 41. Since 
flf .. {!', 2\ ...,(«- 1)«) = A^^ - 2A,.,A^, (§ 28), 
we have 

Sn.A^\ 2*, ..., (n-1)'} =-2J._,^^.„ mod. n' or n*, 

according as n Is uneven or a prime > 3. 
In the latter case, thereforci 

n n n ' 

§42. The following theorems relate to the divisibility of 
the ^'s by p, where i? is a prime not greater than n. 

It was shown in Vol. xxx., p. 152 of the Quarterly Journal 
that, if q and s be less than any prime p, then (^p + ff)^^ I* 
divisible by p if s > q^ and = (A;)^ x (g),, mod. jp, if « 5 j. 

Thus the quantities 

(*P + 3)i» (*P + ?).) •••> (^/? + 2)g 
ftre not divisible by /?, and the quantities 

are divisible by p. 

Now let w = A:/? + gr, p being a prime and q<p> The 
relation (§ 3) connecting A^ and the preceding A^s is 

Every one of the coefficients on the left-hand side is 
divisible by p, and therefore A^ must be divisible by p 
(since q cannot be so divisiblei being <jp). 

The next relation 

(*P + ?U + (*P + ?-lVi^i+..-+(Ap),^, = (? + l)^^i 

shows in the same way that A^^ is divisible by p. 
In the next relation 

(*i> + 2).« +(*? + ?- 1 V. -^i +•••+ Ws ^, 

all the coefficients except the last are divisible by p. The 
last is not so, but A^^^ is; and therefore -4^^, is divisible by p. 
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Proceeding in this manner we see that u4^^„ ..., are divisible 
bj p, the general relation being 

(*P + 2U + (*/^ + 2- 1 W. ^, + •••+ iJ^'PX A 

If J + f <^, the coeflScients in the first line are divisible 
by p ; those in the second line on the left-hand side are not 
BO,* but the -4's are, and therefore A^^_^ is so. Thus A^^ 
-4^^j, ..., A^^ are divisible by p, 

§ 43. We have therefore shown that, if n be any number, 
and A^ denote the sum of the products of the numbers 
1, 2, 3, ..., n - 1 taken r together; and if p be any prime not 
exceeding 9t, and if q be the remainder when n is divided 
byp; then 

are all divisible by p. If g = 0, A^ is, of course, not so 
divisible. 

In particular, if p be greater than ^n, the remainder g is 
n—py and the theorem shows that 

A A A 

-^n-p^ -^M-p411 •••9 -^p-j 

are divisible hy p, 

§ 44. The relation involving A^^ is 

The first term is not divisible by p, but = A, mod. p. All 
the other terms = 0, mod. p, so that we find 

A^^ + * = 0, mod. p, 

which 18 a generalisation of Wilson^s theorem. 

§ 45. As an example of the theorems in §§43 and 44, let 
n = 23, so that A is the sum of the products of the numbers 
1, 2, 3, ..., 22, taken r together. 

•The coefficienta, which may be written {(Ar-l)p+p- 1}, „ ..., {(>fe-l)p 
+p-«+2}jare = (p-l)<-„ ...,{jp-t + 2)j, mod. p. 
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I^t /> = 23, then 4 = 1, j = 0. Thus -4„H-1 is diTisible 
by 23 (Wilsoa's theorem) and -4„ -4,, ..., A are dmsible 
by 23 (Lagrange's and Ferrers's theorem), f'rom § 16 we 
know that -4,, -4 , ..., -4„ are divisible by 23'. 

Let p= 19, then Aj = 1, ff = 4, and A^^ A^ ..., -4„, -4|»+ ^ 
are divisible by 19. 

Let p = 17, \hen 4=1, j = 6, and A^ -J,, .••, -4^, -4„+l 
are divisible by 17. 

Let ps'lS, then 4 = 1, ; = 10, and ^,^, ui,p At+^ ^^ 
divisible by 13. 

Let ;> = 11, then 4 = 2, ?»1| and -4j, -4„ ..., 4^, -4^^4-2 
are divisible by 11.* 

Let ;? = 7, then 4 = 3, 3 = 2, and -4„ -4,, -4^, -4,, -4^ + 3 are 
divisible by 7. 

Let jp = 5, then 4 = 4, $ = 3, and ^, ^^ + 4 are divisible 
by 5. 

Let I? = 3, then A = 7, j = 2, and -4, + 7, that is -4, + 1 is 
divisible by 3* 

Expressions for -4„ -4,, .... 

§46. I have calculated the valaes of A ^ -4,, ..., A^ in 
terms of n by means of the formula in § 3. Ihese expressions 
are as follows : 

^, = Jn(n-l), 

^. = An(n-l)(n-2)(3n.l), 

A = A'»'(n-ir('^-2)(n-3), 

A = 37V(y« (*» - 1) (« - 2) (n - 3) (n - 4) (15n» - 30«'+ 5n + 2), 

^» = llk-n^' («-!)• («- 2) («- 3) (n- 4) («-5){3««-7n-2), 

A = 2^J(54IJ« («- !)(« -2) (n-3) (n- 4) (n - 5) (n - 6) 

X (6371* - 315n* + 315n' + 9In' - 42n - 16), 
A = ir^oJT)ffon'(«-l)M^-2)(n-3)(n-4)(7i-5)(n-6)(n-7) 

X (9w* - 54w' + 51n' + 58« + 16). 



* In the case of j7 = 11, we know from §57 that Ar is diyislble by 11 for all 
CTcn Talues of r except r = 10 and 20, and by 1 1* for all uneven ralues except r = 11 
and 21; and that ^j«=-2, S» = i, mod. 11, and iS„ = -4.1i, mod. 11*, 
iS^fi E 3.11, mod. 11«. 
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§ 47. For the actual calcniation it was convenient to put 
^, = n(w-l)a„ ^, = n(n-l)(n-2)a„ 
-4, = n(w- l)...(n— 3)a^, ..., 
and to obtain the values of a^, Od «»} '•* ^^^^ ^^ formulfe 
1 
'*' = 2T 

1 n- 1 

1 n-l n-2 

1 w - 1 n- 2 n- 3 

&c« &c. 

§48. It is perhaps worth while also to give the corre- 
sponding expressions for iS^(I, 2, ...,n). These expressions 
are of course deducible from § 46 by putting n + 1 for w. 
Thus, writing for brevity 8^ in place of 8^[ly 2, •.., w), we 
have 

5. = i{n + l)n, 

^.«2^{'»+l)w(w-l)(3n + 2), 

^. = l^(^+l)V(n-l)(n-2), 

^4 = 57W('» + l)«(^-l)('»-2)(n-3)(l5n'+15n'-10n-8}, 

^* = TTb7r(^+l)V(n-l)(n-2)(n-3)(n-4)(3n'-n-6), 

^. = ^7iyiTF5TT(n + l)w(n-l)(n-2)(n-3)(n-4)(n-5) 

X (63n'- 315n* - 224n'+ 140n + 96), 
>^, = i^B^i?)FTF('»+l)V(n-l)(n-2)(n-3)(n-4)(n-5)(n-6) 

X (9n* - 18n* - 57n' + 34n + 80). 

§ 49. I may remark that for the calculation of the 
numerical values of the ^'s, when 72 is a given number, I 
found it more convenient to use the formulse in the original 
VOL. XXX [. E 
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form of § 3 than in the modified form of § 47. For the 
formation of a table such as that in § 50, the formula 

5,(l,2,...,n) = fir(l,2,...,n-l) + r2^,.,(l,2,...,n-l)(§22) 

affords much the readiest process. As a fact, however, the 
table was calculated as far as n= 10 by § 3 [i.e. each column 
independently) : it was then verified, and extended to n = 20, 
by tnis formula. 

Table of the values of 8^(1, 2, 8, .•., w). 

§50. The following is the table referred to in §30. It 
gives the values of 8^(1, 2, 3, ..., n) for n=l, 2, 3, ..., 22. 
The lines correspond to the values of r, and the heading of 
the column is the value of w. Thus, for example, 8^ (1, 2, ..., 
9) = 63273. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


1 


1 


3 


6 


10 


15 


21 


28 


86 


45 


2 




2 


11 


35 


85 


175 


322 


546 


• 870 


3 






6 


50 


225 


735 


1960 


4536 


9450 


4 








24 


274 


1624 


6769 


22449 


163273 


5 










120 


1764 


13132 


67284 


269825 


6 












720 


13068 


118124 


723680 


7 














5040 


109584 


1172700 


8 
















40320 


1026576 


9 


















862880 





10 


11 


12 


13 


1 


55 


66 


78 


91 


2 


1320 


1925 


2717 


3731 


8 


18150 


82670 


65770 


91091 


4 


157773 


857423 


749463 


1474473 


5 


902055 


2637558 


6926634 


16660653 


6 


3416030 


13339535 


44990231 


135036473 


7 


84(>l)r)()0 


45095730 


206070150 


790043153 


8 


12753576 


105258076 


657206836 


3336118786 


9 


10628640 


150917976 


1414014888 


9057703756 


10 


3628800 


120543840 


1031550552 


20313753096 


11 




89916800 


1486442880 


26596717056 


12 






470001600 


19802750040 


13 








6227020800 
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1 


14 


15 


16 


105 


120 


136 


2 


6005 


6580 


8500 


3 


143325 


218400 


823680 


4 


2749747 


4899622 


8394022 


5 


87812275 


78558480 


156952432 


6 


368411615 


928095740 


2185031420 


7 


2681453775 


8207628000 


23057159840 


8 


14409322928 


54631129553 


185953177553 


9 


56663366760 


272803210680 


1146901283528 


10 


159721605680 


1009672107080 


5374523477960 


11 


310989260400 


2706813345600 


18861567058880 


12 


392156797824 


5056995703824 


48366009233424 


13 


283465647360 


6165817614720 


87077748875904 


14 


87178291200 


4339163001600 


102992244837120 


15 




1307674368000 


70734282393600 


16 






20922789888000 





17 


18 


1 


153 


171 


2 


10812 


13566 


8 


468180 


662796 


4 


13896582 


22323822 


5 


299650806 


549789282 


6 


4853222764 


10246937272 


7 


60202693980 


147560703732 


8 


577924894833 


1661573386473 


9 


4308105301929 


14710753408923 


10 


24871845297936 


102417740732658 


11 


110228466184200 


557921681547048 


12 


869012649234384 


2353125040549984 


13 


909299905844112 


7551527592063024 


14 


1583313975727488 


17950712280921504 


15 


1821602444624640 


30321254007719424 


16 


1223405590579200 


34012249593822720 


17 


355687428096000 


22376988058521600 


18 




6402373705728000 
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19 


20 


1 


190 


210 


2 


16816 


20615 


8 


920550 


1256850 


4 


34916946 


53327946 


6 


973941900 


1672280820 


6 


20692983630 


40171771630 


7 


842252511900 


756111184500 


8 


4465226757381 


11810276995881 


9 


46280647751910 


135585182899530 


10 


881922055502195 


1307535010540395 


11 


2503858755467550 


10142299865511450 


12 


12953686989943896 


63030812099294896 


13 


52260903362512720 


811333643161390640 


U 


161429736530118960 


1206647803780373360 


15 


371884787345228000 


3599979517947607200 


16 


610116075740491776 


8037811822645051776 


17 


668609730341153280 


12870931245150988800 


18 


431565146817638400 


13803759753640704000 


19 


121646100408832000 


8752948036761600000 


20 




2432902008176640000 



1 


21 


22 


231 


253 


2 


25025 


80107 


8 


1689765 


2240315 


4 


79721796 


116896626 


5 


2792167686 


4546047198 


6 


75289668850 


136717357942 


7 


1599718388730 


8256091103430 


8 


27188611869881 


62382416421941 


9 


873100999802531 


971250460939918 


10 


4154828851430525 


12363045847086207 


11 


87600535086859745 


129006659818831295 


12 


276019109275035346 


1103230881185949736 


13 


1684980697246583456 


7707401101297361068 


14 


7744654310169576800 


43714229649594412832 


15 


28939583397335447760 


199321978221066137360 


16 


88637381699544802976 


720308216440924653696 


17 


181664979520697076096 


2021G87376910682741568 


18 


284093315901811468800 


4280722865357147142912 


19 


298631902863216384000 


6548684852703068697600 


20 


186244810780170240000 


6756146673770930688000 


21 


51090942171709440000 


4148476779335454720000 


22 




1124000727777607680000 
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Addition to the paper, 

§ 51. Since this paper has been in type I have found that 
the values of r for which the congruences (i), (ii), (iii) of 111., 
§ 33 (p. 17) hold good maj be extended. For, putting n^2p^ 
80 that 

^, = 5,0,2, ...,2p-l), 

and supposing p an uneven prime, we have, as in § 44, 

(2^), + (2p - IV. A + (2i> - 2)^ ^, + ...+ 0> + 2), A^, 

whence, since all the A'a on the left-hand side are divisible 

-4^, = -2, mod.p(§44). 
The next equation, giving A^, is 

Now on the left-hand side all the terms except the first 
two and the last are divisible by p* (for in each case both the 
coefficient and the A is divisible by p)^ and we have 

{^V\.x = 2i?i mod. p\ 
(2p-l)^il, = -p, mod. 2^*, 

(i^ + 0.^p-i = -;>> mod.p*, 

so that the equation gives 

2p-p^p= pA^, mod. p% 

and therefore A^ = 0, mod. p. 
The next equation is 

(2pV.+ (2p-l),.i^i+ (2?-2), ^,+...+ (P+ l).^,., + (p).^p 

giving ^,^, = 0, mod. p. 

Similarly in the next equation the only terras which need 
examination are the first term, in which no A occurs, and the 
terra involving -4 ,, for all the other -4's are divisible by p. 
The coefficient ot A^^ is (p + 1)^ which = 0, mod. p^ and 
we therefore find A^^ = 0, mod. p. This reasoning holds 
good as far as the equation giving ^i,^,, which = 0, mod. p 



Digitized by 



Google 



30 Dr, Olaisher, Congruences relating to sums ofproddcta 

But in the equation giving -4^, the coefficient of A^^ is 
Cp + Op which = 1, mod. p^ so that in this case we have 

- 2 = - 2^^.,, mod. p, 

that is, A^^_^ = 1, mod. p. 

Thus A^ = 0, mod. p, for all values of r from r = 1 to 
r = 2jt? - 3 inclusive, except r=ip~ 1 ; and 

A^,^-2, ^^.,= 1, mod. p. 

§ 52. Expressed in the iS-form these results are : i{ pia 
an uneven prime, then 

8^ (1, 2, ..., 2p - 1) = 0, mod. p, 

for all values of r from 1 to 2p - 3 inclusive, except r^p - 1 ; 
and 

iS^, (1,2, ...,2p-l) = -2, mod.p, 

V« (^> 2, ..., 2p - 1) = 1, mod. p. 

Now, reasoning as in § 17, we see from (lii), § 14, that 

o'r (^' ^9 •••> I' ~ ^ 5 2(/?) = 0, mod. p, 

for the values r = 1, 2, ...,p — 2, excepting only »' = KP""^)i 
and therefore, from (iv), § 14, 

S^ (1, 2, ..., 2p - 1) = 0, mod. p\ 

for all uneven values of r from 3 to 2p — 3 inclusive, except 
r = p. 

In the special case of r =p, we have 

« = ^ (p — 1) and therefore /a = i (p + 1). 

Thus formula (iv) gives 

5,(1, 2, ..., 2p-l) = pVj^^^jj(l, 2, ...,p-l; 2p), mod./, 

80 that in this case also the theorem holds good, and we have 

>8i,(l, 2, ..., 2p-l) = 0, mod.p', 

for all uneven values of r from 3 to 2p — 3 inclusive. 
From (ill), § 14, we have 

^^Kp-i/^' ^» •.•,;>- 1; 2p) = 5^,(l, 2, ..., 2p- 1), mod./ 

= — 2, mod.j3, 
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and therefore 

^/l, 2, ..., 2jt?- 1) = - 2/, mod.;?'. 
Also 

^^-x(l,2, ..., 2p-l) = (2;?.l)I 

=;ix(;?-l)Ix(;; + l)(;7 + 2)...(2^-l). 

The two products (jo— 1)! and (p + l)(jo + 2)...(2;7- 1) 
are each =-1, mod. p^ and therefore 

^,p-tO> 2, ..., 2;?- 1)=;?, mod.;?'. 

§ 53. Proceeding as in § 21, we see that 

(ip-r)p8^,il, 2, ..., 2p-l)=8Xl, 2, ..., 2p- 1), mod.pV 

for the values r = 5, 7, ..., 2;? - 1, excepting only r = p + 2. 
In this excepted case the formula of § 20 gives 

O - 2)p^,.,(l, 2, ..., 2/,- 1) - 5,„(1, 2, .... 2^- 1) 

^AP:iJ1.(£^)^^^^^^(,^2,..,^-1; 2;,), mod./, 

80 that in this case also^ if p > 3, the theorem is true, and we 
have generally 

(2p^r)pS^,(l, 2, ..., 2p^l) = 8^(l, 2, .,., 2p-l), mod.;?\ 

for all uneven values of r from 5 to 2p — I inclusive. 
We also see that 

(p-^)pS^,(h 2, •.., 2;> - 1) - 8^(1, 2, ..., 2p - 1) 
= -|p*, mod./. 

§ 54. It has thus been shown that if n = 2jt?, so that 
^,= 5,(1,2, ...,2^-1), 
where;? is an uneven prime, then 

(i) A^(r even, except r ^p - 1, and 2^ - 2) = 0, mod. p, 
(ii) A^(r uneven and > 1) = 0, mod. p\ 

(iii) A^ (r uneven and > 3, including r = 2;? — 1) 
=jp(2;? - O^r-n mod.;?*. 
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(iv) ^^.^ = -2, u4^_,= l, mod.2>. 

(v) A^ = -2p\ mod./. 

(vi) ^fp.i=Pj mod.p\ 

(vii) (p - 2)pA^^ - ^^,, = - ip\ mod./. 

In (ill) and (vii) p must be > 3. The results (i), ..., (iv) 
are stated in the note on p. 17. 

§ 55. Consider now the corresponding theorems in which 
?i = 2^ + 1, so that 

J,= ;S,(l,2,....2p), 

p being an uneven prime as before. 
We have, as in § 44, 

giving ^^^ = -2, mod.;) 

as in the general theorem (§ 44). 

The next equation is 

(^P + !),.! + (2p),4| + (2/) - 1 V,^, +...+ (p + 2),^^, =;?J,. 

None of the coefBcients on the left-hand side are divisible 
by p, and we cannot therefore obtain the residue of -4^, mod.;? 
from this equation by the simple procedure of § 51. We know, 
however, that A^ = 0, mod. p by virtue of the general theorem 
(§22) that, if n = 2m, then 

A^(r uneven) = 0, mod. w, 

whether m be prime or not. 
The next equation is 

i^P + IV, + (^P\,^A + (2p - 1)^4, +...+ (p + l\A^ 

= (;> + l)^p.P 

which gives, as in §51, -4^^, = 0, mod. jp. We can thns 
show, as in § 51, that ^p„ = 0, ^^, = 0, ..., ^^., = 0, mod.;?; 
and A^^ = 1 , mod. p. 

Thus A^^O^ mod.p for all even values of r, except 
r :=p - 1 and 2;? — 2 ; 

and ^^^ = -2, ^^_,= 1, mod. p. 
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§ 56. We may, however, prove these results more simply, 
find aUo obtain fresh results similar to those in § 52 by means 
of the formula (§22) 

8r(h 2, ..., 2p) = S^^l, 2, ..., 2p- l) + 2pS^_,(h 2, ..., 2;>-l). 

This equation shows that S^(ly 2, ..., 2^) is divisible hjp 
whenever iS,(l, 2, ..., 2p— 1) is so divisible; thus 

S^(l, 2, ..., 2p)^0, mod.;?, 

for all even values of r, except r = ;? — 1 and 2/? — 2 ; and also 

fif,_,(l, 2, ...,22?) = -2, raod.;7, 

^,p..(l, 2, ...,2;?) = 1, mod.;^. 

The equation also shows that, when r is uneven and > 1, 

5^(1, 2, ..., 2p) = 0, mod.j>\ 

except when r-I=jo— 1 and 2/7-2, that is, when r=jp 
and 2/? — 1. 

Corresponding to these cases we find from the same 
equation 

*;(1>2, ...,2p) = -4;7, mod.p'j 

and S^A^i ^, — , 2;?) = 3p, mod./, 

§ 57. It has thus been shown that, \{ n^2p + l,fio that 

^^=5,(1, 2, ...,2/7), 

where ^ is an uneven prime, then 

(i) A^ (r even, except r=p - 1 and 2p — 2) = 0, mod. /?, 

(ii) A^{r uneven and > 1, except r=5/? and 2/?-l)=0, 

mod. p*, 

(iii) jlp_, = -2, ^,^, = 1, mod./?, 

(iv) ^,= -4/>, ^,^j = 3/?, mod./?". 

The results (i), (ii), (iii) have been stated in the note on 
p. 18. 

§58. Since 8^{], 2, ..., 2/? — 1) is divisible by /?, if p \n 
an uneven prime, for all values of 2^, except 2^=5/7 — 1 and 
2/? - 2, we see from (iii) of § 26 that S^ {l\ 2% ..., (/? - 1)'} ia 
VOL. xxxr. p 



Digitized by 



Google 



34 Dr. Olatshery Congruences relating to sums of frodutis 

divisible by p, except when t=i{i?-l) or p-1. For 
f = i(p— 1), we have 

^4(p-i){l', 2', •••> (P-O'l =(-l)*^''"'^5^.(l, 2, ..., 2J>-1), mod. p 
= (_l)*(P+')2, mod.|». 
Also /5^,{1',2', ...,{p -!)•) = 1, mod.2». 
Thus, if n + 1 is prime, 

)8',(1', 2', ..,,««) =0, mod. w+1, 
for all values of r from 1 to n - 1 except ^n, and 

S^^ (!•, 2', ..., «') = (- !)*»+' 2, mod. n + 1. 

§ 59. In conclusion it will be convenient to place together 
in one list all the results which have been obtained relative to 
the divisibility of /S^(l, 2, ..., nj*. This list corresponds to 
the ^-list in § 35. 

For brevity S^ is written in place of 8^ (1, 2, ..., n) ; r ia 
supposed to be < n, and by a prime is to be understood a prime 
greater than 2. 

I. n even, 

S^ ^ 0, mod. n + 1, (r uneven). 

IT. « + 1 a prime > 3, 

S^^O, mod. n+1, (r even), 
/S^^ 0, mod. (n + 1)", (r uneven and > 1). 

III. n uneven, 

)S^ = 0, mod. «, (r uneven)* 

IV. w a prime, 

8^ = 0, mod. n, (r even and < w - I),. 
5^ = 0, mod. n', (r uneven and > 1), 
iS^,, ^ - 1^ mod. n. 

V. n even * 2???^ 

S^^O, mod. w, (r uneven). 

* This list of results is also given ia the Ututngtr^ YoL zxviii., pp. 184-187. 
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VL n uneven = 2m — 1, 

S^ ^ 0, mod. «t, (r uneven). 
Also when m is uneven, 

S,., ^ 0, mod. m ; 5^., ^ 0, mod* wt". 

VII. n = 2p, where p is prime, 

S^ ^ 0, mod. p, (r even, except r =p - 1 and 2p — 2), 

S, ^ 0, mod. y', (r uneven, except r =p and 2p — 1), 

^p-i = -2 , 5,^ = 1 , mod.jt?, 

8, =-ipy S^, = Sp, moi.p\ 

VIII. n = 2p — 1, where p is prime, 

8^ ^ 0, mod. jt>, (r even, except r ;=p — 1 and 2p — 2), 

fi; ^ 0, mod. p*, (r uneven and > I), 

^p-, = - 2, /S^_, = 1, mod. p, 

8^=-2p\ mod.p'; 8,^^=p, mod. p\ 

IX. If p is a prime not exceeding n + 1, and if k be 
the quotient and q the remainder when n + l is divided by p, 
then 

^«» ^g*H •••> ^p-29 *"<^ ^p-l + ^ 

are all divisible by p. If q is zero, /S^ is to be omitted. 

X. The congruence 

_ (n + l)(n-f 1-r) ^ 

holds good for 

ft) mod. (n+1)*, if n is even and >2y and r uneven 
and > 1, 

(ii) mod. (n + 1)\ if n + 1 is a prime > 5, and r uneven 
and >3^ 

(lii) mod. m', if n = 2m— 1, and r is uneven and > 1 In- 
cluding r = 2m — 1, 

(iv) mod. p*, if n = 2p — 1, where p is a prime > 3, and r 
is uneven and > 3, including r=2p—l. 
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THE SCATTERING OF ELECTRO-MAGNETIC WAVES 
BY A JSPHERE. 



By G. W. Walkee, A.R.CSc, B.A., Scholar of Trinity College, 

Cambridge; liaac Newton Student in the University of 

Cambridge. 



IN the Quarterly Journal of Mathematical Vol. XXX., p. 204, 
I investigated the scattering of electro-magnetic waves 
by small, slightly conducting spheres. The method of 
approximation adopted in that paper is valid when dealing 
with small values of conductivity, but fails entirely with large 
values. Professor Thomson, whom I consulted about the 
matter, suggested that it would be interesting to work out 
the general case, and to ascertain, if possible, the reason for 
the widely diflFerent laws of scattering in the two extreme 
cases (1) of a perfect conductor, and (-2) of a perfect insulator. 

Before proceeding with the mathematical analysis of the 
question, it will be advisable to consider the purely physical 
aspect of the matter. 

It is usually assumed that JT, the specific inductive capa- 
city, is infinite for a conductor. The distinction between 
true and apparent specific inductive capacity is not, I think, 
Bufficiently insisted on. 

Let us consider this question carefully. Suppose that we 
place an imperfect conductor in an electrical field which is 
practically steady: at any point of the body there will be an 
electrical force. Now, inasmuch as the body conducts a 
little, we shall have a separation of electricity at any point. 
Positive electricity will flow in one direction, and negative 
electricity in the other. This electricity will be stopped at 
the surface of the body, and its effect will be to reduce the 
electrical force inside the body. 

Separation of electricity will go on until there is no force 
in the interior of the body. When such a state of things is 
reached the body satisfies our conception of a perfect conductor. 

Thus we see that, if sufficient time is allowed to elapse, 
badly conducting bodies will act in a steady field as if they 
were perfect conductors. It is otherwise when the external 
electrical field is rapidly changing. 

The electricity in an imperfect conductor has not time to 
take up its equilibrium value. 
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In the case of optics we deal with waves of exceedingly 
short periods, and so we are not at liberty to make the 
apparent specific inductive capacity infinite; but we must 
retain the true specific iuductive capacity aud the true elec- 
trical conductivity. 

We shall find from the analysis that the conductivity even 
of metals is not sufficiently great to be regarded as infinite 
when considering waves of optical frequency. 

We now proceed to the analytical treatment of the problem 
of the scattering of plane curves by a sphere which is neither 
a perfect insulator nor a perfect conductor. 

For the ether we have K^ and /*„ 






3« 3y 3a 



/= 



jr.;? 



— 



9 = 



K^Y 



K.Z 



» * = ^' 



.(1), 



) 



4'jr ' ' iir ' 47r 

Since we are to consider periodic values, we have 

I^'h- §£ + ?*=0 = - + — + ^ 
dx dy 3a d.e dy 3a' 

E^ and' fi^ being constants. 

^gaiu, for the spiiere we have ^„ k\, and /», constants. 

. f9/^47rA- I 37 dS „ 

*"i3i-^^-^} = 3^-ai'"^"' 

3a dZ dY „ 
-'*'3i = 37- 3^'*°' 
, K,X K,Y , K,Z 

3x dy 9a dx dy de ' 

We shall suppose that all the quantities are proportional 
to e'*, and so write -i- = i)//, and omit the time factor. 



.(2), 
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It has been proved by Professor H. Lamb [Proc. Land, 
Math, 8oc., xni., p. 189, 1881) that the most general expres- 
sions which satisfy the conditions (Ij are 

*'^*>-^= ^ 2;^{(" + '^•^"-("•^ ^' - «*''•'""/.«(*'•) ii ^} 

« = S {(n + l)/...(*r) I*- - «*V" «/.,.(*»•) ^ ;^.} 

(3). 

with symmetrical expressions for ff, A, /3, and 7, where 



K^^fK^n^^ ^•^• = Trt» 



1 a \" c"***" 



AW -1^-3^ J —I 



and »^ and eo^' are arbitrary solid spherical harmonics of 
degree «, 

Tliese are the proper expressions for the scattered waves la 
the ether. 

Let the incident wave be /',e"^*'*\ where » = rco83 = rf*. 

It may readily be proved that 



where 5.(^) = M- (1 ^A)" !! 



smitr 



and P^ (/a) is the zonal harmonic of order n. 
Ueuce for the incident wave we have 



.(4). 
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Similarly inside the sphere we may write 
« - 2 {(n + l)/^.(Xr) 1^- - «XV-y.,.(Xr) 1 ^;.J ^ 

= ^ (2^^) {(» + »)/. .c^") '-g^ - "^•^••^:/:«(M I ^) 

(5), 

with symmetrical expressions for g^ A, ^, and 7, where 

Since the series is to be convergent at the origin, we must 
take 



(\ a \* sinXr 



The expressions represent the waves inside the sphere. 
In expressing the boundary conditions we shall require the 
normal components of electric and magnetic force. 

(1) For the incident wave 

Now (2„ + l)P»=^'-§g^. 

Thence 

__aP. f£UM ^jiiM) 

*^ ' t Kr Oil 
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(7). 
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Thus 

/- = tf cos A S* — =-^^ 8m3 -TT- 

(2) For the reflected waves 
4'^'>{r/+fi7 + ;*} = -2«(n+i)-^«: ^ 

(3) For the waves in the sphere 

(8). 

The boundary conditions which we shall assume are con- 
tinuity of tangential electric and magnetic force at the surface 
of the sphere. 

Let R^, 0„, and <t>^ be the components of electrical force 
outside, and N^ the normal component of magnetic force \ and 
let the suffix 1 refer to the inside. 

Wo have the equations 

^» dt r*s\u^ { 33 dip •) 

aiv 1 [9/*, a . ^_| 



dr 



^^^'^•-♦•^ a3'"^^"^®o+ -^ £»'<^o=o, 



1 a 

sin«9 a^ 



The differentiations on 0,, <!>,, 0^ and <P^ are performed 
aloug the surface. 



Digitized by 



Google 



magnetic waves hy a sphere. 



41 



Hence it follows that, if 0^ = 0j and *o = *i when r«Ba, 
we must hare 



I ^^^ -I ^^. 









■(»), 



when r sa a. 

In an exactlj similar manner it appears that, if the 
tangential components of magnetic force are continuous, we 
must have 



Cr * or • 



^ 



t>irA=(v+^')ir.s. 



.(10), 



when r = a. 

These are the surface conditions, and we may observe that 
they involve the continuity of normal magnetic induction. 

Since jST^B^ - jffjif J = 47r<r, we have a surface density of 
electricity given by 



a = 



ip 



If jp be not ssero, <r will vanish when k^ is zero, and in that 
case tne continuity of normal electric induction is fulfilled. 
This is just what our preliminary considerations would 
lead us to expect. 

On referring to the expressions (6), (7), and (8), it will be 
observed that the proper forms to assume in order that (9) 
and (10) may be satisfied are as follows : 



01^ =(2ii + l)-4^8in.Ssin^ 



w^^ A^ sin 5 cos^ 



dfA a" 



jW^ s (2w + 1) B^ sin^ sin^ 

,« =J7^sm3cos6^ — 
* " •• ^ c/A a 

YOL. XX XL. 






9/i a- 



.(11), 



a 
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Subatituting these expressions id (6), (7), and (8), and 
applying conditions (9) and (10), we obtain four series. We 

equate the coef&cients of t— to zero, and the following 

CM 

relations between the coefficients are obtained : 



4lTtxpK^ a" 3a 



4.(.>.l^)^. 



_ 47rtF;/; (2« 4- 1) _a gg/i^a^ 

From these equations we obtain tbe values 

ATrfA^n + 1) 



^' = 



i"?H« + l} 






^^ ^4WI-',/„ (2«H-1) 



«»■" « ^n+ 1) 
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p,_ 4iri/; 2« + l 
•~«if.t--n(n+l) 



• " «■"«(»»+ 1) 

It will naw be convenient to show ttiat, if A:,, the con- 
ductivity, can be considered exceedin<^Iy great compared with 

any other large quantity involved (such as p or - j , the above 

expressions converge to the values found by Professor 
Thomson for a perfect coaductor. 
We have 



/.(X'-)=( 



J'±\ 



tnvt\r 



Xr 3Xr/ Xr 



If Xr is exceedingly great the most important term of 
/.(Xr)ia 

f /^ ,^ _ sin (Kw^r) + Xr} 
Thus ~ — ^"*!/i, (^'") i* very great compared with /^ ('^r)j 

T Of 

although both are small quantities, while k^ is proportional 



Digitized by 



Google 



44 Mr, Walker^ The Bcattering of electro^ 

Hence 



47rA:,\ „ r" dr 



(*.^)^. 



is very small compared with f^ Q^r). 

Thus for infinite values of k^^ A J converges to the value 

while ^^ converges to the value 

4TrtF,A (2n-H) 5,(/ca) 
ici- n(n+l)/,(ica) ' 

These are the values found by Professor Thomson.* It 
remains to show that the expressions for the electric force 
inside the sphere converge to zero. 

Keturning to the expressions (5), we see that the term 
involving B^ in the expression for/ (which is proportional to 
the force) is proportional to 

that is^ proportional to 

(retaining only factors which may become very great or very 
small as k^ is made infinite). 

Bemembering the important terms in /^ (\r), &c., this 
reduced to the limit when k^ is infinite of 






Xr 

cos 



* See Recent Hesearehes, by J. J. Thomson. 
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80 that, as k^ becomes infinite, we have 

Since X is complex, 

cos [^ {nn) + \a] 
cannot vanish. 
Hence 

' Xr cos li(n7r) + Xaj "" ' iXr e*^" + g-'-T-A« ) 

Now r < a so that even at the origin the limit of the 
expression is zero. 

Again the typical term involving B^ is proportional to 

^. j{(n + 1)/.-. (Xr) - nXV/.,, (Xr)} ^' 

4n(2n-H)X-ur,a,;^,(Xr)|. 

The most important term in the denominator of B^ is that 
involving /^ (Xa). Thas the value depends on the limits of 

_1^ sin (^ (w - 1) TT -h Xr } J_ Bin{^(yi + l)7r + Xr } 

Xr cos ji (« - 1) TT + Xa} Xr cos {i (w + 1) tt + Xa} ' 

These expressions converge to the limit zero for all values 
a > r > 0. 

Hence each term of the expression for the force inside the 
sphere vanishes provided A;, is infinite. 

In dealing with actual bodies, ^,, although very great for 
metals, is not of sufficient magnitude to be treated as infinite. 
On the contrary in dealing with optical waves we may regard 
it as small, 
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Take the case of silver, which is the best conductor we 

know, yitj = 1, ATj is of order 10"*. 

For sodium light p is of order 10'*. 
Thus j;A;j is of order 10". 

where X is now the wave length in ether. This term is of 
order 10**, so that X* is equal to the sum of a term of order 10** 
and one of order 10". Taking a as the radius of a molecule, 

a is of order lO"*.* 

Thus XV is at most of order 10"*. 

We might even take a much greater, so as to include a 
particle consisting of a million molecules and still have (Xa)' 
very small. 

It is thus obvious that we are concerned with small values 
of Xa and not with large values. This is the case which is of 
practical importance in the scattering of light from metallic 
particles, and so we proceed to consider the approximate value 
of the series under thes^e conditions. 

The numerators of A^' and A^ vanish when A:, = 0, K^ = K^ 
fi^^Uj while their denominators remain finite, so that for 
small values of differences A J and A^ are proportional to the 
first power of the differences 

When (Xa) is small we can expand sin {Xa) in powers of \a 
and differentiate, because the differentiated series is convergent. 
Thus 



(Kar'^ 1.3. ..2«+ 1 ' 



• I took a much larger estimate of a in the former paper, in order to be Pnre of 
the conrergency of the expressions. 



Digitized by 



Google 



47 



magnetic waves hy a sphere. 
9a "^ ' ^ ^ 1.3...2/J-I- 1 ( 2« + 3 j 



~4«-y.M=H 



,,,,7?.1.3...2^-l ^ (- l)'"^'(7» + 1) 



{KU)' 



1.3.. .2n + 1 



These expressions are true when xa and \a are very small. 
It has been necessary to retain two terms as the first terms 
cancel in the numerator of A^ when /t^ = fM^, 

" i"w(rt + 1) 

since n^— n, in most cases. 

Substituting the approximate values of 8^{ica), &c^ we 
obtain, atter a little reduution, 



A = 



"~»"w|1.3...(2«-l)r 



>J.= 



ll.3...^2«-l)}' 



( * 


f; ) 


(ipK, + 4.wk^) 


( xkK, "^ 


(« + 1) I^. 


^ipK, + 4tA,) j 



• w (n - 1) (1.3. ..2/1 - 1) (1.3.. .2?! + 3) " 

Thus we observe that A^ involves «a to a higher power 
than does A^, When the values of A^ and A^ are calculated 
for a perfect conductor {ica) is involved to the same power 
in each. 
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Now referring to the expressions (3) for /, g, and A, we 
see that at great distances from the origin the most important 
term is <»/, w^ being negligible in comparison since Ka i» 
involved to a power one higher, 

4W*F;/= J |[2/.(«r) - «Vy,(«r)] ^+ 3*'/.(«r)x«. j , 
intKV^ =i{[2/.(*r)-«V/,(*r)]^+ 3«'/,(*r)ya,,j , 

Now o>/ = -4/ - sin^ COS0 tH = — - x, 

* * a ^ 9/A a 

For great values of /cr we get 

/.(«»•)=—. /.M = -^;^. >■'(*'•)= i;^- 

Thus 

• Kr [ r ) a 
Substituting for A^' and restoring tbe time factor we get 

I— r, ] 

V/cyir. + (,>,if,+ 4,rA,)J 
I— r, I 

9- Jo"' r'*° j 1 2F. ' 

i_L+ !^ \ 
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This is Lord Bayleigh's law of scattering, and agrees with 
what we found by the approximate method. 

We see that the difference in the extreme cases arises 
from the fact that for a perfect conductor <o\ and o>^ are of 
the same order in [tcaS^ while for the best conductor we know 
a», is of order one higher than a>'^. The reason is that the 
function f[x) assumes very different forms for large and for 
small vahies of the argument. 

It is unnecessary to pursue the matter further, as the 
divergence has been accounted for. The result of the inves- 
tigation has been to show that for non-magnetic metals the 
law of scattering will, very approximately, be that given by 
Lord Rayleigh for insulators as regards the polarization; 
while the intensity will fall off as inversely as the square of 
the wave length so far as the conductivity enters. 



ON THE TRANSITIVE SUBSTITUTION GROUPS OP 
DEGREE SEVENTEEN. 

By G. A. Miller, Ph.D. 

n^HE metacyclift group of degree 17 is of order 272 and 
-^ contains one, and only one, transitive subgroup of each of 
the orders 136, 68, 34, and 17. These five groups are well 
known and follow directly from the general theorem that the 
raetacyclic group of a prime degree (p) is of order p(p- 1) 
and contains one, and only one, subgroup for each divisor of 
|7— 1, and that there is no other transitive group of degree p, 
except those whose order exceeds p {p — 1) and which contain 
more than one subgroup of order p. Each of the other 
transitive groups of degree 17 must therefore contain 1 + 17A; 
conjugate subgroups of order 17, and its order must be 
17a (1 + 17/c), where a = 2^, <)8<5, A> 0. The alternating 
and the symmetric group are included among these gi'oups, 
but since they are so well known they will not be considered 
in what follows. 

8ince a group of degree 2p-^X (p being any |)rime number 
and X>2) cannot be more than X times transitive without 
including the alternating group,* the required groups of 
degree 17 cannot be more than three times transitive. Their 
orders can therefore not be divisible by either 11 or 13. We 

* Bulletin o/ths Amn-ican Maihwiaiical Socieiy, YoL XT., 1898^ p. 148. 
.VOL. XXXI* H 
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proceed to prove that the order of such a group cannot be 
divisible by 7. Since the operators of order p that are con- 
tained in a transitive group of degree p generate a simple 
group whose order is the quotient obtained by dividing the 
order of the entire group by some factor of p— 1, we may 
confine our attention to simple groups. As these groups can- 
not involve any negative substitution, the given fi must have 
one of the three values 1, 2, 3. 

If the order of one of the required groups (fl^) were divisible 
by 7 each of its subgroups of order 7 would be transformed 
into itself by 3m substitutions, where m is the number of the 
substitutions contained in a maximal subgroup of degree 16 
( &j) that transform this subgroup of order 7 into itself. Each 
of the subgroups of order 7 that could occur in O would be 
of degree 14. Hence 3m could not be divisible by 9l and m 
would therefore be prime to 3. 

O could not be triply transitive ; for the intransitive subgroup 
of degree 14 would be formed by a simple isomorphism between 
two groups of degree 7 and order 7 or 14, since the subgroups 
of order 7 that are found in the other transitive groups of 
degree 7 are transformed into themselves by a multiple of 
three substitutions. In these two possible cases the order of G 
would be either 7.15.16.17 or 14.15.16.17. As neither of these 
two numbers is of the form 17.2^(1 + 17A), < /S < 4, there is 
no just triply transitive group of degree 17 whose order is 
divisible by 7. 

If O were doubly transitive its subgroup which includes 
aU the substitutions which do not involve two given letters 
would be of degree 14 or of degree 15. In the former case 
the order of O would be either 7.16.17 or 14.16.17; in the 
latter case this group of degree 15 would be formed by 
establishing an x, 1 isomorphism between a primitive group 
of degree 8 and one of the two given groups of degree 7 and 
order 7 or 14; hence the order of G would be 56.16.17. 
Since the order of G would have to be divisible by 3 if it 
would contain a subgroup of order 7, we have proved that 
there is no just doubly transitive group of degree 17 whose 
order is divisible by 7. 

If G would be simply transitive its maximal subgroup 
(Gj) of degree 16 would contain substitutions of order 3. 
Its transitive constituents could not be of degrees 8, 8, since 
6^^ is the only primitive group of degree 8 in which a 
subgroup of order 7 is not transformed into itself by a substi- 
tution of order 3 ; and if the two transitive constituents would 
be this groupi the order of G^ would not be divisible by 3. 
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Its transitive constitnents could not be of degrees 7, 9, since 
the triply transitive groups of degree 9 do not involve any 
quotient group of order 7 or 14.* This completes the proof 
that a primitive group of degree 17 does not involve any 
dubstitution of order 7 unless it includes the alternating group. 
We proceed to prove that none of the required groups 
contains a subgroup of order 25. If O would contain a 
subgroup of order 25, this subgroup would have three systems 
of intransitivity, each being of degree 5. Hence it would 
contain substitutions of degree 10 and order 5. Such a 
substitution would be found in 7 maximal subgroups of 
degree 16., and therefore in at least two groups of 25 that do 
not have all their elements in common. These two groups 
would generate an intransitive group having transitive con- 
stituents of degrees 5, 5, 5. + «, where a=9l or 2. This is 
impossible, since none of the primitive groups of degree 6 
or 7 has a quotient group of order 5 or 25. The order of G 
must therefore be 

g = 2».3^.5\17, 7 being or 1.' 

We shall first consider the case when 7=3 1, that is, when 
Q contains a system of conjugate subgroups of order 5. The 
substitutions of order 5 cannot be of degree 10, since the 
order of G is not divisible by 7 ; they must therefore be of 
degree 15. Since each subgroup of order 17 is transformed 
into itself by 17.2^ substitutions, G must contain 2''3^5 sub- 
groups of order 17, where a < 14, b< 6.t From 

3*^5, mod. 17 and 3" = 2, mod. 17, 

we observe that 3i*«*»*»=ij mod. 17. 

As 3 is a primitive root of 17,, this lead» to the following^ 
congruence 

Ua + 6 + 5 = 0, mod. 16. 

Hence b must be odd, and the possible number of sub- 
groups of order 17 that are included m G must be among the 
following six numbers: 2".3.5; 2".3.5; 2*.3".5; 2*^3^5; 
2'.3'.5 ; 2".3*.5. We shall prove that only the first of these 
is possible.. 



* Since (7, muat contain snbstitutions of degree 16 and order 2, it cannot have 
any transitiTe constitaent of an odd degree. 

t Jordan, Traite det SubstUutions (1870), p. 666. 
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If O were simply transitive its maximal subgroup of 
degree 16 would contain one transitive constituent of degree 10 
and one of degree 6. Each of these would contain negative 
substitutions, since O contains substitutions of degree 16 and 
order 2. Hence the constituent of degree 6 would be 
(pbcdef)^^ or (abcdef)^\. To identity of this constituent there 
would correspond an intransitive subgroup of the constituent 
of degree 10, since all the substitutions of order 5 are of 
degree 15. Hence the constituent of degree 10 would contain 
five systems of imprimitivity, and the given intransitive sub- 
group would contain five systems of intransitivity. From 
this fact, and from the fact that the highest power of 3 which 
divides the order of Q must be odd, it follows that (abcdef\\\ 
could not be a constituent of (7^ Since the order of (7, must 
not exceed 120, and it cannot contain any substitution whose 
degree is less than 6, nor any negative substitutions, 
(<abcde/\^ cannot be a constituent of O^. This completes the 
proof that O cannot be simply transitive if its order is divisible 
by 6. 

It is easy to see that G^ could not be imprimitive ; for it 
could not have two or four systems of imprimitivity, since it 
must contain a substitution of order 5 and degree 15. It 
could not have eight systems without also containing a smaller 
number, because every primitive group of degree 8 contains 
subgroups of order 7. We have now proved that O^ must 
be primitive if the order of O is divisible by 5. 

fcjince the order of none of the primitive grou{)S of degree 16, 
which do not include the alternating group, is divisible by 27,* 
the required O must contain either 2 .3.5 or 2^'.3.5 subgroups 
of order 17. The latter is impossible, because none of these 
primitive groups is of order 2*\3.5.A, where A is 2, 4 or 8. 
Hence we have proved that every primitive group of degree 17, 
whose order is divisible by 5, contains 120 subgroups of 
order 17. 

The lowest possible order that such a primitive group can 
have is 240.17. Since there is only one primitive group (6rJ 
of order 240 and degree 16t, G has to contain this group for 
its G^, Hence it must be triply transitive. Since &, contains 
sixteen conjugate subgroups of order 15, G must contain 136 
such subgroups, and it must contain 30 substitutions that 
transform each of these cyclical regular subgroups into itself. 
As 15 of these substitutions must be of degree 16 they must 

* Miller, Ameriean Journal of MathematicSf Vol. XX., p. 229. 
t loc. cit. 
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transform each of the Bobstitutions of the given regular group 
into its 14th power. These substitutions are therefore com* 
pletelj determined by the given regular group, and conse- 
quently there is not more than one primitive group of degree 
17 and order 240.17. 

The (7, of the given article may be generated by H and 
b/djinohpcmlegk. We may verify by the well-known methods 
that O^ and aq,fk.dg.ej,tLmn.co.hp generate a group of order 
240.17. This is simple, since it is generated by its subgroups of 
order 17. From aq.fk.dgyALmn.co.hp x ac.bd.eg.jhikjl.mo.np 
^ aqcmpftjgbdelkhnOj and from the fact that the semi- 
metacyclic group which contains the last substitution trans- 
forms G itself while the metacyclic group does not have 
this property, it follows that this O is self-conjugate in one 
group of order 480.17 and in one of order 960.17, but in 
no other primitive group of degree 17.* It is evident that 
a primitive group of degree p cannot be self-conjugate in 
more than one group of degree p and of a given order. 

Having found all the primitive groups of degree 17 that 
contain the simple group of order 240.17 as a self-conjugate 
subgroup, it remains to see whether there is any simple group 
whose order is either 480.17 or 960.17. If such a simple group 
does not exist, we have considered all the possible primitive 
groups of degree 17 whose order is divisible by 5. 

Since there is only one primitive group of degree 16 and 
order 480, the required simple group of order 480.17 would 
have to contain this group {O^). As it would be triply 
transitive it would have to contain a subgroup of order 60 
which is formed by dimidiating (aq) and a group of order 60 
and degree 15. The subgroup containing the 30 substitu- 
tions of G^ that transform the substitutions of a regular sub- 
group of order 15 into its 1st and 4th powers would correspond 
to identity of (aq). Since the given subgroup of order 60 
would be positive and could not contain any substitution of 
the form aq.cfoe.dkplfhigj the given group of order 60 would 
transform the substitutions of the group of order 15 into their 
1st, 4tb, lltb, and 14th powers. That is, a primitive group 
of order 480.17 must include the given simple group of 
order 240.17 as a self-conjugate subgroup, for G^ includes O^ 
and the required group would involve aqfk.dg.ej.il.mn.co.hp. 

We proceed to prove that there can be no simple group of 
order 960.17. It is very easy to prove that such a group 



* Matbien, Journal de J^MemcUiques, YoL xviil. (1878), p. 46. 



Digitized by 



Google 



54 Dr. Miller^ On the transitive substitution 

could not contain the «olvable primitive group of order 96(^ 
and degree 16, for this solvable group contains 60 substitu-. 
tions that transform one of its regular subgroups of order 15 
into itself. The corresponding group of order 960.17 therefore 
contains 120 such substitutions. As this is the total number 
of the substitutions of degree 15 that transform the group 
of order 16 into itself, there is only one primitive group of 
degree 17 and order 960.17 that contains the solvable primitive- 
group of order 960 and degree 16. 

One of the other primitive groups of the required order {G^ 
contains a conjugate system of subgroups of order 3 and 
degree 12. As such a subgroup could not be transformed 
into itself by any substitution of order 5, it could not occur 
in the required primitive group of degree 17, The other- 
primitive group of order 960 {O^ contains 

bpo.ceg.dliJjm.hnk.boifc,clpgnh,emjlk = hff.cm.dk.en,flip^ 

Hence it must contain just 60 substitutions of degree 12. 
Since all of them are conjugate, each must be transformed 
into itself by sixteen substitutions of O^. In the required 

Eriraitive group of degree 17 each of these substitutions would 
ave to be transformed into itself by eighty substitutions. Its 
systems of intransitivity would be permuted according to a 
group of degree 6 whose order would be divisible by 5. As 
no such group could be isomorphic to the given group of 
order 80 this is impossible. Hence there are just three primi- 
tive groups of degree 17 that do not include the alternating 
group, and whose order is divisible by 5. 

If there is any other primitive group of degree 17 there 
must be a simple group of order 2*. 3^ 17, a < 14, j8 < 6. From 
3'* = 2, mod. 17, we have 3""'^ = 1, mod. 17, or 

Ua + ^ = 0, mod. 16. 

Hence /5 must be even and the possible number of subgroups 
of order 17 that are included in O must be among the following 
five numbers: 2^ 2.3*, 2'.3*, 2*.3*, 2*^.S^ The first of these is 
impossible because there is no simple group of order p^^q^ where 
p and q are any prime numbers.* We proceed to prove that 
the third and last are also impossible. To do this it is con- 
venient to inquire into the largest subgroup whose order is 
a power of two that can occur in the required simple group. 

• Frobenine, Berliner 8itzung$berichte (1895], p. 190 ; Bumside, Proeudingt qf 
the Lcndan Mathematical Societyj Vol. zxvi. (Ic95), p. 209. 
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Such a group cannot contain any substitution whose degree 
is less than 8. It is evident that its order would be less 
than 2* if all of its transitive constituents were of degree 2, 
and that it would be less than 2^^ if there were no transitive 
constituent whose degree exceeds 8. Since the order of this 
group could not be less than 2'^, we may assume that O^ 
would be transitive and of order 2*^3*. As there is no primitive 
group of this order and degree, O^ would have to contain 
two systems of imprimitivity. It is not difficult to see that 
no such imprimitive group could occur in a primitive group 
of degree 17. Hence it remains to consider the cases when 
the required simple group would contain either 2.3' or 2*.3* 
conjugate subgroups of order 17. 

In the former case the subgroups of order 17 could not be 
transformed into themselves by just 34 substitutions, since 
there is no simple group of order 612. If they would be 
transformed into themselves by just 68 substitutions, the 
maximal subgroup of degree 16 would be of order 72. It 
would contain four conjugate subgroups of order 9, since 
it could not contain a self-conjugate subgroup of this order.* 
As these subgroups would have to be of degree 15, the 
primitive group of degree 17 would contain 34 conjugate 
subgroups of order 9. Since this primitive group would 
be simple, it would have to transform these 34 subgroups 
according to a simply isomorphic transitive group. Since 
the substitutions of degree 16 and order 2 could not trans- 
form any one of these 34 subgroups of order 9 into itself, 
they would have to correspond to negative substitutions, 
i.e.j the group of degree 34 could not be simple. Sylow 
provedf that the given 18 subgroups could not be trans- 
formed into themselves by 136 substitutions. Hence we 
have proved that there is no primitive group of degree 17 that 
contains 18 conjugate subgroups of order 17. 

If one of the required groups would contain 2*.3* subgroups 
of order 17, and if the maximal group of degree 16 would 
contain just four subgroups of order 81^ it would follow as in 
the preceding case that the simply isonH>rphic group of 
degree 34 would have to contain negative substitutions ; and 
hence it could not be simple. From this it follows that the 
largest subgroup which transforms one of the subgroups of 
order 17 into itself could not be of order 34. The two possi- 



• Proceedings of the London Mathematical Society y Vol. XXYIII., p. 683. 
t Sylow, Videnekabe-SeUhabtts Skrijten, 1897, No. 9. 
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bilities which remain to be examined are that the Bubgronp 
of order 17 is transformed into itself by 68 or 136 substi- 
tutions when the maximal subgroup of degree 16 contains 
16 subgroups of order 81. In each of these cases the required 
group would be simply isomorphic to a transitive group of 
degree 8, 17. If each of the subgroups of order 17 were 
transformed into itself by 136 substitutions, this group of 
degree 136 would contain substitutions involving 17 cycles 
of order 8. As such substitutions are negative, the group 
could not be simple. 

We have left the single possibility when the order of the 
group would be 1296.17, and it would contain three hundred 
and twenty-four subgroups of order 17, while its maximal 
subgroup of degree 16 would contain 16 subgroups of 
order 81 and degree 15. As there is no primitive group of 
degree 16 and order 1296, this subgroup would have to be 
imprimitive or intransitive. It could not contain eight systems 
of imprimitivity without containing a smaller number of such 
systems, since each of the primitive groups of degree 8 contains 
substitutions of order 7. It could not have two systems; for 
the group of order 81 cannot contain any substitution of 
degree 3. Hence it would have to contain four systems of 
imprimitivity and it would have to permute them according 
to the alternating or the symmetric group of degree 4. It 
is clearly impossible to construct such a group of the required 
order. 

If the given maximal group of degree 16 were intransitive, 
it would have to contain two systems of intransitivity of 
degree 12 and 4 respectively. The group of degree 4 would 
be the symmetric group, since there must be substitotions 
composed of four cycles of order 4. To identity of the 
symmetric group there would correspond a group of order 54. 
This would contain a self-conjugate subgroup of order 27, 
contaiuiiig four systems of intransitivity, and therefore 
Abelian. Since the entire group of degree 16 would have 
to contain other similar subgroups of order 27*, the subgroups 
of order 81 would contain five systems of intransitivity, and 
hence the constituent of degree 12 could DOt be transitive* 
As this is contrary to the hypothesis, the required group 
cannot be constructed. This completes the proof that there 
are just eight primitive groups of degree 17 that do not include 
the alternating group of this degree.f Five of these are 

* Proeuding* ofth€ London Mathtmaiicdl Society^ Vol. ZXTIII., p. 53d. 
t The list in CompUt Hendut, Vol. LXZV., p. 1757, sUlea that there are only 
iix taoh groupi. 
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iacladed in the metacycllc group, and tbeir orders are 17, 34| 
68, 136, and 272 respectively. Each one of the other three 
contains 120 subgroups of order 17, and the orders of these 
three groups are 4080, 8160, and 16320 respectively. The 
group of order 4080 is simple, and it is a self-conjugate 
subgroup of each of the other two. 

OonieU UniTezrity, 

February^ 1899. 



NOTE ON THE iNVAEIANtS OF A BINAEY SEXTIO. 
By H. W. KiCHMOND, M.A., King's College, Cambridge* 

"DY invariants of the binary quantic, 

(««i «p «„ .-., «,3Ca?, y)" = a,n (x - 7^) ; (1* = 1, 2, 3, ..*, n) 

0) 

are usually understood rational integral functions of the 
coefficients a^ a^ ..., a^, which are therefore symmetrical 
functions of the roots 7,, 7,, ..., 7 ; but it is well known that 
certain unsymmetrical functions of the differences of the roots 
possess the property of invariance« Thus, very early in the 
investigation of the binary sextic, use was made of the unsym- 
metrical invariants such as 

±«o(7i - 7.) (7a- 74) (75-7.)- 

Now it is worthy of note that, if the ambiguities of sign 
be rightly chosen, these fifteen quantities are expressible as 
the sums, two by two, of six other unsymmetrical invariants^ 
here denoted by A„ A,, A;,, k^^ h^^ k^ : in fact, if it be agreed 
that the abbreviation 12.34.56 shall stand for 

«f (7, - 7,) (7s - 74) (7* - 7a)) &<5', 

the following system of equations will be found to be con- 
sistent : 

12.35.64 « 4, + *^ 
13*25.46 = *, + *, 
14.25.63 = *, + *, 
15.24.36 = *, + *, 
16.24.53=*, + *, 



12.34.56 = *, + *, 
13.24.65 = *, + *^ 
14.23.56**, + *, 
15.23.64 = *, + *, 
16.23.45 = *,+*^ 
VOL. XXXI. 



12.36.45 = *, + *^ 
13.26.54 = *, + *, 
14 26.35 = Aj + *^ 
15.26.43-*, + *, 
16.25.34 = *, + *^. 
X 
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Each of the six quantities (k) is the product of ^a^ and a 
function of the roots (7) composed of twenty terms, each temn 
the product of three roots, ten terras having the sign +, and 
ten the sign - ; an interchange of any two roots has the 
effect of interchanging the quantities {k) in pairs and multi- 
plying each by - 1. Again, it is clear that 2(A;) = 0, and, 
since 

(*. + *.) (*, + *^ (*. + K) + (K + *0 (*. + *.) (*. + *.) = 0, 

that the sum of the cubes of the quantities (A:), and the sum 
of their products three at a time vanish : the quantities (A) 
^re thcretore the loots of an equation of the form 



(1, 0,X, 0,/*,±V/>,^F, 1)* = 



.(2), 



in which X, /a, v, p are invariants of the given sextic of 
degrees 2, 4, 6, 10 respectively. To evaluate p, take the 
identity 

(1, 0, \, 0, M, ± Vf>, vjtf, iy=n(^-Av), (r«l, 2, 3, 4, 5, 6), 

substitute k^ and - k^ for and subtract ; then 

± 6 V/> = (/.-. + /•.) (A. + *.) (A. + /•,) (k, + k;) (k, -f *.), 

br 36/> = a,"n(7,-7.r = -6*A, 

if d denote the discriminant of the sextic : so that 

p = - 6*A. 

It is usual to denote by /, the invariants 

by 7^ the cataleciicanty 



"OJ 


"p 


"n 


". 


«.. 


«,. 


«.' 


«4 


«.' 


«.' 


«4' 


«. 


«.. 


«4. 


"i' 


<». 



and by I^ an invariant given in full by Salmon (Higher 
Algebray 3rd edition, p. 233), or by Cayley in the Third 
Memoir on Quantics^ and again in the Collected Works^ 
Vol. VI., p. 375 ; and to treat these as fundamental invariants 
of degrees 2, 4, and 6, the reasons for the selection of 7^ being 
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of little weight. The invariants X, /li, v may be expressed in 
(Ci*ms of /,, /^, I^ as follows ; 

K=2/,; A* = S00/,+ ll7/; 

V = 675007, + 540007,7, - '807/. 

Relations among the invariants 7,, /^, l^ 7,^ of the sextic 
xnhj thus be replaced by relations among X, /it, i^, p{ and it 
seems that, if simple invariantive properties of the roots are to be 
«o expi^ssed, the latter form is usually simpler* For example, 
the vanishing of th« skew invariant of degree 15 expresses the 
condition that the roots of xhe sextic slroald fall into three 
pairs in involution ; hence the square of the skew invariant is 
It numerical multiple of the discriminant of 

In cases of eijiiality of two or more roots the values of the 
quantities [k) may be found and relations among the invariants 
deduced; and we may verify that the conditions are also 
su6Glcient. 

Thus, if two roots are equal, p = OL 

If three roots are equal, p = and (10X0/i0v]([^, tf is 
a perfect cube^ 

If two pairs of roots are equal, p = and this expression 
gives t ivo equal values of 6f, 

The reasons which led me to consider the e()uation (2) 
arose from its connection with the eq[uation of the fifth degree. 
The theory of the dependence of the solutio4i of a quintic 
equation upon that of a special form of equation of degree 6 
originates with Lagrange; but thd sim.plest form of the 
Resolvent is that obtained by Messrs. Barley and Cockle (see 
Vol. III. of this Journal^ pp. 34.3-359). In this form, however, 
the coefficients are not invariants of the quintic equation, for 
which reason a less simple form o£ resolvent is sometimes 
substituted. Now it will be seen that if we' consider the 
quintic as a sextic eq^uation of which, one root is infinite, viz. 

(Oa,a,a,a^fl.aj;jr,y)*s=0, 

the resolvent of Messrs. Harley and Cockle is the equation (2) 
considered above, of which the coefficients are invariants of the 
sextic, modified by the vanishing of a, ; and the same notion 
may be applied to the sextic equation one of whose rootle is 
any known magnitude, the others being determined by a given 
quintic equation. 
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A CLASS OF UNEAB GBOUPS INGLXTDINO THE 
ABFJiTAN GROUP. 

By Da. Ii. B« Dickson. 

1. T\ENOTE hj 89k general linear homogeneous substi- 
^ tution on mq variables, 

(f«l, .,.,»! ;y«l,...,j). 

We study the group Q^^ of substitutions 8 which^ when 
operating cogrediently on q independent sets of mq yariables, 
the/^ set of which may be exhibited thus 

«a »«>«.•••. «i,^ (t-i, ...,»»), 
will leave absolutely invariant the function 



^=2 












The eonditiona tbaa imposed apon 8 are aeea to be 



(0 



(2) 



tl 



il tl 

^fii •••» •j^ 



«;1) «j^) -M aj^ 



2 



«!.Vi «;; 



tl 



^1 (j=l, -mW) 



^0 



holdinff for every combination of 2 pairs of integers (J^^ k^ •••! 
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Dr. Dickson^ A class of linear groups. 
independently, excluding only the combinatlona 
O') Oi 0'» 2)» -J 0\ 2)- 



61 



2. Theorem ; The inverse of the above substitution is 

(rsl, ..,, m; «» 1, ..., y), 
where -4^^ denotes the adjoint of a^ in 



ti «i ti 



^*« ^»« 



Indeed, the product 88'^ replaces x^ by 
The quantity in brackets is the expansion of 



2 

1-1 



tl 



tl 



tl 



' *r«-l' Hv °^rj+l' 



rq 



%q\ i^ iq iq iq 



and hence, by (1) or (2), equals I if (A, I) = (r, 5) ; but equals 
zero if (*, I) ^ (r, s). Hence 88'^ replaces x^ by x^. 

The reciprocal of ^ is obtained by replacing in it a^; by 

il^^. for 1,^ = 1, ...,w; ?,i=l, .-iJ. 

Writing the relation (1) for the substitution S"\ we have 



(3) 2 



^"^^ A^ 

^tl> •••) ^tl 






= 2 



*tl» — > % 



= 1. 



^1) 
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3. For the case ^ = 2 tbe group O^^ has been completety^ 
studied both as a continuous group and as a group in an 
arbitrary Galois field. The continuous group (?^, is th©^ 
homogeneous form of the largest projective group in space of 
2fn - 1 dimensions, which leaves a linear complex invariant : 
a group studied by Lie. A direct study of the continuous 
group (?^„ and an elementary proof of its simplicity, waa 
given by the writer in a paper, '^ Systems of continuous and 
discontinuous simple groups," Bulletin of the American Mathe-- 
matioal Society^ May 1897. In the same paper all the 
infinitesimal transformations of the continuous group (7 
were set up. The result, hpwever, readily follows from ftx 
below. 

For ^=2 the group G^^ of linear homogenous substitutions 
in a Galois field of order p" is known as the generalized 
Abelian group. For n = 1 its structure has been determined 
by Jordan*; for n^ I it has been determined by the writer.f 

The character of the group O^^ is essentially different 
in the two cases q — 2 and ^ > 2. Henceforth we assume that 
2 > 2 ; in fact, the investigation following requires that q be 
greater than two, 

4. Let;,, ...,j^ have fixed values chosen arbitrarily from 

1, 2, ..., m, and ^,, ..., k^ fixed values chosen arbitrarily from 

1, 2 J ..., q^ but cnosen in such a manner as to exclude the 

case ^',=^3«...=^'^; A,, A,, ..., k^ all distinct. Then for 

^\ = 1, ..., m; A, = 1, ••., ;, we obtain mq equations of the 

form (2). Indeed, since j > 2, the above values ^^ k^ can not 
lead to an equation of the form (1). These equations may 
be written in terms of the adjoint minors A as follows : 



2 



,q I i 



il 



The determinant | a. ^ | is not zero, being the determinant 
of the substitution S. Hence we have 



=0 f*=l•••'»^ 



♦ TraiU des SubitUviioru, pp. 171-179. 

t Qttarterly JourtuU of Mathematics. Vol. xxix., pp. 169-178 (1897), and 
Yol. XXX., pp. 883-884 (1899). 
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6^ 



^lierc a^, a,,, ..., a^ denote the integers 1, .... Z- 1, ?+l, ..., j, 
and therefore an arbitrary combination of 9 — 1 distinct 
integers ^ q. If j=s3, we have the result (4') below. If j> 3, 

we denote by El^ the adjoint of a^ in the latter determinant, 



.J^ 



M2 



and consider the following equations : 



jta. 



is. «y.^ 



0. 



Of these equations consider the mq equations in which 
f, J3, ...,^^ have fixed values chosen arbitrarily from I, 2, ..,, m, 
and ^,, ..., i^ fixed values chosen arbitrarily from 1, 2, ..., q, 
but such that the case j\=j\=.,.=j^ with A:,, A;^, ..., k^ all 
distinct is excluded, while lastly^', takes the values 1, 2, ..., m, 
and k^ the values 1, 2, ...^ j. 

Since the matrix 

comprises q-l rows of the determinant of S, not all of its 
determinants of order g—l are zero. Hence the ^ — 1 

quantities J^^ , which are the same in each of the mq equations, 

must be zero, viz. 






it. 









= 0, 



where J,, ..., S^ denote any j-2 distinct integers ^y. If 
^ = 4, we have reached the result (4'). If q>^, we proceed 
as before. After 2 — 2 such steps, we reach the set of 
relations 



(!') 



"/,..*, .' 



is 






holding also for j^_,,^^= 1, ..., «i; 7^0*^= 1, -m !7> excluding 
the case in which J^_, =;^, k^^^k^. But (4') evidently holds 
true ify^_, —j^i *^, = ^',1 since it is then an identity. 
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We may thus state our result in the form 



w 



it is 



' \r, «, *, Aj = l, ..., q /* 



In virtue of the relations (4), the conditions (2) all reduce 
to identities. Indeed, in every relation (2) not an identity 
at least two of the^s are distinct, say^^?^^',, and therefore all 
minors formed from the first and second columns vanish in 
virtue of (4). 

5. Theorem. Every substitution 8 leaving ^ invariant can 
he derived from the totality of linear substitutions of determinant 
unity on q indices^ 

Ij »»i Ik 

together with the totality of literal substitutions of the type 

We can evidently derive from these generators a literal 
substitution Tj replacing an arbitrary index x^ by any index 
as a;, J. We may therefore suppose that m the product 

8' = T8 the coefficient aJJ ^ 0. If then we set 



11 



11 



-C^OL, 



^^^11, = 2, ..., wi; A = l, ..., y), 
it follows from (4) that 

(5) ajj,=:c^^a\[, = 2) •••» w; *, «= 1, ..., q). 
Substituting these values in the relation (3) for^'=ly 



we get 

n 



«iP ••') «iy 



' ij 



It follows that 



x^ 
»ii» 



11 






1? 



11 



^1? 






*ij 



c a^^ 



^0. 



= 1. 
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If, therefore, we denote by B the linear substitution on q 
indices, 

11 , , 11 
aril = *ii^ii +••'+ %*V 
B: 



^9 . . 1? 

the product S^ = B~^8' aflfects the indices a?^p •.., a?,^ as 
follows : 

It is evident that B leaves the ecjuation ^ = invariant. 
Hence the product /S, leaves ^ = invariant, and therefore 
satisfies the relations (2), and consequently the relations (4) 
derived from them. 

For the substitution S^y we have a^i"^ (« = 2, ..., j). 
Hence, by (5), 

^jl=^^ 0*=2, ..., w; * = 1, ...,y; « = 2, ...,2). 

Also aj| = 0(* = 2, ...,?), oi\l^O. Hence, by the rela- 
tions (4), viz. 



^y*' *i* 



^ /y=2, ...,7n; * = !, -, ?^ 
\0 = 2, •••, 2 / 



we have a.^^O, Hence every flu = 0, ify> 1- 

It follows that 8^ leaves ^,„ a:,,, ..., ^,^ fixed. It must 
therefore leave ^ absolutely invariant. Hence the determinant 
of B is unity. We proceed with the indices a?,j, a?^, ..., 4?,^ 
in a similar manner. It follows that 

the substitutions B^^ T^ being derived from those given in the 
theorem. 

6. The group C?^^^, q>2y evidently has an invariant 
subgroup r^^ compose'd of the substitutions 



YOL, XXXI. K 
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in which |/8;4|=1 0*,^ = 1, ...,j) 

for every t = l, ..., m. The quotient group is generated by 
the substitutions P.^ and is therefore simply isomorphic to the 
symmetric group on m letters. The group F^^^ is the direct 
product of m (commutative) groups, each the general linear 
homogeneous group of determinant unity on q indices. As 
continuous groups the latter are simple. As groups in the 
Galois field of order /;•, their structure has been determined by 
the writer in the Annals of Matheiaatics^ pp. 161—183, 1897. 
The structure of G^^^^ is therefore completely determined. 

Uiiirereity of California, 

Janwuff 1 Uhj 1899. 



ON THE TLEXUEE OF HEAVY BEAMS SUBJECTED 
TO CONTINUOUS SYSTEMS OF LOAD. 

(Part II.) 

By Karl Pearson, F.R.S., and L. N. G. Filon,. M.A. (LodcL). 

(Continued from Vol. xxiv., pp. 63-110.) 

Section III. 

On (lie flexure of an elliptic cylinder suhjected to its oion 
weight only, 

31. We shall first obtain the general Cartesian equations 
Rw table for the flexure of a heavj beam of length *ll and of 
weiglit 2 IF, which carries a total vertical surface load 23 
iiniionuly distributed. The reaction at a terminal, if built-in, 
will consist of a couple Jf/^and the vertical force TF'= IF+iS. 
J5y assuming /S— 0, we clearly obtain the cjise of a heavy 
unloaded benm of weight 2 W and length 2/. Let the axis of z 
he horizontal and taken through the centroid of the mid-*8ection| 
the axis of x vertical, and that of ^ horizontal. Applying the 
semi-inverse method, let us assume : 

7^ =- " Ax Q' ^ z') -^^ F{y, x) 

u^c (..• - y) {V - ^^) + X W +/(y, ^) ^..(ixxxiii). 

v=^Dxy{l\-z')^y^(jj,x) 
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where -4, 0, D are constants, and -F,/, X) ^^^ ^ are arbitrary 
functions of the variables indicated. 
Now 

whence, if 

and ^^ ^ + XZ)-H2XC 

we have ^^--iZr(Z*- «')- ^, 

or w--Hx (Vz - ^«') - C« + ?(a?, y)...(lxxxvi). 

But w = 0, \{ z = 0, for all values of x and y. Hence it 
follows that f (.1?, y) = 0, or 

w = - fix (rz - J«') - ^2? (Ixxxvii). 

We arc now able to find from 

^ _^ «j5 2fi dw 
" X " X dz 

= -^-^ 4 X (r -«')... (Ixxxvin). 

X A 

We can write down the expressions for tbe tractions xx 
and yy. These are given by 



.(Ixxxix). 

, Google 
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Further, we have for the shears 

^(i?-2C)y(^*-.')+M(| + g) 
dy 



y*"-'**!^^^^^^) 



K..(XC), 



zx 



Let ly m, be the direction-cosines of the normal at any 
point (jx^ y) of the contour of a cross-section. Then if there 
were a given surface load parallel to the plane of the cross- 
section, but the same for all values of e^ we should have 



.(xci), 



Ixx + mxy = iKj (a?, y) 
iry + myy « #c, (a?, y) 
ixz + myz = 



for all values of z. 

The coefficients of z* must therefore on the substitution of 
the stresses in the first two of these equations vanish, or we 
must have 

Ix (2JAH+ A/iG'-A) + my (fiD - 2/i(7) = 0, 

ly (fAD - 2/A C) + mx (2jaH+ 2/iD - ^) « 

all round the contour of the cross*section. This can only hold 
if the coefficients of x and y vanish, or 

I> = 2C, 2iin+4./iC=^A (xcii). 

The third equation of (xci) further shows us that we must 
have dxldz~U(l*z-^ J«') = Kz^ where jf is a constant, or 

X = J-^ iKz' + S'li ZV - ^z'} (xciu), 

where J'w another arbitrary constant. 
Equations (Ixxxv) and (xcii) gi^e as 

S=AIE, 0=17^/(2^, D^riA/E...(xciy). 
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We can now write down the shifts and stresses In their 
simplest forms, namely, 



+ J(4P»'-i^«0+/(y.*) 



vA 



«= 2|a:j,(i._,.) + ^(y,e) 



tC=:- — x(rz-lz*)-Qz 



.(xcv), 



and 



ax 

^= - Ax(l* - «') + F(i/, x) 
^ (dQ ^ 2vA \ 

yz^-^zi^- + — xy^ 



''[dy^ dyp) 



...(xcvi). 



32. The arbitrary functions mast now be chosen so as to 
satisfy the body stress-equations. Let us take first 



we find 



dxg dyz dzz _ 
dx dy dz ' 

d*Q d^Q AAx 



dx" "*" dy' "" E 



.(xcvii). 



Combining this with the third equation of (xcl), or 
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we can fully determine Q with the exception of certain 
arbitrary constants. 

33. We may pause here to note how the value of Q is 
determined in two special cases, first remarking that the 
equations to determine Q are exactly of the form of those 
obtained by Saint-Venant to determine F^ an arbitrary 
constant which occurs in his theory of flexure. See the 
History of Elasticity^ Vol. II., p. 60. 

Case L Assume 

e= (?. + jrx + ^ {(,+ 2)|'- i,y'*} , 

then we find "T*"^ ~J~^ "^ ^ (xcix), 

Hence, if the cross-section be a rectangle of height 2a and 
breadth 2i, we have to solve (xcix) subject to the conditions 

■^^^{'Zy-Cl + «?)«'}, when* = ±a, 

-^^ = 0, wheny = ±J, 
We find as Saint- Venant 



'2.=''.+^{f-(^+'>'^i^ 



. .ntrx 

Jii w \ H , nira 

cosh— J— 
o 



or, for (?, 



.1 smh 



£i TT 1 ( n , nira ) ^ 



COSh-y- 
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Case 11. Assume the contour of the cross-section to be 
given by the ellipse 

— -4- ^= t 

It will be found that a value of Q satisfying (xcvii) and 
(xcviii) is 

^='^-\e Z^TW "-^r+T 3 

Compare the History of Elasticity^ Vol. ir., Art 86. 

Obviously the determination of Q corresponds exactly to 
the solution of Saint-Venant's flexure problem. Two unde- 
termined constants e^ and K occur, however, in the values 
of Q in our present problem. 

34. We roust investigate the conditions involved by the 
other two body stress-equations. These are 

dxx dxu dxz 

dx dy dz 
Thej lead to 



where 



.(cH), 



2? = ^ + ^) 
dx dy 

dx dy 



.(ciii). 
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Take 



P-P. + j4(.'i, + |') 



R^ 



X + 2/* • ^ \ + 2/* ^ ^ X + 2/* 



.(civ), 



+ 1 



and we find 



\ + 'i(i,E 



l.Ax* 



.(cvl). 



dx dy 

dy dx 

Thus R^ and P^ are what are usually termed conjugate 
functions. Hence, if v„ v^ be functions of x and ^ such that 

Fj + V(- 1) *'f = function of ;c 4 y V(— Oj 
we may write 
■Bo = «. ("i + V(- 1) •'.l + *. {", - V(- 1) »',1 I 

as a solution. 

This is the startiog point of the general solution in terms 
of conjugate functions. 

Preserving Cartesian notation, we hare 

i?.= *.' {« + V(- 1) y] + ♦.' [x - V(- 1) y{ 

where ^/ denotes a differential of some arbitrary function ^,. 
Let us break up / and \p each into two parts /^ i/;^^ and 
/p i/^p where y,, i/^^ are the particular integrals which arise from 
substituting the terms in P and B which involve Q and the 
remainipg algebraic portions. Thus : 



\ + 2fA • rfa; dt/ 



.(cviii). 
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The most general solution of these equations is given by 

-i«[*/{'+yV(-i)l + */{«-yV(-i)l] 
+*[♦.{» +y V(- 1)} + ♦.{a-y V(- 1)}], 

^ M ^^<^-*^[*.'{x+y V(-i)}-*.'{*-y V(-i)}] 



X + 2/i 2 

(cix), 

where ^, is another arbitrary ftinction. 

35. It remains now to determine the particular integrals 
corresponding to/, and xj/^e 

The only part of this which presents anj complexity is 
the term in Q. Let /,, \p^ be the particular integrals due to 
ity then by (xcix) 

<?=. <?. + J&: + ^ |(i;+2)|*-ijy'^J , 
or we must hare 

<?.=x.'{»+ V(- i)y} +x.'{«- V(- i)y} («), 

where Xii Xt ^^^ arbitrary functions, and 5^/, Xt their first 
deriyatiyes. Hence we haye to find /^ and i/;, : 

^[x/{* + V(-i)yl+x.'{«-V(-i)y} + i&: 

(«i) 

YOL. XXXI. L 
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After some analysis we find 

/.=(J^f[x.'{'+y^^(-J)l + x;{*-y^/(-l)}] ^ 






T^[4+4{('+^>-''^*^]' 



-^ ^[X.{' + 3rV(- 1)1- X.{-r-2^V(-l)}] 
\ + /Lt -4i7 y'x 

(cxii). 



36. For tlie values of the particular integrals /, — y, and 
'/'i ~ ^1 ^® easily deduce 

Thus the vnlues of y and iff are fully detennined. They 
contain two arbitrary functions ^, and ^, and two arbitrary 
constants introduced through the integration of Xi ^^^ Xt 
in Q. But these constants add together, and therefore give 
a single constant which may be introduced inta the value 
of yp^ and represented by 7. Ijooking back at (Ixxxviii) we 
see that for .'r = y = a = 0, v = 7, or 7 is the horizontal shift of 
the centroid of the mid-section. But this may be taken 
as zero, or we shall pot 7 = 0;. The arbitrary functions ^^ 
and ^, will have to be determined from the first two equations 
of (xci), and with their determination we have the complete 
solution of the general problem, we have proposed, in terms 
of Cartesian coordinates. 

The constants A, K^ ^^ will be determined by the conditions 
at the free end. We shall proceed first to the discussion of 
the latter equations. 
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37. They are the following : 

(i) The total traction when z = l moat vanish, or 

/(^)^(» = 0. 
Substituting from (xcvi), we have 

But, hj (Ixxxiy) and (ciii), we find 

F=-\B^(\ + 2fi) Q. 

Hence X/5rfa = (X + 2/ia) ^Qdta. 

Substituting from (civ), we have 

X/B^rfo) = (3\ + 4/i) iQd(a 

^(3\-^Afi)fQ,d(is (cxiv), 

where Q^ is defined in § 33, and we have supposed the cross- 
section symmetrical about the axis of y. 

For the cases of the rectangular and elliptic crosa-sections, 
we have by (c) and (ci) 



Hence we have to determine e^ : 
1 X 



^A iT*^ 7 I^ifil^ ..*....(CXV). 

(ii) The horizontal total shear over the terminal cross- 
section must be zero, or 

K^)^da}^0^ 
whence by (xcvi) 

fdQ 2r)A 



/(^.B^.,).«.o. 



But since w can only contain even powers of i/y if the 
cross-section be symmetrical about the vertical axis, so by 

(Ixxxvii) must Q. Hence -^ contains only odd powers and 
rjQ ay 

-j^dmssQ. Further fxyd<a = 0, since the section is supposed 

to have the axes of x and y for principal axes. Hence this 
eq^uation is. identically satisfied* 



I 
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(iii) The total yertical shear at the wall must eqaal -TF' 
or 

WbeDce by (xcvi) 

Let lis work this oat for the case of the elliptic crou-aection, 
osmg the value of Q given in (ci) and patting for brevity 

Then we have 

^-i['-^{-y + 2x'+j'(y'-x'}, 
and therefore 

8 -=- e(' (1 + 1;), after some dedactionsi 

Hence Ak*^-^ (cxvii). 

This result would also follow by using the value of Q given 
in (c) for a beam of rectangular section. But it may also be 
ascertained more readilj in the following manner by takioff 
the difference of the bending moments at the mid-section and 
the terminal. We find 

S(z^)^adw - j(z^)^dm = (Tr+ 8) \l- W% 

or by (xcvi) 

f(Ax'l^ dm^(W+ S) iZ- W'l 

. , W^8 W 
^AKa> = —-j p., 



21 V 
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vhencei since W ^W + 8^ 

^«*=— - =^ + -— (cxviii), 

%lm 2 21(0 ^ ^' 

since W—laD xyp. This agrees with (xli). 

(iv) The moment of the tractions «« at « = Z, or M^ must 
be found from 

=:JFxd<» 

= X fRxdo» - (\ + 2fi) JQxdmj by (Ixxxi v), 

- ^ .(^^-^iJ:)^'a> + f^^^/xV«...(cxix). 



If the beam be simply supported, M^ = and (cxix) is the 
equation to find K. If the beam be built-in, (cxix) gives the 
value of the bcnding-moment at the built-in end in terms of 
the undetermined constant K. But K will then be found from 
the condition du/dz^Oy for ic=y=5 0, « = Z. This gives us, 
from (xcv), 

or ^—^IP 

} (cxx). 

Z ^^« '^^ 

Compare equation (liii). 

38. We shall now proceed to the evaluation of M^ for the 
special case of the elliptic cross-section, noting that in this case 

Ja^do) = \a*(o^ Jx'y^do) = ^ a*/8* a>, #c* = J a*. 
We find, after some reductionS| 
X + 2m M^ JR^xdtp P£_^ 

\fA (OK* WK* fJk fj 

A (40 -f 26iy - 17iy*) a» -f (16 - Ay) a^ff + (ly* - 2iy) ff* 



(cxxi). 

Google 
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The coefficient of AJE will be foand to agree with that in 
(Hi) if we put a — 0. 

For a doublj built-in beam K is known from (cxx), and 
thus M^ is fully determined from (cxxi) so soon as we know B^. 

Let us consider the case of a doubly-supported beam. Here 
-3/^ = 0, and by (cxviii) 

Putting, for brevity, ^7*' = ®'» ^® ^^^ 

■^ E 3(3+ e') 

• (cxxii). 

This determines fas soon as R^ is known. 

(v) If we suppose i* = at the centroid of the mid cross- 
section, we have to determine J. 

«^+/(0, 0) = ....(cxxiii). 

Thus if S be the total vertical deflection,, we have 

« = («)^ = i (^+ ^ ^*) ('^"'^>^ 

which is therefore determined as soon as £* is known. 

39. Before proceeding to the expressions for the stresses, 
we may make one or two remarks with regard to the func- 
tions jP, /, and i/', &c. Since zz does not change when we 
change the sign of y, F can contain only even powers of y ; 
since w does not change with the sign of y, Q, by (xcv), can 
contain only even powers of y. Hence, by (Ixxxiv), 

df/dx + rfi///rfy, 

or R can contain only even powers of y. But, by (Ixxxlii), 
it follows in like manner that / contams only even powers 
of y. Thus i/^ can contain only odd powers of y. From 
(ciii) we see that P contains only odd powers of y, and 
thus Pp will contain only odd and R^ only even powers of y. 

Thus icy, by (xcvi) contains only odd powers of y. 
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40. We will now find the value of/ and -^ for the elliptic 
cross^section. From eqaations (xcix) and (ci), we find 

n n V 2ilaj' Ari (x^ , \ 

+ |-g{-yV(-i)}-^{.-yV(-i)}' 

where 

* 3?T^9^ — *' y-j+'j" 3^;rjriQi — , 

or q and 5' are the same as in § 37 (iii). 

Clearly the first line in Q^ is the x/ {j^ + y V(- 1)} and the 
second Hne the :^,' {<jp — yVC- 0} of equation (ex). 

With the aid of (cxii) and (cxiii) we can now write down 
the values of the particular integraUyj and ;//, for the case of 
the elliptic section ; we find after some reductions the following 
values 

\ + fi [e^ / Aq\ x' Aq" f x\ 

-^XTY^ L"2 "^l :ej 2"*'"2^l^*" "sj 

+ Y^ {(^ + 2) x' - 7?y*} J...(cxxvi>,. 

We may now choose suitable values of \p^ and f^ as given' 
by (cix). Let us find the most general solution for \p^ andy^ 
up to terms in x and y of the fourth order. To do thi» 
assume : 
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Then we find from (cvii) 

Further, from (cix), we have 

(cxxx), 

(exxxi). 

These equations contain nine constants, for a^ and ]fi^ add 
together. These constants will have to be determined by the 
first two equations of (xci), which still remain to be satisfied. 

Since/(0, 0) =/„ (0, 0) + /; (0, 0) = a,+ 1\, by (cxxvi) and 
(cxxxi), we have, from (cxxiii), 

J= " («. + \f>^ (cxxxii), 

which determines J when a^-V^h^ is known. 

Further, by (cxv) and the first of (cxxix), we have 

«, = gj;^ {*. + iK (P? ~ ^')] (cxxxiii). 

Thus the whole system of constants is determined, provided 
we can find 

^• + i*t) «i> «ti ^jj ^r *i> K K »nd ^- 

We may record here the value of K as given by (cxxii). 
It will be found that 



/^ 



^"=5. + i^(«'-/9'). 



wk' 
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whence 

AK^ (40 + 44iy + iy') + (16 + 2iy -h 6iy') fe' + (ly* - 2iy)s* 
E 3(3 + e') 

(cxxxiy). 

41. It will now be necessary to calculate the values of 

the stresses xx^ yy^ and xy. 
From the equations : 

S = (X.2rt|+x(|-«), 

which follow from (xciv) and (Ixzxiv) we find, by aid of 
(cxxvi), (cxxvii), (cxxix), and (cxxx), if 7=- — — •, the 
values 



XX 



-y'(2a, + 7*,) + *' [2«« - 27*. + {(3 - 27) - (1 + 27)2'} ^^j 
-y"* |^6a, - {(27-1) + 2'} ^J (cxxxv), 

S = (i_,).„_2a. + 75. + *{(27'l)('f + $-2if) 
+ 27J, - 2a,| + *' (37*,- 2a,) - ^ (7*, - 2a,) + «' f- 2a, + 47*, 
+ |C27 - 1) + (47 - 1) jj — ] -y'x [- 6a. + 67*. 

+ 1(27-1) + (27-1)2'} ^] (cxxxvi), 

VOL. XXX r. M 

y Google 
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^ = y ["- 2a» + a; (2yb, - 4^^) + x' Uyb^ - 6a, + [v ((1 + 27)} 

+ ^y^]-^] -y'{- 2a, + V{^ + 27) 3^|j (cxxxvii). 

These equations will be written for brevity 






.(cxxxviii). 



We shall now substitute these values in (xci), supposing 
there to he no surface load) we find 

x^ v' 
for all values of x and y on -^^ + ^ = 1, or for y' = jS' - eV. 

The second of these equations gives 

+ rf. - hfi' + (rf. - hj^^) a: + (rf. + /,,£') a;' + {d, + A/) *' = 0. 

"VYhence we have 

d,-h^' = («), 

(/, - hSl s' + ('/. - KS') = (6), 

//■^(<^^ + K^')-0 (c), 

(/. + A/)e« + K + V) = id). 

The first equation gives 
e'.r (c. - /SV, + (r, - ^,/S') a; + (r, + .^.s") x" + (c, + .y^s*) *'} 

4 (^' - sV) {/. - k,&^ +f,x + (/, + V) ««} = 0. 
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Whence we most have 

/.-A.'8'=0 (e), 

8'(c.-/3V.)+/.'9' = (A 

6' (c. - i'./S") - e' (/, - A-,^) + /3' C/. + ^/) = O...C7), 

s'(<'. + i'.s")-ey. = (h\ 

e'(c,+ fl'/)-e'(7: + A/) = (0, 

Let us consider the equations with odd subscripts firat. 
They are 

d, - \ff = 0, 

/,e« + rf. + V = 0, 

/.a' + c,-/3V. = 0, 

/,-c,-6V, = 0. 

But by inspection we see c, = — Ay whence we deduce 

d, = A.^, or (1 - 7) «« - 2a, + 7J, = (7J, - 2a^ ^, 

c, = A,a', or (1 - 7) «. + 2a, + 7J. = (7^ - 2a,) a', 

rf, = - ^.e*, or 375, - 2a, = - e* (2o, + 7J,), 

/. = -*, + 9^^% or 37J, - 6a. = e* (2a, + yb^. 

The latter two equations can only hold if a, = 5,= 0, whence 
the first two give a,^0, and, by (cxxxiii), J, and e, both zero. 
Hence we conclude that if there be no surface load 

e, = a, = &, = a, = i, = (cxl), 

a result which immensely simplifies the expressions for the 
stresses. 

The equations with even subscripts give us. 

We have five equations with only four unknowns a„ i,. a^, b^, 
and therefore unless we can show that two are identical we 
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sball be unable to obtain a solution in the manner proposed. 
The third and fourth of these equations give us 

so that we maj take as our five equations 
Let us write 

j;={(27-l) + (47-l)2'l34, .^.= {(27-l) + (27-l)2'l^, 

^,= {7 (1+27) + 27?'}^, -^. = ^(1 + 27)^ 

(czlii). 

The equations (clxi) then become 

- 2a, = i8'(- 2a, + •/,), 

275, - 2a, + J, - (47 - 2) K= 0* (- 6a, + 67*, + J,), 

/, + 2a, = - a* (2a, - 276, + /,), 

J,+ 2a.= ^'(6a,-./,)-a'(67«,-6a, + /,)-/3'(-2a, + j;), 

-2a,+47i,+e74=! -«' { -6a,+676,+ j;-675,-6a,H- J,+€*(-2a,+j;)} 

(cxliii). 

The first and second of these equations suffice to give a^ 
and 6,, if a, and 6, be known, by the aid of (cxxxiv). Let us 
eliminate by aid of the first a, from the third and fourth, and 
show that the resulting equations are identicah We find from 
the third 

(l + e')««-75.= i(«'^.-7.-^j) («liv), 

and from the fourth 

(l + e')«,-7^ = i(eV.+ J,+ ^l) (cxlv). 
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Hence we must have 

ev.+j;+^:=3(ev.-j.-^;), 



€'(jr_3J.) + J, + 3jr=-^' 



This equation, after substituting from (cxlii) and using the 
values of q and q' given in (37) (iii), reduces to 

^'^ - 2 ) 

which is the value of Ak* by (cxviii), since we have put the 
surface load 8 zero. 

The fifth equation of (cxliii) gives us 

a, (1 + 6€' + O - 27*, (I + 36') = i {J, + *• (J, + J,) + eV.} 

(cxlvi), 

(cxliv) and (cxlvi) determine a^ and b^. 
Whence we have 

+ 3o{6V,-j,.^i}.iK+^'('^.+-/,) + ^v,} 



a.= 



1+26' +56* 



1+66MV r. 



7^=- 



\f'^.-J.-i] - ^'{e^. + *'(«^e+e^.) + ^VJ 



1 + 26* + 56* 



/ 



(cxlvii). 

Substituting the values of the «7's we find, remembering 
(cxviii), 

_ A 87 + 2i;-3 + (10'y + iy-4)e'+(27+fy~ 1)6* . , .... 
- 3^ 3^17^5 ...(^cxivni;, 

_ A 107+i;~3+(5474-lli7-21)6'+(307+3iy-15)6*+(27+i7~l)e^ 



3-E 



3 + 6* 



.(cxlix). 
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Whence we have from (cxlvii), 
A 67+3i;-34(147 +3i7-5 )e'+(3 47 45i;-ll)eV(10Y45t;-5)e' \ 

A a7-»; + (67-»;-2)e*+(U74 5jj-8)e'+(107-3n-6)e* 



(l + ae'+Se'^a + O 



.(cl). 



We now pass to the determination of a,, i„ and K. 
By (cxliii) 



whence we find 



^ A$V(l- 2r i){l + Sz') 
**• '3i;(l + 2a'+5s*j(3 + e') 



.(cli): 



b^ is now known from the two equations 

27J, - 2a, + J^- (47 - 2) ir= /3' (- 6a, + 676, + /J, 

^a" 40 + 44iy + iy*+ (16 4 2iy 4- 6fy*) e'+ (ly'- 2iy) s" 



6j6; 



3 + 8* 



whence, after some rather long, but otherwise 8traightforward| 
reductions, we obtain 

' 1 + 17 QE 

f-2i7-i;*+iy' + e* (-6 - 1217-617') + e* (- U-28i7-12i7«-6i7')) 
t+€^-18- 76»;- 3417' + 817') + e'(6 -42i7 - II17'- 3»;')J 



1 



.(cHi). 



'^ 24^ (1 + »7) (3 + e") (1 + 2e* + 56*) 

f3327-126-43i7+e* (7207-264- 84i7)+e* (l7527-644-202i7)] 
^ ( +8" (24O7 - 40 + 2817) + e' (- IOO7 + 50 + 4517)) 

(cliii). 

42. This completes the determination of the constants. 
We have now to find the stresses and strains. 
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Turning to the expressions (cxxxv), (cxxxvi), (cxxxvii), 
and using equations (cxliii) we find 

~ = ^, (-^i + 2a,) - 7fx (6a - JJ, 

•f ^x[ff- y') (- 6a, + 675, + ^.) + x* (- 2a,+ 47*,+ /J, ^ 

(cliv). 

To find the other stresses, substitute in the values of yz 

and zx as giten by (xc) the values of x *"^ Q ^^'om (xciii) 
and (ci), then, remembering that «o = 0, we find 



yz 
A* 
zx 



Also Tz^^^- Ax [V -£")■{■ F{y^x)^ 

but, from (Ixxxiv), 

= X22 - (\ + 2/i) Q 

This last result follows from (civ), and if now we substitute 
the value of B^ given bj (exxix), putting in also the value 
of $, we get 
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If now we substitute for the a's and b'i and for K in the 
expressions (cliv) — (clvii), we obtain the following values for 
the stresses 

\ 

xx__ , A 3 + 3i; + e*(9+3i?)+e^(19-H3i?)46't9-3i?) 

, A (4i;-2)(l+6' + 26*) 
^*^ (3 + e')(H-2e"+5e*)' 

2__-r/fl«_,>\:d l+?+«'(3 + i?)-l:e*(5 + 7»7) + e'(7i;-l) 
^- «tP y;^ (3 + e')(l+26' + 5s*) 

f 8 + 7i7 - 17" + s' (24 + 1217) + e' (56 + 3O17 + 617*) 1 

I + s' (40 + 4i; - 877') + e» (1 liy -f 3iy*) j 



+ (a:'-3^i^')A 



(3 + s''j(l + 2e" + 56') 

4- ^-i-V+ (8 + i? + i;') £'+(20 + 517-517') g*+(lli7.f 317') e' 
(3 + e»)(l + 2e*+5s*j 

-3-^a^'(2 + .7) 
(clviii). 



yz iA l + ,,(l+e') ^ 



A* 



^_ «^ Jr^« '26' + 4 (141?) . (4v-2) ) 



^ (4,?-2)s'(l+ 36') 



3£(3 + e'Hl + 2s' + 5e') 

cM 1? 4 1 + (5t; + 1) e* + (7i; + 5) s* + (3^ + 1) 6« | 

E (3 4e'}(l+26' + 5s*J J '^'»\ 

(c>'x)> 
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(ciiz) g^ves VLB both sheafs and slides. It remains to calculate 

the stretches «^= j- , ^^ = -7- , «.= -1- • 
• da * dy ' dz 

We find 

2A^ A 2 + i,(e'-l) / ._lM 
-B 3 ^ JS? 3 + 8» V'' 3^1' 



whence, after reduction, 

if-'') 

6 + 14ij + 1fi'-i)* + t'it.8 + 24*; + 6ij») + 



».-^*(^-*') 



] 8* (38 + 64ij + 24ij' + 6i7») + e»(18 + 47 - 3817* - 8i>'j I 

xa'A I +e'(6i7-31i7* + 3i ?'0 ]_ 

UE (l+ij)(3 + e')(l + 2e'+5«*) 

(3 + 89-i»' + e'(9 + 14i;-ij«) > 

.A^X + g*(19 + 36<? + 517*) + e'(9 + 6v- Si;*)) 

GJE (3 + e") (1 + 28' + 5e*; 

gy'^ -2+3i;->>%B'(-2-fiy-i7')+e*(-4-3»?+5»?')+e'(- f) - 317*) 
2^ (3 + 8*) (1 + 28* + 58*) 

(clx). 



,2i7' + i;'-i;'+e'(6+12i;+6»j'") % 

. +e*(18 + 24i; + 4i/' + 6V)+8»(30 + 64i?+ 10»;'-8»j') I 

;M 1 +s»(-6 + 42,7+lli,' + 3i7')j 



nJi (1 + 1») (3 + 6'J (I + 2e' + 5e*) 

Ax* 5t)- t,* + t'{llv- v')+&*{6 + nri + 5v*)+t*{2 + 5t}-3ri*) 

"^ %E (3 + 8'} (1+28* +58*) 

^:ty'l+2i7+i;'+g'(3+4i?+i7')+8*(5+18»?-5»?'')+8*(-l+8i>+3n') 

■*■ iE (3 + 8')(l + 28' + 5e*) 

(cxli). 

VOL. XXXI. N 
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A 



,. = _4,(r-z') 



f8+13i; + 5»j* + e'(24 + 36i7+ 12ij') ) 

. X(^A t+e*(56+86»?+38i>') + s' (40 + 52174-281?') feVSiy+iSiy')) 

12^ (l+i;)(3 4e'Hl+2e' + 5eO 

_ ^x' 8 + 2t; + e*(20 + 217) 4 e* (48 4 ^nS + e' (20 - IO1?) 
" 6£ (3 + e'j(l4 26' + 50 

_ Axy^ 4-2t? + e'(8- 2^) +e*(20 - 61?) 4 g'lOi? , . 

2£ (3 + e') (T 4- 2s' 4 50 ^*""'^ ' 

Finally, to find the maximam deflection 8, substitute 
for K in (cxxiv), and we find 

["40+831;+ 43i;Ve' (96 + 180)7 \ 84i7')+6*(232 + 442*7+ 20217*) "| 

1 L +6' (80 + 6817 - 2817') + 6" ( -5t7~45i7")J | 

^^ ( 1 + 17J 13 + c"j(l + 26""+ 5e*J ' J 

(clxiii). 

Also the curvature 

= ^ ., + Ky where J/ ia the bending moment 

[40+8317+4317"+ €*(96+180j7 + 84i7')4 €*(232 + 44217 + 20217';"] 

[ + 6'(80 + 6817-2817') -f €'(-- 5)7 - 4517*)] I 

^ 12(l + ,7)(3+6'jll + 2€' + 5€*J j 

(clxiv). 

We see from this that there is a definite curvature K at 
the points of support. This correction K to the curvature is 
constant. Hence, if we draw a circle of radius ijK passing 
through the two terminals of the beam, and add the ordinates 
of this circle to the ordinates of the '^ elastic line ^* obtained 
from the ordinary theory, we shall obtain the true elastic linei 
the determination of which is thus made to depend only on 
the calculation of K. 
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43. Before proceeding to discuss the formuIaB we have 
obtained, we may record here the values we get for the 
somewhat simpler case when the material possesses uni- 
constant isotropy. 

In this case X = /x, £=f/Li, i; = i, 7 = §. 

We have then 

j^ Aa^ 1015 ■»■ 2340c' + 5682e" + 15246^ ~ GSe" 

240^ (3 + €')(l 4 2e'+ 5e^) ^^**''^- 

^-- M- r. A 15 + 396' + 89e*4 33 6* 
^- ;r^a ^ J 12^ (a+ e')(I + 2e'+ 5^*) 

y'xA l + e' + 2e" 

"*" E (3+6')(l + 2e'+5sV 

^ ^,p, .^ 5 + 136''+ 276^ + 36' ^0?' 6^ 

^- ^\P y^4J5?(34.€*j(l + 2e' + 5e*) "*" 3^ (l + 2e-+5e*)' 

«r ^ , ,„ -, a?^a' 155 + 432c'+1022e*+ 6486*4-47 e* 



, ^ » « ,x ^ 61+1336* + 335e^ + 47e* ^ , 
V? ^ 5 + e*^ 

^ y| \P *^3^(3 + €')(l+2e' + 5«*) 

oM 5 + 9e' + 27«* + 7«* ] 
■^ 4£ (3 + «') (1 + 2e' + be*)] 

>.^ (clxvi). 

_ A (P- *\ _ ^«*^ 635 + 1560e' 4 3558e* 4 1056e* - 256' 
*«'°4ff*^ *^ 960i!? (3 + e')(l+2e*+5e*) 

^ 79 4 199e''4453e*4l65«* ■i:.ry' 2l4 29c'471e*4 7e* 
96J? (3 4 «'} ( 1 + 2e' + 5«*) ■*" 32 JE? (3 4 «')(! 4 26' 4 5e*) 

(clxvii). 
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^ J. „_ ^ aafA 35 + 6006* 4 1558€^ -¥ 2976e' -f 335e' 

^ 194 43e'+145e^+49e* ^23^ 25-l-65e' + 147e^4- 196* 
96jSr (3 + e')(l+2e' + 5€*) "^ 32^ (3 + 6«j (1 + 26" + 6f*) 

(clxviii). 

- -^ m^ tN J^ft'^ 185 4-540e*+1278f*-f 876e' + 65€' 

^ 17-f4l6^-f 99e* + 356' _ Axy" 7 + 15e* + 37e* + 5g* 
■" 12if (3 + €*) (1 + 2e' + 50 4i(? (3 + €*) (1 + 2e' + 5e*) 

(clxix). 

44. Looking now at the results (clviii) — (clxiv), we see 
that the assumptions of the BernouHi-£ulerian theory^ viz. : 

(1) That the cross^sections remain plane, 

(2) That the curvature is proportional to the bending 
moment) 

(3) That the stretch varies as the distance from the neutral 
axis, 

(4) That the shears are all zero, 
are in no case strtctlv true. 

Let us consider bow far our expressions for the stresses 
and strains differ from those given by the Bernoulli-Eulerian 
theory. 

The BemouUi^-Eulerian theory gives 

We find in nearly all cases that the difference with the old 
theoiy is of the form 

' (-Po*' +Pi^' +PJf^ = «»» *ay» 

where p^, p^y and p^ are positive quantities. 

We have therefore to find the maximum or minimum of 

this consistent with the condition that -^ + ^<1. 

a pr 
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Let us use polar coordinates r cos = a;, r sin B^y^ and we 
have 

in = {— pjjfr + (/7j cos's + p, sin'S) r'} cos S, 

As we go outwards from the centre 

-jp ^ {--Poa* + 3 (;?, cos's +;>, sln"S) r'} cosS, 
whence m decreases algebraically from to 

- *^.«'/y/{3(i^.C0B'/+p.8m'tf)} **''^' 
if — ^TT < S < ^TT, and increases algebraically to that value if 

^Vr <d< f TT. 

This occurs when 

Y 13 (p, cos's + p,sin"fl)j W» 

^""^ "" ^ VC/t^'cos-S+a^sin^S) (*^» 

the maximum therefore occurs at (a) or at the edge of the 
ellipse, according as 

/I £. ] < ^ 

If 2. ^ 



rasa 



3 (Pj COS'S + ;?, sin'S) (/S' cos'S + a' sin'S) » 

then most certainly the only numerical maximum will be at 
the edge. 

But if, on the other hand, 

3 (Pj cos'S +p, sin'S) ^8' cos'S + a' sin'S ' 

we may have a negative maximum, say, inside the ellipse, and 
then m may again become zero and increase positively, so that 
we get a second maximum at the edge. The question will 
then be, which of these two maxima is numerically greater ? 
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In the odIj case wbere there can be a maximum inside the 
ellipse, its numerical value 

3 /S COS ^ 2 3 

In the other case^ to find the value at the edge 

write rcosd=acos0, rsind^s^Ssin^, so that is the eccentric 
angle, and we have 

m = a" cos^ (- p^ + p/] + a' cos"^ [p^ - p,6'}. 
Let ^sscos^, then 

when e = 0, 7n = 0, and wt increases therefore numerically until 

If now -P — ^' -. be ne&ratlve, or numerically > 1, then 
the maximum value of m is when t — \, and it is therefore 

If on the other hand -^-y^ — ^^—t\ »8 positive and < 1, then 
the maximum value 

<|a'(|?j,-p,e') numerically. Our steps will therefore be to 

find the value of r^ — ^^—r: in all cases. This will enable 

us to choose between a'(p, —p^ and §a'(/?o— p,€*) as limiting 
maxima. The one chosen must then be compared with %p^^ 
to see which is the greater, unless indeed p^> 3/;,, and also > 3;?,, 
in which case there never can be a maximum inside the 
ellipse. To simplify we shall assume uni-constant isotropy, 
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and only work out the results for the cases e very small (i.e., 
a practically flat lamina, e,g.^ web or "joist" in its own plane); 
€ very large (t.e., a practically flat lamina or thin planK bent 
perpendicular to its plane) ; and 6 unity, which gives a circular 
shat>. 

45. The most important stress is zz^ this being the only 
finite stress in the Bernoulli-Eulerian theory. We find here 

_. A 155 + 432e* 4 lQ22e^ + 648e* + 476' 
P.-^e £ (3 + €'j(l + 2e'' + 5e*) * 

, A 310 + 742e"+1778e* + 616e* 
^1 = ^^ 



A = A 



E (3 + €")(!+ 2e» + 5€*) ' 
A 366 + 7986' + 20106* + 2826* 



E (3 + 6') (1 + 26- + 56^) ' 
whence 

p^-p/ _ 155 + 666*+ 2246*- 13626*- 235e' 
^{Pi-P/) " 3(310 + 3766* + 980e*- 13946' -2826*) * 

6 = this ratio = 1/6, 6=1 it is 1152/30, 6=oo it is 235/846. 
Hence, if e = 0, one limiting maximum is 

Similarly if 6 = go , remembering that in this case = a^ 
must remain infinite, a being then very small, the limiting 

maximum = -^ '^P^i^i numerically. 

If on the other hand 6 = 1, the ratio being > I, the limiting 

maximum is given by a'(Pi — Po)=^f "k^ *'» P^^^^^S ^" ^^^ 

present case clearly less than Zp^ or 3;?,, we have a maximum 
inside the ellipse, which we have also to consider. 

This we have seen is always less than %pjx^^ t.e, less than 

-^411 when 6 = 0, i -^ when 6 = 1, -^ t^^^ if e = oo . 

Hence the greatest possible differences in the stress zs 
from the ordinary theory are seen to be (comparing our two 
sets of maxima) 



< 
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Now the greatest stress possible on the BernoulII-Eulerian 
theory is the value of zz when a: = a, « = 0, t.c, it is given by 

. ^ greatest difference in stress zz 

therefore -, t—t-i 

greatest stress 



■i\j) whene=l, 



when e = 00 • 

Suppose now that the greatest dimension of the cross- 
section to be not greater than 1/lOth of the length of the 

beam, then the greatest difference in the stress zz is less than 
A^, i) bVt^ V^^ ^^^^' ^^ ^^^ greatest stress in the three cases 
taken. 

These give differences of .14, .2, .13 per cent, of the 
greatest stress on the old theory, and those are comparatively 
negligible. 

Proceeding in an exactly similar manner, we find that 

OCX 

ioY — the differences are always less than 
-^tVwhen€ = 0, 

-^ JJ when e = l. 

In the case cssoo the ratio of the greatest difference to 
the greatest stress is found to be multiplied by the quantity 

f — j , and is therefore vanishingly small. 

Taking, as before a/2 < 1/10, we find that the divergences 

in XX due to the corrected theory are less than .11 and .12 
per cent, of the greatest stress for the "joist" and for the 
shaft respectively. 
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1q the case of the stress ^^^^k^ndiffereQCe is v^shlnglj 
femail when € = 0. It is always le^^^ MSFit^^ b-^S^t. of the 
greatest stress for the shaft, and lessthan ^06 per cent, in 
the case of the thin plank. 



46. The stretches )?^, 5^^ *, may be investigated by means 
t>{ the same formula. 

The maximum valaes of these three stretches on the 
Bernoulli-Eulerian theory are 

^di, ^ar, — ^ 

kiespectively. 

In the case of s^ the greatest deyiation is always less than 
k59, .59, and .13 per cent, of the greatest stretch m the three 
cases 6 = 0, 1, and oo respectively. 

In the case of s^ the greatest deviation is always less than 
^03, .48, and .19 per cent, of the greatest stretch in the same 
three cases. 

In the case of 8^ the greatest deviation is less than *17, 
*26 and -13 per cent of the greatest stretch in those three 
cases. 

Of course, in all the above, the greatest dimension of the 
cross-section is to be taken less than one^tenth of the length 
of the beam. 



47. There remain the slides atid shears. Here the 
divergences are not of the same form as those we have treated 
of above. 

Keeping to the case of uni-^constant isotropy, we have 

f .^, ,. A €'(14 3e0 



4 ii'cs+OO 



+ 2€-+6e*)r 



Kow a^ is clearly increased if all the terms in the curled 
bracket are made positive, and their coefficients are given 
their greatest value. 
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Hence 

"'^JS^ (3 + €*) (1 + 2€'' + 5e*) 

4^ (3 

' tt'u4 15 + 27e' + 856*+ 33e^ 

^^nE (3 + €') (1 + 2e' + 50 ' 

The greatest stress on the BernoullUEulenan theory being 
given by 

we have 

greatest valne of xy _ aB j 15 + 276*-f 85e* + 336* ^ 
greatest stress " Y ^^(3 -f c") (I +2e*+56*)' 

when 6 is either very small or very large, this is small. 

When a = < ^l the greatest value of xy is less than '17 
per cent, of the greatest stress. 

The longitudinal shears yz and zx are much more im- 
portant, 

fA L [^ -^ 3 + «' 3 + e'j 

We see, however, that the most important values of zx 
occur near the terminal. But the state of affairs at the 
terminal we are not able to deal accurately with, because we 
have made use of Saint-Yenant's principle of equipollent 
loads. 

Consider the term in curled brackets 

^•"-^^TT^ + sT?- 

There is a negative maximum at the centre, the value of 

5 + 26* 
which is - — J .a*. The expression then varies continuously 

u -J- € 

in one sense as we go outwards from the centre. 
Along the circumference 
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Therefore our expression becomes at the boundary 



^.(-H. 



snd we have therefore another negative maximum when y = /3, 

Ita value is — a* ;; -, . Hence numerically — is greatest 

3 + e '' (A ° 

at the centre^ 

The ratio to the greatest stress 

z a 5 4- 26* 
'^*Z I 3 + 6" 

•ceordtng as 6=0, 1, or oo ^ 

In the latter case a/l is exceedingly small^ because /3/2 < ^ 
«nd a/jS is supposed very small. 

In the first and second cases the ratio is < ^<> ^ and < 7 ^ 

per cent* respectively, t.«. for a = ^/, t.c. the quarter and three- 
quarter spans, the shear may be as much as 3.3 and 3.5 per 
cent, of the greatest stress in the whole beam.. 

. . yz -4 5 + 6** 

Aga.a - = - j^.vyz.j^, 

This is zero at the centre and can be always increased^ 
Bumerically, so long as we ai*e not on the boundary.. 
On the boundary we have 

xyszm =^a^ sin 2^^ 

where ^ is the eccentric angle. 

This is the greatest when ^ = 7r/4, and the greatest values 

of — occur therefore at the points a; = ± a/\/2, y = ± j3/\/2 ani 

are numerically equal to 

A a^ 5 + e' 
JS 2 3 + e"' 
The ratio of this to greatest stress 

-1^ 3 5 + 6* 
""*? I 3 + €?' 
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This 18 negligible in the case of the joist, 3 being thci^ 
exceedingly small. 

In the case of the shaft and the plank, the greatest 

ahear ysi is less than y and y per cent, of the greatest stress^ 

respectivelj, t. e. less than 1 '5 and 1 per cent, at the quarter 
ana three«quarter spans, which are comparatively small values^ 

48. Looking back upon these results, we see that, although 
the assumptions of the bemouUi-EuIerian theory are none of 
them strictly true, yet in the case of the stretches and tractions, 
and of the transverse shear and slide, they give at aU events a 
close approximation to the truth. 

In the case of the longitudinal shears and slides (which 
produce the distortion) the discrepancies are more serious., 
We see, however, that even then the amount of shear called 
into play is not large. 

49. There exists no " Neutral Axis," properly so-Ksalled, 
the stretches and tractions not varying as the distance from 
a fixed straight- line. The neutral a^is of the old theory, 
however, still possesses the property that in crossing it the 
tractions and stretches change sign ; thus the upper half of 
the beam is in compression and the lower half in tension. 
Further the result that the stretch in any " fibre " varies as ita 
distance from the neutral axis is only modified by terms of 
a small magnitude, when the greatest dimension of the crossm 
section is less than one^tenth of the length of the beam. 

50. The curvature is not proportional to the bending-i 
moment, but difiers from it by a constant quantity K^ which 
gives the curvature at the points of inflexion. 

We may note the values of K for uni-constant isotropy hk 
in the three cases c = 0, e = 1, and e = oo ^ 



They are 
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Hence from (clxiv) the percentage error in the curvature 
at the mid point is in these three cases, taking 

ak=ll\0 or )8=?Z/10, 
f^l) ih "^ percent.; 

thus we may get a sensible deviation in the curvature in the 
case of the joist and circle. 

This deviation becomes even more sensible when we come 
to deal with the maximum deflection, the percentage error 
being seen from (clxiii) to be 6/5 of the percentage error in the 
curvature. Thus the deviations are 

i.e. 1*69, 1'64, and — '065 per cent. 

The first two will be quite sensible, especially In the case 
of the joist. We see therefore that we may get an error of 
nearly 1*7 per cent, in the maximum deflection. This error, 
although small, is yet appreclablci and might be detected by 
careful experiment, 

51 . The third result brings out a point of some interest, 
namely, that for a very flat lamina or plank the curvature at 
the terminals is negative^ or there are two points of inflexion 
rather close to the terminals even when the plank is simply- 
supported. This^ however, might not be borne out by 
experiment, inasmuch as we have made use of the principle 
of equipollent loads, and it may be that this last result depends 
less upon the total terminal shear than upon the actual dtstribur- 
tion of shear over terminal cross^section, with which we are 
not able to deal. 

52. Finally we have to investigate the limiting strain. 

To do this we notice that in the BernouUi-Eulerian theoryy 

the greatest strain is the value of st when aj = a, y = 0, 55 = 0. 

The differences with the BernouUi-Eulerlan theory being smally 

the greatest strain will still occur very near that point and will 

ds .^i. 

Still be 8^. Moreover, from (clxii), we see j-' = - e»(^*~"0 

ds 
+ very small terms of order a*, a;*, y". Therefore -r-* is always 

negative within the limits of the beam. Hence s^ numerically 
increases right up to the boundary. Therefore we see that 
the ma^^imum of s^ is not merely near the point (a, 0, 0), but 
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exactly at it, and the greatest strain s^ is the value of s^ at this 
point, I.e. 

f 8 + 7i7 - 17' + e* (16 + 817 - %rf) + 6*^(40 + 221; - 2617*) V 

t + €• (- 3217 - 48t7*) + c'' (- 517 - 45i7')j 



(1 + ^(3 + 0(l + 2€« + 56V 



.(clxx), 



_^ p_:^ ^ 155 + 280e* + 7026*'- 176e* - 656' 



E JS. 240 (3-i:«')(l + 2«* + 5e*) 



.(cljpcj)/ 



in the case of ani-<conskint isotropy.. 
For the case of the heavy joist 

For the case of the shaft 

For the case of the plank 

We see therefore that If s, be the limiting stretch for safe 
elastic loading, then 

Aa.r 






in these three cases. 
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But, according to the BernouUi-Eulerian theory, the 
necessary condition that the material may not be strained 
l)ejond the elastic limit is 

Hence, in the case of the joist, the weight must for safety 
be less than the ordinary theory allows by a fraction about 

-ji y\^ ^^ the limiting load. This is less than .215 per cent. 

ifa<?/10. 

Again, for the shaft, the load must be reduced .233 
per cent. 

For the plank, on the other hand, the ordinary theory 
errs on the side of safety, as the limiting load may be 
increased .054 per cent. But we notice that the ordinary 
theory errs more on the side of danger in the first two cases 
than it errs on the side of safety in the last. 



52. In the two extreme cases of the joist and the plank, 
the expressions for the stretches and stresses simplify to a 
great extent. In the first case we may neglect all terms 
in €* and /3*, and therefore also in y*. We then find 



'3£^ 






!^=.^^(P.,«) + ^^(8 + 7^-V)(a'-rr-X 



18-fi;^ 



.(clxxii). 



7--|2»3"(' + ') 






\ (retaining first power of y) 
(clxxiii). 
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s.-^-^x(r^z) :^^ + __(3 + 8i?-i7) \ 

^ = ^^(^-^) ME + l8^(^^^^ 

(ckxiv). 

In the second case we may neglect all teltes in xe'*, 
»•, a*a?, &c., retaining, however, second powers of x and «"*, 
we have 



XX 

— «0 



|==-^.(?-.')-|^(ll,43,')(y'-/3V6)J 



i(clxxv)4 



yz AA 



*^=.-.4{2(*'-«')-(4^-2))yVe' 



j& 



.(clxzv'i). 



^ = y^l(49-2)(i8'-jr')/e'+a>»(3u + l)}J 
•«-;e-*(?-0 + ^o¥^' + *')— 6o¥ V iT^; j 

" 60E (1 + v) 






.(clxxvii). 
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Lookin|2f at the above results we see that in both cases any 
stress which acts parallel to the small dimension df the cross- 
BCctioD is of the first order of small quantities with regard to 
the other stresses, and of the second order of small quantities 
if it act parallel to this small dimension across a plane perpen- 
dicular to this dimension {e.g.^ y^ in th^ first case and xx ia 
the second). The dimensions of the other stresses are not 
afFectedy except that in the second case all stresses (and also 
stretches) are smalL 

54. An interesting paint is the distortion of the cross- 
section in its own plane. 

If we write out the values of u and v given in (xcv) and 
substitute krf and t/^, using (cxxiii) and (cxxvi) — (cxxxi), 
and remembering that e^ and the odd Vs and a^s vanish, we 
obtain 

4 (clxxvill). 

t; = ^^y(r-a') + iA. 

Consider first only the central section «=iO, ;// and/ being 
of order a'/i*^ compared with the first terms in u and r, to 
a first approximation ; we may take 

Thus u = along the straight lines x^±y. 

Along a; = +y, v = ^ yn\ u = 0, 

VOL. XXXI. ]p 
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along » = -y, ^ = " V ^'^"' ^ ^ ^* 

t^ s along the t^oordinate axes, * 

along aj = 0, t^ = 0, ti = -|^?V, 

along y = 0, t? = 0, « = ^gj"^'" 

These results show as thai the horizontal line through the 
centroid is bent into the form of a parabola, which is curved 
downwards. All horizontal stright lines in the crosa-section 
are bent into equal parabolas. Any such straight lines in the 
upper half of the beam are pushed farther apart, while those 
in the lower half close up. 

Similarly the results for v along aj=±y show that the 
upper half of the beam expands horizontally, while the lower 
half contracts. 

The distortion is represented in fig. 1. The full curve 
represents the original cross-section and the dotted lines the 
distorted one. 

65. From this result we gee that, if d be small enough, the 
extremities of the y-axis will be brought to a lower level than 
the lower extremity of the ar-axis, or, in the case of a flat 
elliptic section, not only will the central line bend downwards, 
but the actual contour of the cross-section will have down*- 
wards curvature, and the ^ curling ' at the sides of the lamina 
will be outwardly noticeable. 

This will occur when 

le. 

( ffA a. b.) r,A 
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heavy beams under systems of continuous load. 107 
vhence^ after reductioo, we find 

Aa!" \ 6'(9-n^--41iy'-5iy')-|>e'(6iy-3lV-f-3V)j 

24^(1 + ^) (3 + €"; (1 + 26* + 50 

|2i7+ 17"- rf+ (6+ 1 2i;+ 6i7')€*+ ( 12 +3O17 + 16jy'+ 61/*) €*) 

12jE: (n.^)^3 + €*)(l + 2e' + 56*) 

r-67 + 4 + 8i7 + iy'+(-147+6 + 26i;+i7')e'' 1 

^/8" ( 4-("347-H0-f 76i7-5iy')eV(-107-f4+18i;43i7')e*J 

24^ l3+e'')(l + 2€*+5e'j 

....(clxxix). 

The long terms are comparatively smalt* 

Also the curling will be most noticeable at the« central 
section, where « = 0. 

We can easily see that there will be no curling at the 
ter^ninal, for there the left-hand side of (clxxix) is zero. Now 
if a be fairly large the term a settles the sign of the right- 
hand side, which is therefore positive and the inequality 
cannot hold.. If on the other hand a? is very small, we need 
only consider the coefficients of the highest powers of e in the 
last two- terms of the right-hand side, and these are seem. to 
give, in the case of uniconstancy, the quantity 

-4)8* 
a + -j^ (a positive coeflScient). 

on the right-hand side. 

Hence there can never be curling at the terminal. 

To the first approximation, we have, at the central section 



but 
therefore 



r,A 
2E^ 


y+^)r>a,. 


A 
iJS 


w 1 


Wv 
E» 


(l + e')Z>a,. 
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therefore 7 *^ '^ 15 ^* ■*" **^ ^ 

E» 3 
therefore e' + e> 



Wi if 13 ll<-^\, 



vw r 






ensures that the condition is satisfied. 

This generally gives a high value of e. 

We may therefore neglect e as compared with e*, and wq 
liave, to the first approximation, 



•>(^fo)*^(^,^)* •— (^i*")^ 



\pglv 

To the second approximation, let us retun only terms of 
order ^8*, terms of order a'^S* being neglected. We find 

^^(r.^^ff\IP J^-_.i ^^ 207-21 + 629+1?' + 3.;' 
For uni-^constant isotropy this is 

and for the central section 



W TV /5V 

Tb.«f.„(-;)-<f{j|(..0-^'.f); 
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substitute the first approximation on the right-hand side, and 
we have 

/1\* W LI /^ r Wl "|«\ 7-94 P] ,, ., 

The alteration due to the second term is only about f § p 

of the whole^ and when we take the cube root makes a change 
of 

li^V T» ^f *li® whole, 

t.c. < '14 per cent., if /3 < 7/10, which change is quite negligible, 
80 that we see the equation 

is practically quite sufficient to determine the limiting value 
of € in order that the curling should be appareot externally. 



56. Beviewing generally the results obtained in this paper 
we arrive at practically the same conclusions for beams of 
elliptic cross-section, which had previously been reached for 
beams of a circular cross-section (see Quarterly Journal of 
Mathematics, No. 93, 1889), namely, that the BernouUi- 
fulerian theory, considered as an exact theory, is false in the 
case of beams continuously loaded. On the other hand its 
results approximate closely to those obtained from the true 
theory. 

Moreover, It seems not Impossible, by careful experiments 
with flat horizontal laminss or thin planks, to test the practical 
value of the present theory. The differences from the ordi- 
nary theory in the maximum deflection ought to be noticeable, 
the smallness of the percentage deviation in the case of the 
horizontal lamina being counter-balanced by the large increase 
in the deflection itself. 

The curling of a flat lamina in a plane at right angles to 
the plane of bending might possibly be also made the subject, 
pf experiment. 
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?,ESIDUES OF BINOMIAL-THEOEEM COEFFICIENTS 
WITH EESPEOT TO /. 

By J. W. 1.. Glaisher. 

Jl. AN pp. 150-153* of Yol. XXX. of the Quarterly 

^ Journal, it was shown that, if n = kp ^q^ 

fj^gp^s^ where » is a prime, q and «<p, *<?? ^<^» 

then (n)^^ the numoer of combinations of n things taken r 

together, = (k\ x a quantity ^ (j),, mod. pj^ anji that, if 

n = q^p' + q,_^ p'-' +...+ y,;? + J, 

r = 8^p^ + «,_,y"* +...+ 5,p + 5, 

where all the ^^s and «'s are <p^ and any of them may be 
zero, i. e, if n and r expressed in the scale of radix p^ are 

and if each «, say 8,., ^ the corresponding ;, viz. ;^, then the 
number (n)^ is not divisible by /?, and 

(w)r = (?*)„ X (?m),,,, x-x (2,)„ X (9\y mod. ;?. 

It was also shown that, if t of the «'8 are > the corre- 
sponding ^'s, then (n)^ is divisible by p' ; and in a subsequent 

(fi) 
paper in the same volume,t the residue of ^'' in this case 

was obtained. 

The object of this paper is to extend the results given in 
these two papers from mod. p to mod.p*. 

§ 2. This extension is rendered comparatively simple by 
the result given on p. 21 of the present volume, viz. that m 
being any positive integer, and 2^ c^ny prime, 

(mp+ I) (mp -\'2)...(mp + p - l)^(j!?- 1)1, mod. p*. 

In forming therefore, as on pp. 150-152 of "Vol. XXX., 

the value of the quotient (wX= -r-r ry, where n^kp + q^ 



* * On the residue of a binomlAl-theorem coefficient with respect to a prime 
modulus.' 

t * On the residue with respect to p"^* of a binomial-theorem coefficient dirisible 
bj p",' pp. 849-860. 
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r — gp-¥Sy q and a </?,* s'^q^ 9%h we may, to modulus p*, 
ignore all the products of the form 

(mp + 1) {mp + 2),..(wtp +p - 1), 

for these products are congruent to one another, mod. p', and 
the number of such products is the same in the numerator as 
in the denominator. 

Thus (n)^ = (Jc)^ X A^ mod. p', 

"where 

(hp + 1) {kp -f i),..{kp -f q) 

mod. p*. 
The numerator on the right-hand side 

= 2 1 {1+ ipfl^ + i-y^,}, mod. /, 

i_ TT , 1 1 1 

where fi;=l+- +-+...+ - , 

A o q 

and JC = S^., 

t and ^' having all valueB from 1 to q, but not both the same 
value in the same tenn. 
Thus, if 

1 1 1 



2" 



we have JC, = i {fl,'-/,}. 

Expressing the products iu the denominator in the same 
manner, we have 

x{l-ffpH, + gYS:-fp'K,} 

X {i-(k-g)pH^+(k-g)yH^-(k-g)yK^,], mod. p'. 

Performing the multiplications and replacing the J^'s bj 
their values in terms of -ff 's and «/'s, we see that, to mod. p% 
the expression multiplying (q)^ 

= i + {kH^-gn,-(k-g)njp 

+ ;,Wkn^-gH,-(]c-9)HJ--[kV^-g'J-{k-gy'JJ]p\ 

* lliroQghout the paper p is always prime, and all the ^'s and j's are snppoacd 
to be <p. 
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112 Dr, Glaxsher^ Residues of binomiaUiheorem 

If then we put 

It being supposed in these definitions that s^q^ we may 
express this result in the form 

{n\ = (k\ X {q\ X a quantity = 

§3. Now let A;s=ij/?+5'„ ^ = ^,l> + *ij and «i^?, then 
the preceding expression evidently 

mod. p*. 
Also we have, as in the pret^eding section^ 
(^)^=(*,)^. X (?,),, X a quantity = 

whence, multiplying, we find that, if 

whefe the a's ^ their j'e, then 

("X = (*.),, X (?.),. X (?), X a quantity = 
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If we put 

\ff^, «j, »/ \«„ a J Kffi, aj 

Kg a »„ «/ V«i,«/ v^u'i/ 
this congruence may be written 

»,^«^„x(,,)„x(j),x[.+i7(».;^;;), 

§ 4. We thus see that, in general^ if n and r when ex- 
pressed in the scale of radix p are 

in which all the ^'s % their q\ then 

(nX = (2.) (?mV. •.. (?.),. (2). [l +^C" ?" •••' f" *)!> 
+ i 1^ f*" ^'-** '"^ ^*' ^"j -./f^" ^'-'' •••' ^>' ^) 

^2fl'g^?— ?..?)U.l.„od./, 
where, all the «'s being ^ their g's, 

^(!" !"" *"' f " !) " ?'^. - '.■^. - (2. - o ^.- 

•••••• ...•••••..... y 

\*n Vi* '"^ *i' ^' 

-f^V — 5,V -(g.-syj , 



VOL. XXXI. 
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114 Dr. OlatsJierj Residues of binomialrtheorem 



the quantities denoted by B^^ J^ being (§ 2) 
"• 2 3 «i' 

"• 2 3 w 

§ 5. As an example of this general formula, let n = 39, 
r as 8, j) = 5 ; then, expressing n and r in the scale of radix p, 
we have 

n = (124), r=:(13), ;? = 5, 

/124\* 
and (7iX = (39\ = (^^^J = 1^ x 2, x 4, x ^, mod.p', 

where -4 = 1 + ap + i (»' - /9 + 27) p*, mod. jo', 
and a = 2^,-l^,-lS; + l^,-0^j-l^„ 

^ = 4c7, -IcT, -IJ, + lc7, -OcT, -!•/„ 

Thus 

a = 2(i+i + i + i)-(i + i + i)-i+(i + 4)-i 

= y = 14 y, mod. p', 

^ 4, mod. p, 

7 = l + i + i + i-l = 4, mod. p, 

* As in previous papers (e.^., Vol. ixi., p. 868) the suffix is written beneath 
the number and inside the bracket when the namben are expressed in the scale 
whose radix is the modulus p. 
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whence -4 = 1 + (1 '^p)p + J (l - 4 + 8)/, mod. p^ 

= l+p+p\ moA.p'f 
and therefore 

(nX = 8(l+;?4-p') = (3+?)(l4-i>+p')i mod.p' 
= 3 + 4p + Ap% mod. p\ 

The value of (39), is 61523748, which, divided three times 
by 5, gives the successive remainders 3, 4, 4. 

§ 6. As a second example let r s il, n and p remaining 
as before. In this case 

n = (124), r = (21), p^5, 
and 

(nX » (39)„ - ( J^ J) = loV, { 1 +«P+i (« -)8+27)p«}, mod./, 

where a = 2JI,-2J3j-0J3;+ lfi;-0H,-l5; 

= y = 2 + 2p, mod. !>•, 

/9 = 4j;-.4J,-0,7,+ l,7;-0./,- Ie7,= l, mod,p 

7=lfl;-0fi;-l5; = 4, mod.^. 
Thus 

(nX = 4 {1 + (2 + 2p)p + i (4 - 1 + 3)/}, mod. p« 

= 4(1 + 22?) = 4 + 3;? + p\ mod. 2?*. 

The value of (39)„ is 1676056044, which, divided three 
times by 5, gives the successive remainders 4, 3, 1. 

It will be noticed that it is necessary to calculate a, the 
coefficient of p, to mod. »' ; but it is sufficient to find the 
residues of and 7 to mod. p. 

§ 7. In the particular case in which n, expressed in the 
scale of radix p, consists of only two digits the term in S' 
does not occur and the formula is simply 

(«X= (^|J) = (q,\ (q). [l+ap + i (a' - /3)p'}, mod. p\ 
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116 Dr. 0laisher,Bendue3 of binomial-theorem 
where a*J,-H',-»ifl'.-(?i-».)-S'^» 

As an example, let n » 26, r » 9, p « 7 ; then 

(26),= (J^) = 3, X 6. X [1 4 aj) + i («• - )8)/}, mod. p', 

where a = 3J3;-lir,-2fl;=^ =6 + 3p, mod.;?', 

/9 « 9,/^ - I,/, - 4J, = 2, mod. 2>, 
whence 

(riX=30{l + (6 + 3p)p + i(36-2)jo'} mod.p* 

= (2 + 4p) (1 + 6p + B;?*) = 2 + 2p + Bp\ mod. p*. 
The yalue of (26), is 31 24550 and the remainders are 2, 2, 3. 

§ 8. If only the residue to mod. p^ is required the general 
theorem (§4) gives, omitting the term inp\ 

("X=(?^,,..(?.),.(?).{i+^(!;::::;^;;!)/'}.'-<>^-^'. 

which in the particular case of 

« = (?■?). »• = (»,«)> 
becomes 

(")r = (?.),. (2). [1 + {?i^, - »i^. - (?. - O ^^}PI n«>^- P'- 

This theorem was stated in the note on p. 382, of Vol. XXX., 
where also several numerical examples are given. 

§ 9. I now consider the case in which 
fi«ip + y, rs=ffp-\-8j 

but 8>q. 

Proceeding as on pp 150—152 of Vol. xxx. and observing 
as in § 2 that every product of the form 

(mp + 1) (mp + 2)...(w«p + p - 1) = (p— 1) I, mod./?', we find 
(n\^px(k'-ff)(kXxA, 
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where 

{ap+l){ffp-^2)...{gp-^s)x[{k-g-\)p^ll..,{{k--g'l)p+p-^q-8}^ 

mod. p*. 
Now (p- 1)1 

and therefore 

(p-i)i 

{(^k-g-l)p-H]...{(k-ff-l)p+p + q-8} 

= i(*-i')i'-l} {(*-i7)2'- 2}...{(^-fl')j'-(»-2-l)}, mod. ;,•. 

Thosui 
_ (Ap + l)...(%>+g)x{(A-jy)p-l}...p-^);>-(<-g-l)} 

mod. p J 
= q\{l + kpH^ + k'v*K^\ 

X i {1 -^pfl; +gyH:-<,yK,l mod. /, 
where jETand £'bave the same meanings as In § 2. 
We thus find that A = -^ — \, . x a quantity = 

-[kV^-g'J. + ik-gyj^,]]p', 
where, as In § 2, 

•* 2 3 «i 

T . 1 1 1 
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If then, s being > j, we put* 

we may write the final result 

§ 10. Now, let i = *,;? + y^ g^9xP-^ «i) 
then, if*,^?^, 

and| if *, > j,, 
where, In both cases, 

§11. Thus, if w = A,p* + },^ + ^, 



* The Talne of Ff j , <> 9i difiten from the Talae when t^q only in the 
Bnffix in the thixd tenn which is ^ — « in the latter case and « — g — 1 in the former. 
TheooirespondingTaluesof /T ' ^j differ in the same way, aa well as by a change 
of eign in the laat term. 
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we have, if 5 > g, 5j ^ jj, 

X {2. - »i + (*i - 9dp] X ^> >»od. /, 
and, if «> 2-, »,>2„ 

X {(?i-«i) + (*.-i'.)p} xCA,-i',)x^, mod./>*, 
where, in both cases, 

and ^f^-?»'?)=sf?»'?Uff(^^'?') 

with a Bimllar definition for •/ f *' ^" ^ ) . 

§ 11. We are now in a position to enunciate the general 
theorem, which includes that in § 4, and may be stated as 
follows : If n and r when expressed in the scale of radix p are 

then (n\ = PxA, mod. p""*, 

where t is the number of s'*a which are greater than their q'sj 
+ the number of «'s which are equal to their j's when the 
preceding s which is not equal to its q is greater than^ its q ; 
and P consists of a product of factors, viz., for each s^ ^ q^ the 
factor (j^)^5 which =1 when s^^q^^ and for each s^>q^ the 
factors 
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s^^j being the next 8 to 8^ which, is not equal to its q ; and A ^ 

V ^j J * * * 9 ^l ) */ V^l J •••} *|) ^/j 

The quantities 

\*jj •••» *i ) */ \*jj •••? 't) */ V^jj •••) *ji */ 

denote respectively 

and we bare 

E[l'l)^aE,-bn,-Ca-b)H^, ift»5«, (§2) 

^aH^-bn,-(a-h)H^,, if«>tt, (§9), 
and 

= a V, - 6 V, + (a - A) V_.,, if i; > u ,♦ (§ 9), 

where -"■•=* ^ + it + "5 +•••+- » 

"• 2 3 m^ 

-.,11 1 

♦ It wiU bo noticed that the form of the valuea of 27 T"* ") and J^f* ") de- 
pends only npon the relatire magnitude of the nambeis in the lecond column, and 
not at all upon the first column. 
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§ 12. Taking the same exnmple as that employed on 
p. 353 of Vol. XXX. to illustrate the theorem giving the residue 
to mod.»"^*, let n and r, when expressed in the scale of 
radix ^, oe 

where the ph are less than their ^ 's, and the o-'s greater than 
their j's. Then the theorem gives 

(n\ = PxA, mod. p% 
^^«re P= (y,^)(^) Xi> X {?, - p, + (qs-p.)p'] 

xlxlx(y.)^^x(j.)^^, mod./, 
and ^ = 1 -f op + i {a* - /8 + 2^7}/, mod. jt?', 

where a = ^f^-' ^-^ ^'' ^•' ^*' ^^' ^'' ^'^ ^^' ^ , 
Ve» P8> ?T> 9v ^s» ^4' P«> ?.» Piy ^/ 

and /9, 7 are the J and ^' with the same arguments. 

It is evident that, for mod.p*", -P reduces to the expression 
obtained on p. 353 of Vol. xxx. 

§ 13. As numerical examples ^ 
(i) Let n = 32, r = 9^, ji? = 5-, 

then (nX = (32), = (JJ^) = P x ^, mod. /, 

^^'"'■^ ^^(02)I/P^ ^^"^^^ X 1. X la 

=p" x - ^ = p* X (2 + 0/7 + 2/), mod. /?*, 
and -4 « 1 + a;? + i(a«-/8 + 27)/, 

YOL. XXXI. R 
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where 

= 5;-2r, + 5; = -J-J + l=T^ = + 3/>, mod./, 

= ./,-^« + ^. = -i-"^ + l = lf mod.jj, 

7 = fl'(J' J) = 15. - OF,- 12?; = i = 8, mod. p. 

Thus 

-4 = 1 + (0 + 3p)p + J(0-l +6)p* = l +qp+ 3/, mod/, 

and (n), = / (2 + Op + 2/) (1 + Op + 3p'), mod. p\ 

=^•(2 + 0^ + 3/), mod. p*. 

The value of (32), U 28048800 = 5* x 1121952; and when 
1121952 is divided by 6 three times, the successive remainders 
are 2, 0, 3. 

(ii) Let n = 32, r = 14, ^ = 5. 

Then («), = (32)., = (J^^) = PaA, mod. p\ 
where 
. p= (zjr!2xi> X {(1 -2) + (l -0)p} x^^' Xi> X {1} 

= P* X -^4 (P- 0=P' X (4 -hOpH- 4p')> mod. /, 
and ^ = 1 4 a/? + i (a' - ^ + 27) j[>', mod./, 

where 

a = 127,- 22?, - (1 -2)5. + l5, -Ofi,- IJ?, 

= -§ = 14-3/?, mod. j;% 
/8=l«7,-4,/,+ lJj + lJi = 2, mod.2>, 
7 = 1/7, - 0i7,- liZj = i = 3, mod. ;?. 

Thus 
^=l4(l + 3;?)p4i(l-246)p'=l4p4 3p',mod./. 
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Therefore 

(nX ^p" (4 + Op + 4;?') (1 +;> + 3;?')> mod. / 
^y(4 + 4p+p'), mod.y. 

The value of (32),^ is 471435600 = 5' x 18857424; and 
when 18857424 is divided by 5 three times the successive 
remainders are 4, 4, 1. 

(iii) Let 71 = 26, r=19, ^ = 5. 
Then (;iX=(26),, = Q = Px^, mod./, 
and 



^=4|p>^;^><{(0-3) + (l-0);>)x^=i|— 

=/ X ^ (P - 3) =p' X (2 +/? + Op'), mod. p% 
and 

a=o5;-3J3;-(o-.3)s,+ifl;-oJ3;-(i-o)i7, 

= - ^ = 3 + Op, mod. p\ 

i8 = 0/,-9t7,+ 9/,H-l/,-0e7,+ lJ^, = 0, mod.^, 

7 = lZ?,-0£?,-l^, = -i = 2, mod.p, 

so that 

^ = 1 + 3/? + i (9 - + 4)p'= 1 + 3p + 4p', mod. /, 

and (nX =p* (2 + p + 0/) (1 + 3p + 4p'), mod. / 

= j>* (2 + 2p H- 2p'), mod.p*. 

The value of (26),, is 657800 = 5* x 26312; and when 
26312 is divided by 5 three times, the successive remainders 
are 2, 2, 2. 

§ 14. In the particular case in which n expressed in the 
scale of radix p consist of only two digits, so that n — (g'l?), 
r = («^«), and when s>q, the formula, corresponding to that 
in § 7, is 

X {1 + op + i (a* - /8) p'}, mod. p\ 
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wbere a = j.fl, - $,n, - (j, - ».) H^^, 

As an example, let n = 29, r ^ 20, ^ = 7 ; thea 

(29)«= (gg) = ^^ xpx2x4,x^=§xpx^, mod.y 

=2? X (6 + 2p +;?*) X J, mod. ;?*, 

and a = 45, - 2fl; - 2fl, = - ^ J = 1 +|?, mod. p\ 

/8«* 16/^-4/^ + 4/^ = 4, mod./?, 
80 that 

{n\ = p X (6 + 2p +p*) X (1 +p + Zp^, mod. / 

=p X (6 + p + p*)> "^^^^J* l^'- 

The value of (29)^ is 10015005 = 7 x 1430715 ; and when 
1430715 is divided by 7 three times successively, the re- 
mainders are 6, 1, 1. 

In this case, in which n contains only two digits, the 
theorem is not of so much value, as there is less disparity 
between the amounts of calculation required for the actual 
determination of (n)^ and for the numerical evaluation of the 
formula. 

§ 15. The general theorem Is remarkable on account of 
the comparatively slight additional complication produced by 
the esctension from mod. p^^ to mod. y"*"', /?* being the 
highest power of p by which {n)^ is divisible ; for the factor 
P(§ 11) differs from the residue to mod. p**** only by the 
substitution of 

for its Brst term (jJi^f- 9^^^ pT^ ] and the new factor A is 
much more simple in torm than might have been anticipated, 
having regard to the nature of the quantities to be taken 
into account. This simplicity is mainly due to the fact that 
all products of the form {mp +1) (mp + 2)...(7?ip + p — 1) are 
congruent to one another, mod. p . Thus the coefficients 
jy, /, E' involve only j's and «'s, and their actual values are 
independent of the modulus p, 

^ QmrUrly Journal^ Vol. XXX., p. 852, 
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ON THE FIGURE OF SIX POINTS IN SPACE OF 
FOUR DIMENSIONS. 

By H. W. Richmond, M.A., King's College, Cambridge. 

T^HE history of the development of the idea that light is 
-*• thrown on the theorems of projective geometry by the 
conception of a geometry of a higher number of dimensions 
affords a very striking illustration of Cayley's mathematical 
insight. The valuable and ever increasing series of investi- 
gations concerning the synthetic geometry of n dimensions, 
which we owe almost entirely to Italian mathematicians, has 
its source in Veronese's memoir, Behandlung der projectiviachen 
Verhdltnisse der Rdame von verachiedenen Dimensionen durch 
das Princip des Projicirens und Schneidena, (Math, Ann, XIX., 
1882) ; but, as Gino Loria points out in his admirable 
historical monograph, II passato e il presents dells principali 
isori geometriche^ (Memorie d. R. Accad. d. Scienzo di Torino, 
Series ii. Vol. 38), the value of the method of Veronese had 
been clearly grasped by Cayley more than thirty years earlier 
and used by him in a paper published in 1846, in Vol. xxxi. 
of Crelle^s Journal, (Collected Works^ Vol. I., p. 317). 

In comparison with much that has already been effected, 
the aim of the present paper is a modest one ; viz. to con- 
sider a very simple figure in four-dimensional space in more 
detail than has apparently yet been done, and than is possible 
in the case of the analogous figure in n dimensions ; and to 
derive by projection and section certain figures in space or in 
a plane and their properties. It may be said that if n + 1 or 
more points be taken in a space of n dimensions, and a line 
or plane or other locus of the first order determined by each 

combination of the points, two, three, n at a time, the 

nature of the configurations derived from this by projection 
or section is fully treated in Veronese's memoir. Three 
points in a plane, or four in space, or n + 1 in space of n 
dimensions, give us nothing beyond such a system of loci of 
the first order ; the smallest number of points in space of n 
dimensions which give anything more, or which form a figure 
having any properties of its own (other than axiomatic ones) is 
n + 2. Now from four points in a plane we derive the one- 
dimensional theory of involution and harmonic section, and 
from five points in space the two-dimensional principle of 
homology, each as an intuitive consequence of the tunda- 
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mental axioms of geometry. What, if anything, can we 
infer by similar means from the conception of a figure 
formed by six points in space of four dimensions ? The result 
of the inquiry, though not of the fundamental and indis- 
pensable nature of the foregoing cases, is yet sufficiently 
remarkable ; we find that a necessary consequence of the 
conception is that families of fifteen lines must exist in a plane 
which possess all the long list of properties that have slowly 
accumulated round the figure formed by joining six points of 
a conic, commonly known as Pascal's Hexagram. The fifteen 
lines do not in general join six points, and it is necessary to 
investigate their nature by analytical methods: they prove to 
be in most cases of a class already familiar to mathematicians 
in connexion with curved loci of the fourth order ; and the 
discovery of a means of obtaining them by linear methods is 
therefore a simplification. Incidentally too we are led to 
regard some theorems on quartic curves, cubic surfaces, and 
quartic surfaces having fifteen or sixteen nodes, from a new 
point of view, viz. in their connection with the four-dimensional 
figure. 

There is at present no recognised system of nomenclature 
for loci in hypergeometry, the names plane and surface for 
example being employed in different senses by diflTerent 
writers. In what follows I shall have to deal almost ex- 
clusively with descriptive properties of space of four 
dimensions, and shall adopt the usage of Italian mathema- 
ticians, Veronese, Segre and others ; — denoting by 8^ a space 
of n dimensions, and, when four-dimensional loci are under 
consideration, applying the term a line to an 8^^ the term a 
plane to an 8^^ and the term a space (without specification of 
the number of dimensions) to an 8y The names curve and 
surface refer respectively to curved loci of one and two 
dimensions, and the word variety is confined to curved loci of 
three dimensions. Thus hereafter, when analytical methods 
are introduced, loci in 8^ the coordinates of whose points 
satisfy one or two or three relations, are respectively varieties, 
surfaces, and curves ; but should the relations be all of the 
first degree they are respectively spaces, planes and lines. 
Elementary properties of /S^, such as that two planes have as 
a rule only one common point, and that one and only one line 
meets three given lines, will be assumed : they are investi- 

fated in Veronese's Fondamenti di Geometria^ (Padua, 1891), 
art II., Book I., pp. 457-500: (German translation by 
Schepp, entitled Qrundziige der Qeometrie etc., Leipzig 
1894], 
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Section I. 
On the nature of a Hexastigm. 

Let SIX points denoted by symbols 1, 2, 3, 4, 5, 6, be 
chosen at random in a space of four dimensions ; excluding 
exceptional cases, we assume that no five of them lie in an 
8^y and a fortiori that no four are coplanar, no three coUinear 
and no two coincident. Each pair of these points determines 
a line, each set of three a plane, and each set of four a space, 
and to the figure thus constituted 1 give the name Hexastigmy 
(following Townsend, i/brfcrn Geometry^ Dublin, 1863). The 
foundation of a Hexastigm is the set of six fundamental 
points or vertices^ 1, 2, 3, 4, 5, 6 ; it comprises in addition 

fifteen lines or edges^ 12, 13, ; twenty planes or faces, 

123, 124, ; and fifteen spaces 1234, 1235 Two faces 

such as 123, 456, are said to be opposite to each other, and 
the edge 12 is said to be opposite to the space 3456 ; and, by 
a slight extension of the meaning of the word, three edges 
such as 12, 34, 56, are described as three opposite edges of 
the Hexastigm. 

The section of the Hexastigm by a space, that is to say 
the figure formed by those parts of the Hexastigm which lie 
in an arbitrarily chosen /S,, consists of fifteen points, twenty 
lines, and fifteen planes, derived respectively from the edges^ 
faces and spaces of the Hexastigm. Through any one of the 
fifteen points, (^for example that derived from the edge 12), 
pass four of the twenty lines, (viz, those derived from the 
faces 123, 124, 125, 126), on each of which lie two more of 
the fifteen points, (derived from the edges 13, 14, 15, 16, and 
23, 24, 25, 26). Consider now the two tetrahedra of which 
these eight points are vertices ; corresponding vertices lie on 
four concurrent lines, as we have just seen ; corresponding 
edges meet in six coplanar points, and corresponding faces 
in four cpplanar lines, and the complete system of fifteen 
points, twenty lines and fifteen planes is thus accounted for. 
We have in fact obtained, by a method clearly capable of 
further development, (which we owe to Prof. Veronese), a 
very natural and simple analogue in space of the plane figure 
of two perspective triangles and their axis of homology. The 
plane sections of the three-dimensional figure formed of the 
lines and planes determined by five arbitrarily chosen points 
consist of ten lines and ten points, and can be resolved in ten 
distmct ways into a pair of perspective triangles and their 
axis of homology : the space-sections (if I may be allowed to 
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coin a convenient word) of the four^imensional figure forme J 
of the lines, planes, and spaces determined by six arbitrarily 
chosen points may be resolved in fifteen distinct ways into 
two perspective tetrahedra and their plane of homology. It 
may further be pointed out that a plane figure may be derived 
from that of the two perspective tetrahedra either by 

5 rejecting it on a plane or by cutting it by a plane: that 
erived by the latter noethod consists of twenty points which 
lie by fours on fifteen lines, and may be resolved in twenty 
different ways into a set of three perspective triangles and 
their three concurrent axes of homology. But before dis- 
cussing such matters further it is best to study the nature and 
properties of a Hexastigm in 8^ more fully. For analogues 
in S^ see Veronese, Fondamenti di Geometria^ Part ll., Book 
II., Chap. II., pp. 550-561, but specially §2. p. 558: see also 
the memoir in Math. Ann. xix., and, for a different method 
of investigation, Whitehead, Universal Algebra^ pp. 1.39-142. 

Beturnittg to the consideration of the Hexastigm, we 
notice that each pair of opposite faces ha& in common a single 
point, and eadi edge intersects the opposite space in a single 
point. The latter family of fifteen points will be called 
diagonal points of the Hexastigm, the diagonal point which 
lies on the edge 12 being denoted by P,„ and so for the other 
edges. A second point Q„ is taken on each edge, viz. that 
which with the diagonal point divides the edge harmoni- 
cally ; Q^^ win be eatled the harmonic point of the edge 12. 
The point common to two opposite faces 123 and 456 is 
written indiscriminately P^, or P^^ but is of minor im- 
portance. In any selected face of the Hexastigm, for 
example the face 135, we have now, besides the triangle 135, 
three diagonal points, P^, P^j, P,„ and three harmonic points 
Qu^ Qtv Qtn^ ^P^^ ^^8 ^'^^^ ^^' ^^ ^3 respectively; and also 
the point i^^ where our selected face is intersected by the 
opposite face 246. The last point is the intersection of three 
lines which join the vertices of the triangle 135 to the 
diagonal points of the opposite sides ; and so by a well known 
property of the triangle the following four sets of three points 
are collinear ; (?„, P,„ P., ; P,^, Q,^, P^, ; P^, P,^, C,,; Q^, 

Theorem. Tlie fifteen diagonal points he hy threes on fifteen 
straight lines. For clearly the diagonal points of three 
opposite edges of the Hexastigm (such as 12, 34, 56) lie each 
of them in the three opposite spaces of the Hexastigm (3456, 
5612, 1234) and are therefore collinear. This line is the only 
line which intersects each of the three opposite edges of the 
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Hexastigm and will be called a transversal of the Hexastigro : 
the three transversals which meet any one edge all meet it in 
its diagonal point. 

^ For the sake of realizing clearly the nature of the Hexa- 
stigm, its diagonal points, harmonic points, and transversals, it 
is convenient to consider separately such parts of the complete 
four-dimensional figure as fall within some chosen three-di- 
mensional space. Thus in one of the spaces of the Hexastigm 
determined by four vertices 1, 2, 3, 4, are contained a 
tetrahedron 1234 whose vertices, edges and faces are vertices, 
edges and faces of the Hexastigm; the diagonal points, 
harmonic points, etc. which belong to those edges and faces, 
and, in addition, P, the diagonal point of the opposite edge 
56. In order to describe the configuration in the simplest 
way I allow myself to make use of the language of metrical 
geometry, and describe a particular case (from which the 
general case may be derived projectively) thus: — under 
special circumstances the point P^ is the centre of mean 
position of the points 1, 2, 3, 4; the diagonal points P,„ P^„ 
P,^, P^, P^, P^ are the middle points of the edges of tae 
tetrahedron 1234; the harmonic points are at infinity; the 
centres of the faces of the tetrahedron are the points where 
they are met by the opposite faces of the Hexastigm, and the 
lines which join the middle points of opposite edges of the 
tetrahedron are transversals of the Hexastigm. Hence, by 
projection, the following sets of points are in all cases 
coUinear: — 

(1) The vertices 1, 2, and P„, Q,^. 

(2) P„, P,4, Pj^. 

(3) i^,.,^,., ««. 

(4) Q.,^Qu^Qn^ 

And the following are coplanar: — 
(6) The vertices 1, 2, 3, and P„, P,„ P„, (?,., g„, Q,,. 
(6) The vertices 1, 2, and P„, Q,,, P„, P^. 

i'^) ^MJ -MH -^M) -M4> -^M' Qui ^»4" 

(8) P,., P„,Ph> ««,«..)«..• 

(9) «,„ «.,, «!., 0.3, Qui Qu^ 

As a consequence of (9) we learn that the harmonic points 
of the ten edges which join any five vertices of the Hexastigm 
YOL. XXXI, s 
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lie in an B^ and that the fifteen harmonio points are the points 
of intersection four by four of six spaces. Thus, from the 
family of six random points in an B^ we have worked round 
to a family of six spaces ; but it would be equally simple to 
develop the figure from six random spaces of an /S; and end 
with a family of six points. The Hexastigm is therefore 
reproduced by the principle of duality, and in fact will be 
shewn later to be its own polar reciprocal with respect to a 
certain imaginary quadric variety. To state this matter more 
explicitly, the principle of duality establishes a correspondence 
in the Uexastigm between each vertex and the space con- 
taining the harmonic points of the ten edges which join the 
remaining five vertices ; between the harmonio point of any 
edge and the opposite space; between the diagonal point P^, 
and the space containing ^j„ Q^, ()„, Q^, $,„ <?^, Q^\ 
between the transversal which meets the edges 12, 34, 56, and 
the plane containing (?,,, Q^^ Q^ ; and so forth. 

Again the space which contains the coplanar system of 
points (7) and the point P.^ contains of necessity the following 
pine diagonal points and six harmonic points, — 

P P P • P P P ' P P P ' 

To construct this three-dimensional -figure, (of which the 
Hexastigm contains ten examples), take any three lines in 
space and any three others intersecting the former three: the 
diap^onal points lie at the nine intersections of these lineSi 
which are thus transversals of the Hexastigm and must also 
be generators of a quadric surface: the harmonic points are 
now easily determined, since Q,, is common to the lines 
which join Pj, to P„, P,^ to P^, P„ to P^. It will be observed 
that these ten spaces meet every edge of the Hexastigm 
either in its diagonal point or its harmonic point: they will 
be called cardinal spaces of the Hexastigm, and constitute an 
extremely interesting configuration in /S^, whether regarded 
as part of the Hexastigm or as distinct from it. The principle 
of duality explained in the last paragraph connects these ten 
spaces reciprocally with the family of ten points each of which 
is common to two opposite faces of the Hexastigm, and each 
of which we agreed to denote by either of two symbols P,,, or 
P^. That cardinal space which contains the harmonic points 
of six edges situated in the opposite faces 123, 456 of the 
Hexastigm and the diagonal points of the remaining nine 
Cadges will be denoted by the symbol C7(123, 456). fJa^U 
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cardinal space contains as we have seen nine diagonal points, 
six harmonic points, and six transversals which are generators 
of a quadric Sarface ; conversely each diagonal point lies in 
six cardinal spaces, each harmonic point in four and each 
transversal also in four. Any two cardinal spaces intersect 
in a plane, — one of a system of forty-live, — in which lie two 
intersecting trans vei*sals: thus the two spaces 

(123, 456) and C (124, 356) 

intersect in a plane containing the two transversals on which 
lie P , P , P^, and F^, P,^, P„. In this plane the points Pj,, 
P|0» P^, J^, form a quadrangle whose opposite sides intersect 
in the pomts P,^, Qj„ Q^. The analytical methods of III. 
will be found of great help in such investigations as this. 

Up to this point the only way of describing a particular 
transversal of the Uexastigm and distinguishing it from its 
fellows has been to mention the diagonal points through 
which it passes or the edges which it meets. The following 
considerations suggest a simpler notation. It will be found 
that from the fifteen transversals it is possible in six distinct 
ways to select a set of five which meet all fifteen edges of the 
flexastigm : call them set a, set &, set c, set d^ set e, set fi 
each transversal enters into two of these sets, and therefore 
the symbol ab is suitable as a means of representing that 
transversal which belongs both to set a and set b. The con- 
stitution of the six sets will readily be inferred from the 
appended tables ; in the former of which the new symbol for 
each transversal is followed by a list of the edges which it 
meets ; and in the latter, after each edge is written a list of 
the transversals which meet it :— - 



Table I. 



ab 


12, 34, 56 


be 


16, 24, 35 


ce 


14, 23, 56 


ac 


13, 25, 46 


bd 


15, 23, 46 


cf 


15, 26, 34 


ad 


14, 26, 35 


be 


13, 26, 45 


de 


16, 25, 34 


ae 


15, 24, 36 


¥ 


14, 25, 36 


if 


13, 24, 56 


«/ 


16, 23, 46 


ed 


12, 36, 45 


ef 


12, 35, 46 
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Table 11. 



12 


a5, erf, ef 


23 


af^ bdy ce 


35 


ad, bcy ef 


13 


acj hey df 


24 


rte, ic, df 


36 


aCy bfy cd 


14 


ady bf, ce 


25 


aCy bfy de 


45 


afy bey cd 


15 


ae, bd, cf 


26 


ady bey cf 


46 


aCy bdy ef 


16 


afy hCy de 


34 


aby cfy de 


56 


aby ccy df 



The first column of table i contains the transversals 
belonging to set a, and the members of other sets may be 
selected without difficulty when necessary. Three trans- 
Tcrsals which pass through a diagonal point are represented 
by symbols such as ab^ cdj ef, in which all six letters occur ; 
and generally two transversals do or do not intersect according 
as their representative symbols do not or do possess a letter 
in common: in other words two transversals which belong 
to the same set do not intersect, and two which do not belong 
to the same set must do so. Six transversals which lie in 
one of the ten cardinal spaces of the Hexastigm are therefore 
denoted by symbols such as &c, ca^ aby efy fd, de; a fact 
which suggests a second notation for the cardinal spaces, to 
be used concurrently with that already explained, viz. the 
symbol C [abc. def) to denote the above space, which would 
be written C (145. 236) in the previous system. The 
connexion between the two notations is shewn in the following 
table : 

Table III. 



(7 (a5c.<?c/)= (7(145.236) 
C7(aM.ce/) = (7(136.245) 
(7 (aJe. erf/*) =(7(146.235) 
C(abf.cde) =(7(135.246) 
(7(acrf.J6/) = (7(156.234) 



(7(ac6.54/') = (7(126.345) 
C{ac/.bde) =(7(124.356) 
(7 (ade.Jc/)= (7(123.456) 
(7(a^.ice) = (7(125.346) 
(7(a«/.Jcrf) = (7(134.256) 
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[A certain reciprocity (which however is really illusory, 
and becomes misleading if pursued too far), will be noticed 
in these tables between the symbols a and 1, b and 2, c and 
3, d and 4, e and 5,/ and 6: thus the transversal ce meets 
the edges 14, 23, 56, and reciprocally the edge 35 is met by 
transversals ad^ be, ef^ and so throughout: it does not appear 
that this reciprocity can be followed out to any result of value, 
but the construction of the foregoing tables is considerably 
facilitated by it]. 

Numerous instances of harmonic section and involution 
will be found in the Hexastigm, so many indeed that the 
wisest plan appears to be to pass them over for the present, 
since after the introduction of the methods of analysis such 
properties are far more easily discerned : for the same reason 
further investigation of other details is postponed ; but it will 
be well, as a conclusion to this part of the subject, briefly to 
consider how the Hexastigm may be built up from a different 
foundation, viz. the family of ten cardinal spaces. In 
section II. when we turn to the contemplation of the nature 
of space-sections of the Hexastigm, we shall no longer be 
able to regard the family of six random points as the basis of 
the figure, for the points of the four-dimensional figure will 
be lost: its lines, planes and spaces will however persist in the 
shape of points, lines and planes in the 8^ by which the 
section is made, and on this account the suggested change 
of standpoint from which we view the structure we have 
raised becomes desirable. It is necessary to retain both 

notations for the cardinal spaces, the 1,2,3, notation to 

shew their relations with the edges and faces of the 

Hexastigm, the a, i, c, notation to shew their relations 

with the transversals ; constant references must therefore be 
made to the three tables given above. 

£ach of the ten cardinal spaces corresponds to one of the 
ten ways in which the six letters a, &, c, d, e,/, or the six 
figures 1, 2, 3, 4, 5, 6, can be subdivided into two triads (or 
sets of three), as the representative symbols shew. From 
either symbol for any one space the symbol for any of the 
other nine spaces may be derived by an interchange of two 
letters or figures, one from each triad : and deleting the inter- 
changed members we obtain a convenient symbol for the 
forty-five pairs of cardinal spaces: thus the pair 

(123,456) = G [ade.bcf) and C (135.246) = C [abf.cde) 

is represented by either (7(13.46) or C {bf.de). The latter 
symbol at once informs us that the transversals bf de are 
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common to the two spaces; the former that the points Q^,, 
Q ^ Pj^, Pj„ P^^ Pg^, P,^ lie in each. The six cardinal spaces 
vrbich contain the diagonal point P^ (the intersection of 
transversals ac, Jc, df) fall into three pairs C (13 . 56), G 
(15.36), O (16.35) or G (ae.hc\ G {bed/}, G [ae.df); the 
remaining four spaces contain the point Q,^ and have the 
figures 2, 4, in the same triad. On the other hand the 
transversal bd, which meets the edges 15, 23, 46, is cut by 
two spaces in each of its diagonal points, viz. bj the pair 
G (23.46)= C (ac.cf in P,,, by the pair (G 15.46)= (7 
af.ce) in P^, and by the pair G (15.23) = G (ac.ef) in eP^\ 
and it lies in the other four cardinal spaces, of which it is 
characteristic that the letters &, d are members of the same triad. 
Three cardinal spaces intersect either in a transversal of 
the Hexastigm, throu|;h which a fourth space also passes, or 
in one of a family of sixty lines which join the diagonal points 
of two intersecting edges of the Hexastigm: thus the three 
spaces 

C (123.456)= C {ade.hcf)\ 

G (124.356) = G {acf.bde) ; G (125.346) = G (adf,bce) ; 

intersect in the line joining P, to P.,, which passes also 
through Q^,. For a reason to bejustihed later I call these 
the sixty Pascal lines of the Hexastigm ; the line just quoted 
is also common to three planes which contain the following 
pairs of transversals, ad and ic, de and c/*, eb and /a. We are 
thus led to study the figure formed of lines which join the 
diagonal points of different edges: if the edges do not in* 
tersect, the line is a transversal and contains a third diagonal 
point ; if the edges do intersect, the line is a Pascal line of 
the Hexastigm and contains a harmonic point. The sixty 
Pascal lines fall into six sets of ten lines, which may be called 

set 1, set 2, set 6, the members of set 1 being the lines 

which join each two of the five points P„, P,„ P,^, P,^, P,^, 
the diagonal points of the five edges of the Hexastigm which 
meet in the veiiex 1. But in space of four dimensions a 
figure built up from five points is equally well determined by 
the five spaces which contain four of the points, just as in 
space of three dimensions a tetrahedron is equally well defined 
by its faces or its vertices. The Pascal lines thus lie by 
threes in the faces of these figures and by sixes in their 
spaces: they lie also by threes in the faces of the Hexastigm 
and by twelves in its spaces. 

Finally it may be pointed out that not only is the notation 
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fop various loci abgolutely symmetrical, but that It is 
legitimate to interchange in any way either two or more of 
the symbols I, 2, 3, 4, 5, 6, or again two or more of the 
symbols a, &, c, d^ e,/; in consequence of this symmetry it is 
only necessary to give a single example of any type of locus 
that we discover, since the complete system of similar loci 
may be obtained by such interchanges. Any correspondence 
between various loci will be shewn by either scheme of 
notation just as effectively as though it were explicitly defined 
in geometrical language. With regard to tne curious re- 
ciprocity in the groupings of the two sets of six symbols, all 
that is needed in its applicatioa to our present purpose is 
shewn in tables i, ii, ixi, 

Section II. 

On space-sections of the Hexastigm^ and their projections 
on a plane. 

In considering the three-dimensional figure composed of 
those parts of the Hexastigm which lie in an arbitrary space, 
(which for brevity I describe as a space-section of the Hexa-» 
Btigm), I shall, as has been already stated, regard as the 
foundation of the figure the ten planes which are sections of 
the ten cardinal spaces; I shall speak of them as the tea 
cardinal planes of the three-dimensional figure. Since the 
cardinal spaces of the Hexastigm pass by fours through the 
the transversals, the cardinal planes of a space-^section in- 
tersect by fours in fifteen points, (which i shall call the 
principal points), each derived from one transversal. With 
each cardinal plane and each principal point will be associated 
the same symbol as with the cardinal space or transversal of 

which it is the section ; thus, in the a, &, c, notation, to 

each principal point is assigned a svmbol ab^ ac, efj and 

to eacn cardinal plane a symbol such as G (abc.def) in such 
a way that the points which lie in this plane are a&, ic, ca, de^ 
ef^fd ; moreover these six points, being derived from six lines 
which are generators of a quadric surface, must lie on a conic 
section. But before attempting to establish properties of the 
space-section, we must realize more exactly the configuration 
of the ten cardinal planes ; as before I shall allow myself to 
lapse into the language of metrical geometry when it appears 
to me that clearness of description is gained by so doing. 

To this end we observe that, in their relations to any 
space and opposite edge of the Hexastigm, as for example the 
edge 12 and the space 3456, the ten cardinal spaces dividQ 
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themselves into a set of four spaces and another of six. The 
former meet the edge 12 in its harmonic point Q^,, and have 
no other common point; the latter meet the edge 12 in its 
diagonal point P„ which is also the intersection of the three 
transversals ab^ ca^ ef situated in the space 3456 ; and two 
of them contain cd and ef^ two contain ef and aA, and two 
contain ab and cd: moreover each of the other twelve trans- 
versals lies in two oat of the set of six cardinal spaces and 
two out of th6 set of four. It follows that, in a space-section 
of the Hexastigm, if we select the triangle of principal points 
ab^ cdj ef two cardinal planes will be found to pass through 
each of its sides. Thus these six planes form a figure to 
which, in the special case when ab, cd^ ef are at infinity, we 
should apply the title parallelepiped, and which we may 
describe in other cases by the phrase a 'projected parallele- 
piped. The other twelve principal points lie one on each of 
the twelve edges of the parallelepiped ; they lie also two by 
two on the edges of the tetrahedron formed by the remaining 
four cardinal planes, the principal points which lie on two 
opposite edges of the parallelepiped being on the same edge 
of the tetrahedron. We deduce that the vertices of the 
tetrahedron are upon the four diagonals of the parallelepiped. 
This arrangement of the ten cardinal planes is a very con- 
venient one to bear in mind: not only is it easy to picture 
mentally but it lends itself also to the construction of a model 
of the cardinal planes and principal points, either simply by 
marks on the edges of a rectangular box, or better by means 
of a wire framework in the form of the edges of a parallel- 
epiped, with silk threads passed through holes bored one in 
each edge at its principal point. It will appear that none of 
the twelve points need lie on the edges produced, a matter 
of no small importance in making such a model. It must 
however always be remembered that the cardinal planes form 
an absolutely symmetrical system ; that no plane or pair of 
planes can possess any descriptive property which is not 
possessed equally by every plane or pair of planes of the 
system. Fig. 2 is copied from such a model, and may be 
described in the following manner: — 

Let 8P\ SQ\ 8E\ be three concurrent edges of a parallel- 
epiped ; 8'Fj S'Qj 8' By the opposite edges: the point of 
concurrence of the diagonals Pp\ QQ\ RR\ 88'] /?, j, r, 5, 
arbitrary points on these diagonals, — (for compactness it is 
best to take them upon 0P\ OQ', 0R\ 08' respectively). 
Then the faces of the parallelepiped and of the tetrahedron 
p^ qj r, s shew the configuration of ten cardinal planes of a 
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tfpace-section of a Hexastigm in a (projectively) quite general 
form ; and the principal points are on the^ edges of the 
parallelepiped eitner at infinity or at the points where the 
edges of the tetrahedron meet them, the following being one 
of the many possible schemes:-^ 

ce on Q'M and gr ; df on R'Q and qr ; 

cfon P8' and ps ; de on SP' and pa ; 

ea on KP and rp; fb on P'R and rp ; 

eb on Q8^ and qs] fa on 8(y and qs] 

ac on P'Q and /^g'; ii on Q'PsLuipq] 

ad on A/S"' and rs ; ic on 8R and r5; 

besides which there lie at infinityi 

ab on 8Fy P8\ QR\ RQf; cd on 8Q\ QS\ RP\ PE ; 

efovL8R\R8\PQ, QP\ 

[Some new facts present themselves to our notice in this 
figure. We observe that the points which lie on the sides of 
each of the four skew hexagons that we can form of the edges 
of the parallelepiped, e.g. PQ'RP'QR'P^ lie in a cardinal 
plane : again we see that the three principal points of three 
edges which meet in a point form a triangle whose sides are 
parallel to those of the triangle formed by the principal points 
of the three opposite edges: these properties however, stated 
in their projected form, will be found included in the following 
list. One warning also is needed ; fig. 2 is drawn according 
to the conventional system of perspective used in mathematical 
diagrams ; i.e. the eye of the reader is supposed to be in- 
definitely remote, and yet to see the figure as of finite size, so 
that tije diagram is an orthogonal projection of the con- 
figuration in space. But the eye being at infinity is situated 
in the plane which contains the principal points aby cdy ef. 
Thus a mental picture, called up by fig 2, of a three- 
dimensional configuration of lines, points, and planes, is 
(projectively) quite general: regarded as a diagram of the 
projection of this three*dimensional configuration, fig. 2 
represents a special case, since in it the points a&, cd^ e/* have 
been so projected as to become coUinear]. 

Properties of a space-section of a Hexastigm. 

We proceed to make a list of a few of the more important 
properties of the space-sections of a Hexastigm, illustrating 
YvU XXXI. T 
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them by references to the foregoing figure. It will be found 
occasionallj that the means of arriving at some line or plane 
or space in the four-dimensional figure ceases to be available^ 
and a new constraction must be devised. It is established, 
as a consequence of our conception of space of four- 
dimensions, or of our axioms concerning it, that There exist 
in space of three dimensions families of fifteen points which 
possess the following properties: — 

(a) With each one of the fifteen points may be associated 
one of the fifteen pairs that can be formed with six symbols, 
in such a way that any symmetry or correspondence between 
certain sets of the points is effectively shewn by symmetry or 
correspondence among the associated symbols ; an important 
consequence of this theorem being that, if we a^ee to denote 
each point by the associated pair of six selected symbols, wo 
may, by interchange of the six symbols, alter the rep- 
resentative symbols of different points of the family without 
affecting the truth of any statement of a property possessed 
by the points. 

Let it be agreed that the fifteen points be called principal 
points, and that the letters a, i, c, a, e, y, be chosen as the 
six symbols: each of the fifteen points is denoted one of the 
symbols, aA, ac, ,ef. 

{8) Six points oi, ic, ca, rfe, ef^fd^ are coplanar and He 
on a conic section : there are in all ten such planes, called 
cardinal planes, four of which pass through each principal 
point. 

(7), The intersection of three cardinal planes is either a 
principal point, through which a fourth cardinal plane will 
also pass, or one of a set of sixty points, called Pascal points: 
on the line of intersection of any two cardinal planes lie two 
principal points and four Pascal points ; for example the line 
SP' in figure 2 passes through two principal points ai and de 
and four Pascal points viz. &, P', and its intersection with 
pqry qrs. Each Pascal point, for example S, is the inter- 
section of three lines of mtersection of two cardinal planes, 
SP', 8Q\ 8R^ which join ah to &, he to ef, and cd to fa. 
Each Pascal point may be described as the intersection of 
lines joining opposite vertices of a skew hexagon whose 
vertices are ai, ic, cd, c?e, ef, fa; and therefore each 
corresponds to one of the sixty reversible cyclical arrange- 
ments of the symbols a,h,c, d^e^f, 

(8) The Pascal points fall into six sets of ten points, the 
members of each set constituting the vertices of a figure 
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farmed by five planes. The ten points of a set therefore He 
by threes in ten lines and by sixes in the five planes. An 
illustration of such a set is furnished by the four points 
P^ Q^ a, 8, of figure 2, and the six points where the lines 
P5, Q8^ E8^ QB, RP^ PQ, meet ps^ qs^ rs, qr^ rp^ pq, re- 
spectively: the tetrahedra PQR8 and pqrs are perspective; 
the lines P/?, Qq^ Rr^ 8s^ joining corresponding vertices meet 
in 0; the six points of intersection of corresponding edges 
just mentioned lie in a plane which with the faces of the 
tetrahedron PQRS forms the set of five planes referred to. 

(e) The Pascal points lie also by threes on twenty lines 
and by twelves in fifteen planes, (derived respectively from 
the faces and spaces of tne Hexastigm), which form the 
figure described at the beginning of I., resoluble in fifteen 
ways into a pair of perspective tetrahedra. In figure 2, the 
set of planes derived from the spaces of the Hexastigm is 
made up of the plane at infinity^ the six planes which pass 
through two opposite edges of the parallelepiped, and eight 
others each containing the principal points of three con- 
current edges: of these eight, the four which pass through 
the principal points of edges meeting in P, Q, R, /S, form one 
tetrahedron whose vertices lie on PP\ QQ\ RR\ 88' re- 
spectively, and the remaining four form a second tetrahedron 
whose vertices lie also on these lines and whose faces are 
parallel to those of the former: the two tetrahedra have as 
centre of perspective and the plane at infinity as plane of 
homology. The twelve Pascal points which lie at infinity 
are intersections of the three lines at infinity of the faces of 
the parallelepiped with the faces otpqrs. 

(^ Each of the six sets of ten Pascal lines in (S) was 
determined by section of the edges of a figure defined by five 
diagonal points of the Hexastigm such as P,„ P„, P,^, Pj^, P,,: 
the faces of these six figures intersect by threes in the lines 



such as Q^, 0^, Q^5, and the spaces intersect by twoq in the 
planes similar to that containing Q^^ C„, Q^^ Q.^, Q^^^ Q^* 
But we have seen that the harmonic points are determined 



fully by the intersection of six spaces ; hence, returning to 
the space-section of the Hexastigm, we infer that there is a 
certain figure of six planes through each of whose edges pass 
two faces of the figures (S), and through each of whose 
vertices pass three edges of these figures. 

The plane figure. 
Instead of considering the plane figure derived from the 
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space-section of a Hexastigm by projection, we find it rather 
more convenient to treat of its reciprocal, that is, a plane 
section of the figure derived by the principle of duality from 
that which we have just discussed. The six vertices and ten 
cardinal spaces of the Hexastigm being both unavailable, we 
look on the fifteen lines derived from the transversals as the 
foundation of the plane figure. The reason for describing 
the lines and points of the figure by the names of various 
mathematicians will appear shortly, if it is not already 
recognized. 

A necessary consequence of our conception of space of four 
dimensions is that there exist in a plane families of fifteen lines 
possessing the following properties : — 

(a) Each line may be associated with, and denoted by, 

one of the fifteen symbols aft, ac, ef (formed by 

selecting two out of six symbols a, ft, c, d^ 6, J% in all possible 
ways), in such a manner that the validity of any statement 
concerning the lines is unaffected by an interchange of these 
six symbols, and any symmetry or correspondence of various 
sets of the Tmes is shewn effectively by their representative 
symbols. 

(^) Six lines such as aft, ftc, ca^ de^ ef fd^ touch a conic ; 
there being in all ten such conies, any two of which have two 
of the fifteen lines as common tangents. 

(7) Corresponding to the different permutations of the sis; 
letters o, ft, c, rf, e, f {e,g, acehdf) we may form sixty 
hexagons such as ac^ ce^ eft, ftc?, dffi] the three intersections 
of opposite sides of any such hexagon are coUinear; I call 
these lines the sixty Pascal lines. 

(S) The sixty Pascal lines fall into six sets of ten lines, 
each set forming the well known configuration of ten lines 
and ten points, which may be resolved in ten different ways 
into a pair of perspective triangles. The ten Pascal lines of 
a set thus meet by threes in ten points which I call Kirkman 
points. That there is a correspondence between each of the 
sixty Pascal lines and one of the sixty Kirkman points which 
is a member of the same set, is obvious from tne nature of 
the configuration ; for any separate one of the ten points of 
a set may be taken as a centre of perspective of two triangles, 
and their axis of homology is the corresponding Pascal line. 

(e) The Pascal lines also meet by threes in twenty Steiner 
points which lie by fours on fifteen Pliicker lines. These 
form another well known configuration, the projection of the 
intersections of six planes in space, which may be resolved iu 
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twenty dlstinot ways into three triangles whose vertices lie 
on three concurrent lines, and the three concurrent axes of 
homology of each pair. 

(S) When three Pascal lines meet in a Steiner point their 
three corresponding Kirkman points lie on one of twenty 
Gayley-^Salmon lines, which meet by fours in fifteen Salmon 
points, and form a configuration reciprocal to that in (e). 

Now these six theorems, which may be obtained without 
difficulty from previous results concerning the Hexastigm 
and its space^^ections, have a very familiar form ; a reference 
to the note at the end of Salmon's Conic Sections shews that, 
if a, i, c, rf, e,/f denote six points of a curve of the second 

degree, the fifteen lines at, ao, efy which join each two of 

them possess numerous properties included in the above 
theorems. It would be extremely rash to assume that the 
fifteen lines oA, ac..,...c^, which we have derived from the 
Hexastigm, necessarily join six points of a conic; but it is 
clearly advisable to see to what extent their properties 
(intuitive consequences of the nature of a simple four* 
dimensional figure) are in agreement with those better known 
results which m the middle half of the present century were 
accumulated round the celebrated theorem discovered by 
Pascal more than two hundred and fifty years ago, and still 
known by his name. 

The development of the figure now commonly known aa 
the Pascal Hexagram dates from 1828, when Steiner drew 
attention to the important fact that, from the same six points 
of a conic section, sixty distinct hexagons can be formed, 
each with its own Pascal line. During the next fift^ years 
the figure formed of these sixty lines aroused wide interest, 
Steiner, Pltlcker, Hesse, v. Staudt, Schoter, Cayley, Salmon, 
Kirkman, and many others applving themselves to the study 
of its properties. To dwell in detail on the advances made 
by each of these mathematicians is superfluous, since the 
results of their labours have been summed up and extended 
by Veronese, in a masterly memoir, Nuovi teoremi sulP 
Hexagrammum Mysticum^ (Atti d. R. Accad. dei Linosi, 1877, 
Vol. I, Series ill, pp. 642-703), which is prefaced by an ex- 
cellent historical sketch, with full references to the works of 
earlier writers, and contains proofs not only of all previously 
known theorems but of a large number of new and 
original ones. The names used in (7), (8), (e), (f) are 
adopted irom Veronese's memoir, and the subdivision of the 
Pascal lines and Kirkman points in (S) into six sets is the 
most important of his original contributions to the theory^ 
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The results of a thorough investigation of Veronese's 
memoir may be stated as follows ; — If we join in all possible 
ways^ by lines^ planes^ and spaces, the diagonal points and 
harmonic points of a Hexastigm; take a space-section of the 
figure so jormed ; reciprocate it; and take a plane section of 
the reciprocal; we obtain a plane fioure built up from fifteen 
lineSy coextensive with that built up by Veronese for the special 
case when the fifteen lines join in pairs six points of a conic, 
together toith proofs (intuitive consequences of the nature of the 
four-dimensional figure) of all his theorems: (there must of 
course be exceptions to so sweeping an assertion as this, but 
they are so few and so trivial that it seems justifiable to 
ignore them). 

By far the most important addition to the subject since 
the publication of Veronese's memoir is due to Cremona and 
will be referred to later: so far as I am aware nothing has 
appeared which renders inadmissible the statement^ that, the 
existence in a plane of other families of fifteen lines, which 
possess practically all known properties of the fifteen lines that 
join six points of a conic, is a necessary consequence of our 
conception of space of four dimensions; or more precisely of 
the axiomatic law that in it, lines, planes, and spaces are 
determined by two, three, and four points respectively, and 
are cut by a space of three dimensions in points, lines, and 
planes. It must be admitted that the later properties of 
Veronese's memoir become tedious when considered in detail 
and are of less importance than the earlier results: the 
properties quoted (a), (/3), (7), (8), (c), (5), carry us as far 
mto the subject of these families of fifteen lines as it seems 
advisable to penetrate. Far more important than the ex- 
tension of the long list of elementary geometrical results 
concerning them is the enquiry as to the nature of these lines 
in the general case ; for the discussion of this I call in the aid 
of Analytical methods. 

The transition from the set of six points in 8^ to the 
fifteen lines in a plane has been accomplished by three 
operations, (1) a section, (2) a reciprocation, (3) a section: 
but the operations of section, reciprocation and projection are 
commutative, if we allow for the fact that a reciprocation 
interchanges the other two. Instead of the above process we 
ma^ make the passage from four to two dimensions by first 
reciprocating, then taking a section and finally projecting, 
or in many other ways; the initial and final figures being 
always the same, but the intermediate ones of quite different 
types. 
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Section III. 
Analytical Methods, 

Whatever be the number of dimensions of the space we 
are considering, the coordinates of its points will be denoted 
by letters x^ Xy and the equations of its points by letters 
ti, {7, with suffixes added ; the capitals being used for fixed| 
the small letters for current coordinates. 

In a space of four dimensions 5, the equations of any six 
points must be connected by one identical linear relation ; in 
the case of the vertices of the Hexastigm it was stipulated 
that no five were to lie in a space of three dimensions, and 

we are therefore at liberty to represent the vertices 1,2, 6, 

by equations w, = 0, w,«=:0, ... w, = 0, which satisfy the 
identity 

Uj + Vj+w.+ M^ + Wj + w^^O; 

or 2(mJ=0; (r = l, 2, 3, 4, 5, 6). 

The equations which determine any points, lines, planes or 
spaces in the Hexastigm now become apparent; the edge 
12 is 1*1 = 0, w, = 0; the face 123 is w, =0, w, = 0, w, = 0; and 
the space 1234 is w, = 0, w, = 0, tt, = 0, u^ = 0: the diagonal 
point P,„ common to the edge 12 and the space 3456 is 
II. + w, = 0, and the harmonic point §„ is therefore w, — u, = 0. 
Ihe transversal P^^'^P^yP^^ is ^i + w.'^^j "•+ tt4 = 0,Wj + u,=0 ; 
and the cardinal space (7 (123 . 456) has coordinates 

Wjr=u, = ti, = — u^=- iij= — u,: etc. etc. 

As regards coordinates of points (or), we choose them in 
the first instance to satisfy the indentity 

SKx,) = 0,(r=l,2,3,4,5,6), 

and make no further condition : on account of the former 
identical relation 2(m^)^0, each coordinate a is liable to 
be increased by the same quantity, and we can therefore only 
expect to obtain relations among the differences of the 
coordinates x: for example the space 3456 is x^^x^^ the face 
456 is ^1 = ar, s= jr„ and the edge 56 is a?, = a?, =» a, « a?^ : the 
transversal and the cardinal space quoted above are represented 

byaj, = i,; ar, = ar^; a:.»aj.; and by ^, + ar, + a?, = x, + a?. + Jr^^; 

respectively. We have perfect right to impose another con- 
dition on the coordinates x but at present there ia no ad- 
vantage gained by doing so. 
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The case is altered when we come to the harmoDic pointd, 
which we proved were determined by the iDtersections of six 
spaces, via. w, = ti3=£M^ = Uj = M^, or 6a?jS=2(a?^) etc. Bj 
imposing the condition 2 (x^) ^ 0, the equations of these 

spaces become a^^O^ ar^sO, ^6^^9 ^^^ ^^^7 ^^ ^^^ figure 

self'-daalistic as stated in I., but it is actually its own polar 
reciprocal with respect to the imaginary quadric variety 

S(.O = 0; or 2(0 = 0; (r=l, 2, 3, 4, 5, 6); 

as may be easily verified: the harmonic point of each edge of 
the Hexastigm is the pole of the opposite space with respect 
to this quadric, and the diagonal point is the pole of the space 
which contains the harmonic pomt of that edge and of each 
of the opposite space. Thus, when our coordinates satisfy 
the identities 2 (arj = ; 2 (wj = ; 2 (u^x^) = ; from the 
six points u^=iO we work round to the six spaces x^^sO; and 
the six spaces would serve equally well as the foundation of 
the figure. A very important consequence is that, if we 
discuss fully the space-sections of the complete Hexastigm, 
we may pass over its projections ; for the projections of the 
figure derived from six points in 8^ are merely reciprocals of 
the space-sections of the figure derived from six spaces in 8^. 
The following are the equations, in both systems of 
coordinates x and u, of loci connected with the Hexastigm : 

2(aj,) = 0; 2(uJ = 0; 2{u^x,) = 0; (r = l, 2, 3, 4, 5, 6). 

Vertex 1 ; w^ = ; a?, = a?, = ^^ = 4?^ = a?,: 

Edge 12; Mj = m,s=0; a;, = or, = jt^ = (t^ : 

Face 123; ttjS=M, = w, = 0; x^^^x^^x^: 

8pace 12Z4; Wj=: w, = m, = m^ = ; x^^x^: 

Diagonal point P„ ; Wj + w, = ; a?j s= ;c, ; ar, = o?^ = x^ = ar^ : 

Harmonic point ^„; ttj = u, ; a?, = ^^ = 0?^ = ;r, * 0. 

Transversal line P,„ P^^ P^^\ u^ + w, = w, 4 w^ = w^ + w^ = ; 



or 



reciprocal to this is the plane containing ^,j,, Q,^, Q^, 
Cardinal space 0(123 . 456) ; Mj = m, = Wj = - w^ = — w, = — w^ ; 

or 05, + 0?, + ^, = 0?^ + aTj + ^g = : 

reciprocal to this is the point common to the faces 123, 456. 

The symmetry of the two systems of coordinates u and x 
is so perfect that, while the name Hexastigm is retained to 
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denote the complete series of loci, ranging between tbe six 
points u^ssO cm the one hand and the six spaces jr^ s on the 
other, it is clearly desirable to recognize as fully as possible 
the equal claim of the two systems to be regarded as the 
basis of the figure. We may describe the two as the six- 
point system and the six^space system respectively, and, 
just as we have derived from the six-point system diagonal 
points, harmonic points, transversal lines and cardinal spaces, 
we derive reciprocal loci from the six-space system, and call 
them diagonal spaces, harmonic spaces, transversal planes and 
cardinal points. A diagonal space for example contains the 
plane common to two spaces of the six-space system and the 

Eoint common to the remaining four. Certam loci it will 
e seen appear under different names in the two systems ; the 
harmonic spaces, for instance, of the six-space system are 
identical with the spaces containing four of the six original 
points of the six-point system ; but the equations we have 
given will prevent us from overlooking such facts as this. 
The symmetry is lost when we take a space-section of the 
Hexastigm but reappears in a less perfect form in the two* 
dimensional figure derived by projection. The difficulty in 
the four-dimensional figure is now to connect in a simple 
geometrical manner the two reciprocal systems — (reciprocation 
with respect to an imaginary quadrie cannot well be used) — 
and it would be of great use to us for this purpose if a closer 
connexion between the two systems existed. 

We have yet to find the equations of the Pascal lines of 
the Hexastigm ; but in so dcMng it is best ta keep in mind 
the lines and points they lead to in the plane ngure. A 
Pascal line in the six-pomt system was determined by two 
diagonal points such as F^^ P,^, and its equations are 
therefore 

-M, = M, = «, ; or x^^x^-x^=x, + ^,- 'i = - i -r, 

The Pascal lines which join P,„ P , P„ lie in one of the 

f>lanes 123 of the six-point system, ana lead to three Pascal 
ines in the plane fi^re which meet in a Steiner point ; the 
Steiner points and rlUcker lines in the plane figure being 
derived from the edges and faces of the six-point system. 
The Pascal lines and Kirkman points of one of the six sets 
which Veronese discovered are derived from the edges and 
faces of the figures formed by joining P , P,„ P,^, P,j, P,^, (or 
a similar set of diagonal points], in all possible ways; the 
Pascal line derived from joining P,, and P^^ corresponding to 
the Kirkman point derived from the plane Pj^, P,^, P,^. 
Vol. XXXI. u 
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Thus a Veronese set of Pascal lines and Kirkman points is 
derived from either five points or five spaces, e,g. 

Wi + u, = 0; w, + M3 = 0; tt,H-M, = 0; 

or ar, + 2a'^ = 0; ^, + 2.r, = 0; x^-\-2x^^(i\ 

and it is clear that, when three Pascal lines lie in one of the 
six-point system, the corresponding planes pass through the 
reciprocal edge of the six-space system ; but the Pascal lines 
are unfortunately not reciprocals of the planes which lead to 
the corresponding Kirkman points. 

Corresponding investigations in the six-space system are 
taken for granted. It seems worth while to digress here for 
a moment in order to point out that it is possible by projective 
methods to bring six random points in ^ to a form in which 
the distance of each two is the same, with the vertices of 
the Hexastigm arranged thus, the diagonal points bisect the 
edges, and the figure acquires many beautiful metrical 
properties, deduction to this form is not possible in Euclidean 
space, for the equation 2 [u^) = or 2 {x^) = must represent 
the Absolute. 

Space-sections of a four-dimensional figure. 

Tiie coordinates x may be applied at once to space-sections, 
the sole difference being that they have to satisfy a second 
identical linear relation, viz. the equation of the space by 

which the section is made. If ?7j, f^,, U^ denote the 

coordinates of this space, the equations of all loci in the section 
may be deduced at once from the foregoing formulae in terms 

of six coordinates ^j, a?„ a:^, connected by two identical 

linear relations 

2(x,) = 0; 2(O;^,) = 0; (r= 1, 2, 3, 4, 5, 6). 

But if we wish to use coordinates t4, difficulties beset us ; 
on account of the identity 2(£^jrJ = 0, each of the quantities 
u^ is liable to be increased by the same multiple of ?/., and 
thus we shall only be able to interpret equations in w's which 
are not altered when u^-\-\ V^is substituted for u^i we are 
in just the same case as when at the beginning of this III. we 
saw that only equations in the differences of the coordinates 
X were to be' expected to arise : as then, we have every right 
to simplify our equations, if possible, by assuming that the 
quantities u satisfy a new linear identity. When several 
equations in u coordinates determine a locus, the space-section 
by the space (?7p ?7„...Z7J is found by writing w, -hX {/ for 
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u^ in the equations and eliminating \. [The matter Is more 
easily explained in its reciprocal form, viz, when we are 
projecting loci in 8^ upon an 8^ from a centre of projection 
whose coordinates are X^^X^^>..X^, Equations in u coor- 
dinates here present uo difficulty ; but, given a locus defined 
by two or more equations in x coordinates, we first write 
x^-^\X^ for x^ and eliminate \ : this represents a locus 
generated by lines which join the point X to each point of the 
given locus : we may now if we wish, assume a new relation 
among the coordinates x. i.e. specify a particular 8^ as the 
space on which the projection is made ; but it is seldom 
advisable to do this]. Obviously, in discussing the space 
sections of the Hexastigm, we must keep as far as possible 
to X coordinates. As has been stated above, on account 
of the perfect reciprocity of the Hexastigm, it will not be 
necessary to discuss its projections into space of three dimensions; 
for all that concerns them may be obtained by the principle of 
duality from a space-section, provided the latter be considered 
in its relation both to the six-point and to the six-space 
systems: but first we shall turn our attention to a certain 
variety in 8^ which throws light on the nature of the planes, 
lines, and points of a space-section, and shews that they have 
already become to some extent familiar to mathematicians. 

On 8effre*s cubic variety. 

Intimately connected with any six-space system in 8^ is a 
certain variety of the third. order, some of whose properties, 
studied without the aid of analysis, form the subject of a note 
by its discoverer, Corrado Segre, in vol. xxii of the Atti 
della R. Accad, delle 8cieme di Torino 1887. p. 547. This 
variety, which appears to me to possess far more beautiful 
properties than any cubic surface in three-dimensional space, 
IS of the fourth class, is rational, has no independent invariant, 
has the maximum finite number of double points possible in 
a cubic variety, namely ten. When the equations of the six 
planes are so prepared that their sum is Identically zero, the 
equation of the variety expresses that the sum of their cubes 
vanishes. With our six-space system, a; =0, is associated 
the Segre^s cubic variety, (to be denoted in what succeeds 

by K), 

2 {xj = 0; 2 (a:J = ; (r = 1, 2, 3, 4, 5, 6,) : 

the equation maj bowever be also written in ten forms 
similar to 

(a:, + -a-,) (*, + «,) [x^ + a;,) + («. + a-^j (x, + x,) {x, + ^rj = 0. . 
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The cardinal points (^ja=.r saa-^sa — a!^=s-a?jaB — a?^, etc), 
of the six-space system lie on P^, and an attempt to determine 
their tangent spaces shews that each is a double point. The 
transversal planes, which form a system of fifteen planes 
situated by threes in the fifteen diagonal spaces lie on F„ and 
are part of it: each diagonal space thus cuts F, in three 
planes. Now in 8^ we can draw through any ordinary point 
of a variety six lines having four^point contact at the point, 
and in the case of Segre's cubic F,, these lines must lie 
wholly on the variety, and must therefore meet each one of 
the fifteen diagonal spaces in one of the three transversal 
planes contained in it. Beasoning from this we are able to 
attach a more definite geometrical significance to the symbols 
a, &, c, d^ e, / of Tables 1, 2, 3, than has hitherto been 
possible; viz. that the six lines which pass through any point of 
\\ and lie wholly on V^ are of six distinct types, a, 6, c^dyC^f^ 
those of type a meet one set of five transversal planes, those 
of type b another set, and so on: the symbol ab associated 
with the transversal plane 12, 34, 56 in Table 1, shews that 
this plane is met by all lines of the types a and b. 

Section IV. 
On the Pascal Hexagram. 

In order to pass from the transversal lines of a six-point 
system to the plane families of fifteen lines which possess the 
properties of Pascars Hexagram, it has been said that three 
operations are required. One of theue is necessarily a re- 
ciprocation, but it may be either the first or second or third of 
the series. In virtue of III., the simplest way of making the 
transition is to take the reciprocation first, for this merely 
changes the transversal lines of the six-point system into 
transversal planes of an equally simple six-space system; 
projecting a space^section of this family of planes we arrive 
at the plane figure desired. The derivation of Pascal's 
Hexagram from the six-space system in this way is the 
subject of the present section ; we have first to consider space-^ 
sections of the fifteen planes which formed part of Segre's 
cubic variety F, in general. 

Now the section of FJ, by an arbitrary space is a cubio 
surface of quite general type: for Cremona has shewn [Math. 
Annalen xiii. p. 301) that the equation of a non-singular 
cubic surface may be reduced to the form 

S(*,')=0; SW = Oj S(irrJ=o; (r=l, 2, 3, 4, 5, 6). 
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in thirty six diflFerent wayn: see Salmon-Fiedler, p. 403, 
section 310. For special positions of the space of section, i.e. 
for special values of f7j,Z7„...?7,, the cubic surface may 
possess singularities; but of such cases I shall consider only 
one, viz. when the space of section touches F, at an ordinary 
point and the cubic surface therefore has a double point at 
the point of contact; Salmon-Fiedler. p. 412, and foot-note, 
section 341. The space-sections of the fifteen transversal 
planes of the six-space system are a family of fifteen lines 
which lie by threes in fifteen planes, and also lie on the cubic 
surface; they are a set of fifteen of the twenty-seven lines of 
the surface such as is left when we omit a double-six ; Salmon" 
Fiedler, p. 401, section 308. Schlafli, Quarterly Journal^ Vol. 2 
p. 116. In the special case of section by a space which 
touches F^, they are the fifteen lines of the surface which do 
not ^o through the nodal point. We thus arrive at a theorem 
due in part to Cremona, viz. 

The plane systems of lines which possess the properties proved 
for the lines which join six points of a conic are projections of 
fifteen lines of a cubic surface such as are left when we exclude 
a double-six. It is necessary to include a statement of the 
special case, for this arises when the members of the rejected 
double-six coalesce two by two in six lines through the double 
point. 

Mention was made at the end of II. of a memoir by 
Cremona : it is to be found in the same volume of the Atti d. 
R. Accad. dei Lincei b,b that of Veronese; pp. 854-874. On 
reading Veronese's manuscript Cremona was led to seek 
another basis for the existence of this vast series of theorems, 
and found it in the three-dimensional system of lines that lie 
on a cubic surface having a double point. On such a surface 
lie six lines which pass through the nodal point, and are 
generators of the tangent cone, and fifteen others, one in the 
plane of each pair of the foregoing : by projecting these on a 
plane, from the nodal point as centre of projection, Cremona 
obtained fifteen lines joming six points of a conic, and, having 
established the fact that these lines lie by threes in fifteen 
planes, shewed that all Veronese's theorems were intuitive 
consequences. In conclusion, he observes that the projections 
of any family of fifteen lines which lie by threes in fifteen 
planes would possess these properties, and that the lines of a 
cubic surface supply examples of such families, but goes no 
further, overlooking the fact that Geiser had discussed (Math. 
Ann. I. p. 129) the projections of the lines of a cubic surface, 
with valuable and well known consequences. Cremona, then^ 



Digitized by 



Google 



150 Mr, Richmond^ On the figure of six points 

stopped after taking a very important step in the direction of 
the aimplification of the vast figure which Veronese had con- 
structed, in that he shewed how it could be derived, and all 
its properties established, from a comparative simple figure 
in space: a discussion of the Hexagram from Cremona's 
point of view will be found in the Transactions of the Gam" 
bridge Philosophical Society^ vol. XV. p. 207, in which it is 
pointed out that the complete figure as developed by Veronese 
was the result, save in a few unimportant details, of projecting 
the intersections of the two systems of planes analogous 
to X ± x^ = 0. 

The method followed in the present paper derives the 
plane figure, and establishes its properties, from one of the 
simplest possible (descriptive) figures in space of four dim- 
ensions, by purely linear methods; it leads us to notice that 
other systems of coplanar lines and points possess all these 
properties, of which systems the Pascal Hexagram is an 
extremely special case: and it will be seen that the transition 
from four to two dimensions may be made by a difi^erent 
route with no less interesting results. That the true cause 
for the existence of families of coplanar lines and points, 
possessed of all Veronese's long category of properties, is to 
be found in the figures in 8^ cannot be doubted; although we 
shall find that, as a matter of history, most of these families 
have been already discovered, and some of their properties 
obtained, by other means, chiefly in connection with the study 
of curves and surfaces of the fourth degree. We will now 
consider how the above fifteen lines in space lead us, under 
special conditions, to Pascal's Hexagram, and then treat the 
most general case of a projection of a space-section of the 
fifteen transversal planes of a six-space system in 8^. 

In order to derive from the transversal planes, such as 

jr, + ar, = 4?3 + J?, = a?j + ^e = ^> 
of a system of six spaces ;r^ = 0, (r=l, 2, 3, 4, 5, 6,) where 
2 [x^ ^ 0, the configuration of lines which join six points of 
a conic section, let the 8^ in which the spaces lie be cut by a 
space which touches Segre's variety F,, 2 [x^) = 0, in some 
point K. As explained at the end of 111., six lines lying 
wholly on V pass through K^ and these are members of six 
difi^erent families distinguishable by six symbols a, i, c, d^e^f\ 
in such a way that the symbols a3, ac etc., associated with 
the transversals in Table i, shew us which two of the six 
lines through K each transversal plane intersects : the first 
line in that table associates ab with 12, 34, 56 ; therefore the 
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plane qaoted above intersects the lines through £" which are 
of type a and type b. In the space-section by the tangent 
ppace at Jf, V^ is represented by a cubic surface having a 
double point at K, ana the transversal planes by fifteen lines 
on the surface; but the lines of F, which pass through K 

[)er5ist in the space-section as lines, still distinguishable by 
etters a, i, c, d^ e, /, which lie on the cubic surface, and pass 
through its double point ; and each of the former fifteen lines 
intersects two of the latter according to a scheme shewn 
immediately by reference to Table 1. 

The analytical formulae are discussed at length in my 

faper in the Cambridge Phil. Trans, to which I have referred, 
f the coordinates of the point of contact of the space of 
section with F, be denoted by X, we have the following 
system of equations for a three-dimensional cubic surface 
endowed with one nodal point K: 

Eqtiation of the surface^ 2 {x^) = ; (r = 1, 2, 3, 4, 5, 6) : 
Coordinates of K^ the double point [X^ : 
And the relations which connect the coordinates and con- 
stants are 

2(:r,) = 0; 2(J>J = 0; 2(Z,) = 0; 2(Z;)=0. 

The six lines a, J, c, rf, e,y, which lie on the surface and pass 
through iT, are generators of the quadric cone 2 (X^/r*) = ; 
but it does not appear that the separate equations can be 
exhibited in a simple form. The plane through any two, for 
example c and e, can be found at once, for it meets the surface 
in a third line ce^ whose equation is shewn by Table 1 to be 

a-, + a?^ = ar, + a-, = JT, 4 ar, = ; 

the equation of the plane through this line ce, c, e and K Is 
therefore 

J?, + jr^ _ a?, 4 y^ _ t^ 4 a-^ 

Through each of the fifteen lines aJ, ac^ ef, pass three of 

the planes a;, 4 ar, = 0, sections of the fifteen diagonal spaces 
of the six-space system, according to the scheme shewn in 
Table 2 ; and the intersection of two such planes, 6.y. 
;f, 4 Xg = and x^ 4 aT^ = 0, where the former contains ai, erf, 
ef and the latter a/, ic, rfe, passes through the points of 
meeting of ab with de, of be witn e/ and of cd withya. 

Project this system on a plane from K as centre of pro- 
jection : the lines a, b^ c, d, e,/, cut the plane in six points of 
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a conic, also denoted by a, J, c, (?, e,/, and the lines aJ, a(?,w 
«/ project into lines which join each two of the six, and are 
therefore naturally still denoted by symbols ai, ac^...ef. The 
projection of the line of intersection of the planes a?, +a?, = 0, 
x^ + jr^ = 0, still contains the intersections of ah with de^ o( be 
with ef, of cd with /a, and is a Pascal line of the Hexagram* 

As regards the equations of loci in the plane figure, we 
may, from the equations of any line (or curve) in the three- 
dimensional figure, derive the equation of the plane (or cone) 
formed by joining each f>oint to K^ and thus ootain equations 
of a system of geometrical loci in space wholly generated by 
lines through K; practically we do this by writing x^-^XX^ 
in place of x^ in tbe equations of the lines (or curve) in space, 
and eliminating \. The section of this system by any plane 
is the projection of the three-dimensional figure on the plane 
from K as vertex of projection. As a rule it is not desirable 
to specify a particular plane as the plane of section ; yet, as 
it is convenient to be able to use the nomenclature of plane 
geometry, we alway suppose such a section made. The out- 
come of these considerations is that in the plane figure lines 
(or curves) are given by one, points by two, homogeneous 
equations in six coordinates x^ subject to the relations 
S (x^) ^ 0, 2 (X^x^) '=, 0, and, further, the equations are of 
such a form that the substitution of x^-\-\X^ for x^ does not 
alter them. For instance we speak of the equation of the 
plane through K and the line ce of the figure in space, found 
a short way back, as being the equation of the line ce of the 
projected plane figure of rascal's Hexagram. 

The verification of Veronese's theorems concerning the 
Pascal Hexagram by means of these equations is usually in- 
stantaneous and in no case presents any di6Scu1ty, but there 
is no reason to consider the theorems in detail. Cremona 
realised that the whole series of propositions were in truth 
only the relics of the simpler properties of a three-dimensional 
figure, and we have gone further in connecting them with 
four-dimensional space. To quote the theorems one by one 
is wearisome; but to be able to describe the properties of a 
set of coplanar lines by the phrase Veronese's properties of 
Pascal's Hexagram is so convenient for my purpose that some 
consideration of the meaning and origin of the phrase w*as 
called for. That all the properties (a) (/3) (7) (8) W (?) of II. 
do hold when a, i, c, J, ^,/ denote six points on a conic will 
in future be taken as proved by the foregoing investigation. 
It may be said that the equations used by Cremona in his 
paper on Pascal's Hexagram are very inconvenient, while 
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tliose which we have used, discovered also by Cremona at a 
later time but not applied to this subject, are perfectly 
symmetrical. [A. system of equations in u coordinates may 
also be employed for this case, and there is no reason why 
each kind of coordinate should not be used both here and in 
the general case of projections of space-^sections of a Hex- 
astigra. For if loci in the 8^ be first cut by a space whose 
coordinates are C^ and then projected from a point of this 
space whose coordinates are X^y the resulting plane loci will 
be defined by equations in coordinates a^ or 2/y subject to 
conditions 

S(ZJ = 0; 2(D:XJ = 0; 2(£r) = 0: 

the equations bein^ always of such a nature that a sub- 
stitution of j?^ + \ X^ for x^ or o( u^^ fx U^ for u^ does not 
affect them]. 

Section V. 

Generalization of these results. 

First Method, 

In the course of the last section it was observed that the 
space-sections of the transversal planes of a six-space system 
in 8^ were a set of lines already familiar to mathematicians in 
connexion with surfaces of the third order; they form in the 
most general case such a set of lines as remains when from 
the twenty-seven lines of the surface we reject a double-six* 
The properties of these lines in space which are consequences 
of the nature of the Hexastigm, prove to be well known 
deductions from this new mode of defining them and need 
not detain us; the equations which we obtained for them from 
the Hexastigm were obtained by Cremona from three- 
dimensional considerations. The plane systems of fifteen 
lines which possess the properties (a), (/8), (7), (S), (e), (f) 
of II., and all the rest of Veronese's properties of PascaFs 
Hexagram, are then projections of certain sets of lines of a 
cubic surface and have been discussed by Geiser^ {Math. Ann. 
1. p. 129). 

When a cubic surface is given, and lines drawn through 

a point K to touch the surface, their points of contact lie on 

a quadric surface, the polar of K; each line that lies on the 

cubic surface meets this quadric in two points and therefore 

YUL. XXXJ. X 
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touches in two distinct points the cone with vertex K that en- 
velopes the cubic surface. The projections from centre K of 
the lines which lie on a cubic surface are double tangents of the 
section of the cone with vertex ^ which envelopes the surface. 
When the cubic surface is a space-section of Segre's cubic 
variety F^, the cone is a space-section of the cone in ^^ 
formed of lines which pass through £'and touch F,; if (XJ 
be the coordinates of K^ the equation of the cone is the 
discriminant of 

and is in general of the sixth order. If the equation of the 
cone be required, a considerable simplification is effected by 
imposing the condition ^{X^x^ ^0, upon the coordinates x^ 
i.e, by projecting upon the polar plane of JT. But we may 
state at once that, if K is not on the cubic surface, the section 
of the enveloping cone is a sextic curve of a particular type, 
distinguished by its having six cusps which lie on a conic. 
Since the cubic surface has thirty-six double-sixes of lines 
upon it, we infer that, from the twenty-seven double tangents 
which Pliicker's equations shew this curve to possess, we 
may select thirty-six sets of fifteen lines which possess all 
Veronese's properties of Pascal's Hexagram. 1 do not know 
of any discussion of the properties of this sextic curve ; its 
interest appears to be due wholly to its relation to the surface 
of the thira order. 

A far more important series of results springs from the 
particular case when K lies on the cubic surface. We cannot 
now choose the polar plane of K as the plane on which we 
project, for it now passes through K\ it is best not to specify 
any plane for the purpose. The tangent cone from K is now 
of the fourth order, and if, as before {X^ be the coordinates 
of Ky and (C^), those of the space by which the four- 
dimensional fif^ure is cut, we have the following system of 
equations for ihe enveloping cone: — 

s(:r;)=o. 

In the special case when K lies on the cubic surface, the 
section of the cone with vertex K which envelopes the surface 
is a curve of the fourth order without singularities, twenty- 
seven of whose double tangents are projections from vertex K 
of the lines of the cubic surface, the remaining double tangent 
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being the intersection of the tangent plane at K with the 
plane of the curve. Now the system of double tangents of a 
quartic curve has been widely studied, and receives very 
thorough treatment from a point of view suited to the present 
geometrical investigation in Scalmon^s Higher Plane Curves, 
It is there shewn that the twenty eight double tangents may 
be denoted by the pairs of eight symbols a, d, c, d, e,y, g^ A; 
(Salmon u^es 1, 2, 3, 4, 5, 6, 7, 8) ; but the complete 
symmetry of the system is not fully shewn by this notation. 
A rule has been given by Cayley, founded on Hesse's in- 
vestigations, called the rule of the bijld substitution, which 
removes this defect. The simplest of many possible ways of 
connecting the notations for the lines of the cubic surface 
which we have used and that just explained for double 
tangents of the quadric is to denote the double tangent 
derived from the tangent plane at K by ffh ; those derived by 
projection of members of a double six by a^, bg^ eg, dg, eg^ 
fg ; aA, JA, cA, dA, eA, fh respectively. The remaining fifteen 
double tangents, (which form a set derivable by projection 
from the space-section of the transversal planes of a six-space 
system) are represented by the same symbols associated with 
each in Table I. Thus we arrive at a theorem concerning 
double tangents of a plane quartic which may be stated in the 
following curious form : — 

The fifteen double tangents of a plane curve of the fourth 
order ^ denoted in Hesse*s Algorithm by symbols formed of pairs 
of six symbols a, J, c, rf, e^f possess all the properties of the 
Pascal Hexagram formed by lines, (naturally represented by the 
same symbols), which join each two of six points a, J, c, d, e,/, 
of a conic section. That some of these properties should have 
been discovered independently is not to be wondered at: 
Salmon quotes (p. 234) two sets of six double tangents 
studied by Steiner and Hesse, the former set of which the six 
ab, be, ca, de, ef,fd, are typical touch a conic, as we saw in 
[ff)\ the latter set, ab, bc^ cd, de, ef^ fa, have their inter- 
sections on a line, which we call a Pascal line. We find 
ourselves in possession of an immense extension of Steiner'a 
and Hesse's results, and have also a much clearer view of the 
inner principle on which these results rest, than can be 
obtained by slowly developing elementary geometrical pro- 
perties of the lines. 

A remarkable fact, not however without parallel, comes to 
light when we seek, by aid of the rule of the bifid substitution, 
for a distinctive geometrical property of such a set of fifteen 
double tangents. Selecting any pair of double tangents (ag 
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and ah for example), we find five other pairs (i^, hh', cgych; 
dg^ dh ; eg^ eh ; fg^ fh)^ such that the eight contacts of any 
two of the six pairs lie on a conic : such a system of six pairs 
may be chosen in sixty-'three ways. Of the remain double 
tangents, any fifteen possess all the properties of the Hex- 
agram. Thus whereas, in the case of PascaUs Hexagram or 
of the double tangents of the sextic curve above described, 
we have to deal with sets of fifteen lines which possess a long 
series of properties on account of a quite definite cause, we 
here find the fifteen lines joined by a sixteenth, which forms 
with them an absolutely symmetrical family, any fifteen of 
whose members possess all the properties of the former sets. 
Our sense of symmetry alone shews the necessity for con- 
sidering sets of sixteen double tangents of the quartic rather 
than fifteen ; but the discussion may be postponed. It will 
be seen that the statement that the fifteen double tangents of 
a quartic curve a6, ao,...^/, possess all Veronese's properties 
of rascal's Hexagram, does not include all their properties : 
the statement in fact deals which only forty-five of their inter- 
sections and ignores the remaining sixty, which are of equal 
importance in the case of the quartic curve, but coalesce by 
tens in the Hexagram, For instance the rule of the bifid 
substitution shows that in the case of a quartic curve the points 
of intersection of ah with ac^ of ad with cw, and of be with d^ 
are collinear : the same theorem is nugatory in the Hexagram 
and does not hold in the case of the sextic curve. 

The relations between the different families of fifteen 
double tangents of the sextic or of sixteen double tangents of 
the quartic ; how far the Pascal lines, Kirkman points, Steiner 
points, etc. of different families are common, and so forth^ 
will be passed over entirely. Between the very special case 
of Pascal's Hexagram and the geneml quartio (or the above 
mentioned sextic) are numerous other special cases; for ex-» 
ample, if the quartic have a node, the properties of the 
Hexagram belong to any fifteen of the sixteen double tangents^ 
and in a modified form to certain sets of lines composed partly 
of double tangents and partly of tangents from the node^ 

Second Method. 

The two operations (section and projection), by means of 
which the plane families of lines just considered were derived 
from the transversal planes, may be taken in the reverse 
order without altering the final result; the intermediate stage, 
the figure in three<*din)ensions through which we pass, will b« 
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quite difFerent from the former. But, in place of applying 
the process of projection followed by that of section to the 
six-space system, it is more convenient to turn to the re- 
ciprocal problem, viz., that of deriving a set of fifteen points 
in a plane from the transversal lines of a six-point system by 
first taking a space-section of the figure and then projecting 
on a plane. The resulting family of points will necessarily 
possess properties reciprocal to Veronese's properties of 
jPascaFs Hexagram, and will also be necessarily reciprocal 
to a family of lines such as we have just been discussing ; 
the interest of this second method lies in the intermediate 
stage, which is of quite a new character, not in the final 
stage, which is bound to be simply reciprocal to that of the 
earlier method. One advantage of arranging the two 
methods in this manner is that we may follow the two 
simultaneously, by taking a space-section of the complete 
Hexastigm, (which comprises both a six-space and a six-point 
system), and then projecting the complete section on a plane ; 
the space-section will thus include fifteen lines derived from 
the transversal planes of the six-space system, and fifteen 
points derived from the transversal lines of the six-point 
system. What is the nature of these fifteen points? Do they 
form a configuration already known? We have seen that 
they lie by sixes in ten cardinal planes, and we have to some 
extent discussed their properties under the title principal 
points in II. A better clue for the purpose of connecting 
them with known results is furnished by the variety reciprocal 
to F^ which is associated with the six-point system in the 
same manner that V^ is associated with the six-space system. 
The reciprocal of a cubic variety with ten double points is of 
order 3.2'— 2.10 = 4, and we therefore denote it by V^. 

In the coordinates u the equation of T^ is 2 (u/) = 0, and 
therefore in coordinates x the equation is found by eliminating 
X and the quantities u^ from 

«^r + ^ = V; S(e*,)=0, 2(0=0; (r= 1, 2, 3, 4, 5, 6), 

and, if advisable, using 2 (oyj = to simplify the result : the 
quantities u^ being thus roots of a sextic equation in some 
variable lacking terms in 6* and 6* ; the quantities x^ are 
roots of an equation which differs from a perfect square only 
in its two last terms: from this we deduce that 

{2(x;)j'=42(0; i:(^.)=o; 

but many other forms may be given to the result. The 
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variety V^ is of the fourth order, has each transversal of the 
six-point system as a double line and each cardinal space as 
a singular tangent space, i.e. is cut by each cardinal space ia 
a quadric surface taken twice. A space-section of V^ is there- 
fore a quartic surface which has fifteen double points and 
ten singular tangent planes, the principal points and cardinal 
planes of the space-section of the six-point system. 

Conversely, if a quartic surface have fifteen double points, 
it may be shown that it must be a space-section of a quartic 
variety such as V^ ; it does not seem necessary to give the 
proof; incidentally we notice some other forms to which the 
equation of V^ may be reduced, such as 

+ {(^3 - ^S - C^i + ^4 - ^. - ^5)'}* I 
or again the equation of V^ is the discriminant of 

(X + ^, + ^, - ^i) (X« + ^, + ^4 - arj (X + oTj + 0?, - ar,) 

- (\ + X, + x^ - jtJ (\ + .r^ + ^, - ^J (X + ^^ + ar, - ^,). 

It IS not, however, my purpose to develop properties of V^^ 
except in so far as they throw light on the families of lines 
and points we have discovered. What concerns us at present 
is that we have obtained a second quite new way of arriving 
at the plane families of lines, or rather the families of points 
derived by the principle of duality ; in fact we may assert : — 

The projections on a plane of the fifteen double points of 
a quartic surface form a family of points possessing properties 
reciprocal to Veronese s series of properties of PascaVs Hexagram, 

Of the two methods the latter is to be preferred ; the nfteen 
principal points of a space-section of the six-point system are 
determined by ten cardinal planes which form a figure in 
space quite readily pictured mentally if we conceive the 
planes to be disposed as in Figure 2. The method of the 
fifteen lines which lie by threes in fifteen planes, as Cremona 
expressed it, or of fifteen lines of a cubic surface excluding 
a double six, which formed the intermediate stage in the first 
method are by no means so easy to realize, even after a model 
has been studied. As to the two-dimensional figure there is 
nothing to choose : in fact it becomes more and more apparent 
that the plane figure must be considered simply as a projection 
of a space-figure, and its properties thus derived ; any attempt 
to think of the plane figure by itself, purely as a two-dimen- 
sional system, entangles us in a maze of elementary theorems 
absolutely bewildering in their numbers. The space-figures 
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are not so complex as to confuse us and can be realized with 
a slight effort ; if the four-dimensional figure could be pictured 
mentally, to discuss even the space-figures would be super- 
fluous. It might be thought that the fact that the first method 
depended on a cubic surface and the second on a quartic told 
in favour of the former ; but even this appears to me to be 
untrue, for these quartic surfaces are of particular interest. 

An important special case presents itself when the space of 
section touches V^ at some point K] for the resulting surface 
must then have another node at K or sixteen in all. The 
surface is in fact the much-studied Kummer's surface; not 
only are the fifteen nodes aJ, ac^ ...^ e/" joined by a new node Ky 
but the ten singular tangent planes are joined by six others 
which pass through Ky reciprocals of the six lines which were 
proved to pass through each point of Segre*s variety K, and 
lie on the surface. These six lines were denoted by a, bj c, dy 
e,y in such a way that a met the five planes aft, ac, ad, ac, af 
in the six-space system ; if the six planes which pass through Kj 
reciprocal to these lines, be here denoted by a, J, c, rf, c /, 
we find ourselves making use of the ordinary notation for 
a Rummer's configuration (see Reye, Oeometrie der Lage^ 
latest edition ; or Sturm, Liniengeometrie^ Vol. 2) viz. 

(1) Kf one of the nodal points; 

(*2) a, ft, c, d^ is,/ the six planes which pass through K] 

(3) aft, ac, •••, e/^, the other fifteen points, so named that 
aft lies on the planes a and ft. 

(4) C {abc.def)^ or simply ahcdef, the remaining ten planes, 
each containing six of the points (3). 

The fifteen points (3) and the ten planes (4) retain all their 
previous properties, but also acquire some new ones, e.g. that 
aft, ac, ad, a6, af are now coplanar ; but any fifteen of the 
sixteen nodes possess all the properties proved for these fifteen ; 
any fifteen, for example, have sixty Pascal points, &c., not, 
however, all of them distinct, for it appears that there are in 
all only two hundred and forty Pascal points ; each in fact 
belongs to four different sets of fifteen points. We observe 
also that, by taking the vertex of projection at K, the projec- 
tions of the fifteen points aft, ac, ..., e/are intersections of six 
tangents to a conic; and it is clear that, as Kummer^s surface 
is self-dualistic, we may derive, by cutting its singular planes 
by a plane, a set of sixteen lines, which has all the properties 
of the lines reciprocal to the projections of its nodes. 

Each method thus defines the most general family of lines 
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which possess Veronese's properties of the Pascal Hexagram^ 
or the reciprocal family of points, by means of double tangents 
of a sextic curve, or by projection of the nodes of a surface of 
the sixth class, (for the class of a quartic with fifteen nodes is 6) : 
each shows the existence of an important special case of double 
tangents of a quartic when the phenomenon of the appearance 
of a new member of the system occurs ; and finally there is 
the case of Pascal's Hexagram, or its reciprocal, in which the 
plane figure is so approached that the new member of the 
family is made indeterminate (by choice of a centre of projec- 
tion coinciding with it, or some such means). The case of the 
quartic curve obviously demands further study as regards the 
mutual relations of the Pascal lines, Kirkman points, Steiner 
points, &c., &c., of the different sets of fifteen lines: the seta 
of sixteen double tangents in question are represented either 
by gh and ai, ac, ..., e/* as before, or by one of four symbols 
a, by c, d associated with one of the four «,/, ^, A, It is, how- 
ever, clear that the second method of passing from four to 
two dimensions enables us to discuss the matter in connexion 
with the comparatively simple three-dimensional figure instead 
of the complex plane figure. For the fifteen nodes and ten 
aingular planes of a quartic surface which has fifteen nodes 
may be investigated by means of a perfectly symmetrical set 
of symbols and equations ; their properties are directly con- 
nected with the plane figure on the one hand and with the 
simpler four^dimensional figure on the other, and may be 
developed with a very slight amount of labour. The effect of 
the sixteenth node on these and the symmetry of the system is 
better dealt with in space than in the plane ; at the same time 
it does not depend upon space of four dimensions; (except 
in so far as the symmetrical system of equations for the 
quartic with fifteen nodes was suggested by considerations of 
an S^ ; and so does not fall within the range of this paper. 

That any tangent plane of a cubic surface, and the twenty- 
seven planes through the point of contact and the twenty-seven 
lines of the surface should form an absolutely symmetrical set 
of planes was once pointed out to me by Professor Cayley as 
a remarkable fact which must imply a series of quite unknown 
properties of the cubic surface. The same interesting fact 
appears in Segre^s cubic variety, but I can suggest no 
explanation. 

King's College, 

Cambridge, 

March ZOth, 1899. 
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ON MNEAB DIFPBEENTIAL EQUATIONS OF THE 

TRIED AND FOUETH 0EDBE8 IN WHOSE SOLUTIONS 

EXIST CEETAIN HOMOGENEOUS EELATIONS. 

By D. F. Campbbll, A.B., Ph.D. 

IN Acta Mathematical Tome Xiv., 1890, is a Memoir by 
■*■ Professor Brioschi, entitled " Les invariants des Aquations 
diff(Srentielles linSaires," in wblch are considered in a number 
of S|)ectai cases the qj^uestion of homogeneous rektions in the 
solutions of a linear differential equation. I propose to adopt 
the methods employed in this Memoir and to show that, in at 
least three cases^ toe reasoning can be extended with profit. 
The subject will be so treated that a previous knowledge of 
the Memoir is unnecessary. When my work coincides with 
that of Professor Brioschi's I indicate the fact by means of the 
symbol [B]. 



1. Defimtiana. In this work accents or e^itponents' enclosed 
in brackets mean differentiation with respect to x. When the 
derivative is taken with respect to any other variable it is 
written in full. 

An n-aryybrm of the wi^ degpee,y(yp y,, . . ., y J is a rational 
integral homogeneous expression in the variables y^, y,, ..., y^, 
with constant coefficients. A form equated to zero i& spoken 
of as a relation. 

1£ there exist p relations, /,(yj, y„ ..., yj = 0, (Z=a 1.2.. .jt?), 

we say they are linearly dependent if 2 GJ^(j/^^ y,, ...., yJ = 0, 

1*1 

where (7^ are suitably chosen constants not all zero. We say 
they are linearly independent when C^ can not be chosen, not 

all zero, such that 2 OJ^(tf^^ y„ ...., yJ = 0-. 



2. Let 

rt"> + wP, r^'"^^ -h "" ^"^.T ^^ P. Ft"") +...+ nP^., r + p^y^ o 

(^i) 

be a linear differential equation of the w*^ order. 

VOL. XXXI. Y 
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The transformation 

transforms it to the form 

where jd,, ..., p^ are rational integral functions of P^, P„ ..., P^ 
and derivatives of Pj. 

The ^'s in the cases n = 3 and n = 4 are, in each case : 

in the case n = 4, 

Jt>, = P, - P,P, -6P;P, + 6P/P, - 4P,P/' + 12P/P; - 4P/. 

If equation {B) be transformed by means of the trans- 
formation 



z 



:;«} ^^^^ 



where p is a function of x and t; is a function of the new 
independent variable Z, and if p and z are connected by the 
equation 

^ = - «-::i i: (i>), 

the transformed eqaattoa will hare the form 

[B]. There are thus n — 1 equations connecting the j's 
with the p*8, of which the first three are 
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. (n+l)(5n-f7) p, . 3(« + l) p 
^ 3X5 ^'+-^5— ^^ 

where ?!' = Z, - Z' + iZ* = K„ i?„, = ij; - rZB,. 

These relations, together with (2)), are the only ones 
needed in the subsequent work. 

Differentiate the first with respect to x. 
Therefore 

Multiply this result by |, and subtract from the second 
equation. 
Therefore 



[^.-\%'!*^iV^-\v:')' 



€t^=^p^'-^Pt' or a,=sy, — f -^ has been named by Laguerre 
an invariant. 

3. A rational integral function of the coefficients of a 
linear differential equation and their derivatives, such that 
when the same function is formed for the transformed dif- 
ferential equation, the two functions are equal, save as to a 
positive integral power of z\ is called an invariant^ An 
invariant is said to be of order r when its index is r. 

The invariant a, has already been found to be 

The invariant a^ can readily be calculated. It is 



* A full treatment of the tubiect of myariants of linear diiferentiRl equation! 
is eiTen bj Forsyth in the Philosophical Transoctiom of the Royal Society, 
Vol. OLXXix(A), 1888. 
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When expressed in terms of the coefficients of equation 
(A), they are 

«. = P.-3P.P. + 2P,' + iP."-fP.'+ 3P,P.', 

o,=P.-P,P.-?(f)'/*.'i',-3(|)'P;P. 

- ^ p,p," + 2(1) p-p; - UP/ + (i)'P/ 

- 2p; + 6P,p.' + f p/" + jp," + HP,". 

[B]. If a^*'** a a^ and a^* = a, are two invariants of order 
r and $ respectiyelj, it can be easily seen that 

. 12r8 , (2r+l)(2*+l) , , 

^.. = ;i:H^'"^^' + — TT7TT— ^^"' 

r + tf + X - • r + «+l • •• ' 

and C^ , = saja^' - *'^A'i 

are also invariants and of order r -h « + 2 and r + « 4- I 
respectively. 

§4. Theorem. If there are ff functions Y^ (i=sl.2...ff) 
of an independent variable, among which v and only v linearly 
independent relations of the first degree exist, then 

M = Sa^r;(t=1.2...^), 

a< arbitrary constants, is the general solution of a linear dif* 
ferential equation of order g-v. 

The proof of this theorem is not difficult. 

§ 5. Let yp y,f •••) y« be n linearly independent solutions 
of the linear differential equation (B). Let u =\/(yi, y,, ..., y ) 
be a form of the mth degp'ee (m> 1) in these solutions. If 
equation (£) is of the second order, then no matter what the 
linearly independent solutions y, and y, may be, the coeffi* 
cients of tis=/(y„ y,) cannot be so chosen, not all zero, that 
u is identically zero ; for suppose /(y„ y^) == 0, all the coeffi- 
cients not zero ; /(y„ y,) can be factored mto m linear factors 
in y, and y,. Now /(y., y,) = for all values of x, therefore 
one at least of these linear factors must vanish an infinite 
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number of times ia some range of yalaes of x. Each factor 
is a solution of the linear differential eauation, and it is a 
well-known theorem that if a solution of tne linear differential 
equation vanishes an infinite number of times in a certain 
range of values of the independent variable, it vanishes 
identically. Therefore y^ and y^ are linearly dependent, 
contrary to hypothesis. 

If, however, n is greater than 2, the coefficients p,, •••»?« 
may be such that the coefficients in t^^/Cy^y,} ••MyJ can 
be so chosen that u is identically zero. This can be seen by 
the following example: Let y, = l»y, = a?j ..., y^ = »""*, then 
yi) y%^ -9 y» satisfy the linear differential equation 

djT^' 
and in these solutions exist the quadratic relations 

the cubic relations yr^y^r-i!/f^\^^> ^^^ ^^ ^°' 

8. Theorem. If p and only p linearly independent rela- 
tions of de^ee m exist in the solutions of the linear differential 
eauation (j3), then p and only j> linearly independent relations 
of degree m exist in the solutions of e(][uation (A). 

^^/iQfo Vti •••> yi») = ^ ^^ * relation of degree m in the 
solutions of equation {B), Letyj(F,, I^, ..., Y^ be the 
form in the solutions of {A) got by substituting YXi^ 1.2...n) 
for y,(t =! 1.2.r..n) in the form/,(yj, y„ ..., yj. The equation 

connecting the two differential equations is Y^ e~* ^ y. 

Therefore /.(F., F,, ..., r.) = e-»^^"*'/.(y.,y., ..., y.), 

and by means of this identity, since e^' ^ cannot vanish, 
the theorem can be established immediately. 



9. Let 



/Op y.> -M yJ=o,.,.,...,y,"+ »«Sa, ,...,^,— y,+ 






m («j - 1) (m - 2) *? ^ *- 
-5^ ^-^ iSy,2y Sa 
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be a form of degree m, with arbitrary coefficients, in the 
Bolutiona y^, y,, •••» y. of the linear differential equation 

y(», + !K!Lzi) p^--*) +...+ np,.y ^p^y « 0. 

In this form the number of subscripts attached to each a 
is m, and those a's are supposed equal which would be equal 
if the subscripts were interchanged in any desiredmanner, 



^\,\"\,iJ^^U\ l."lj,i- 



Take the expression ( S a^y^)" or its equal 



+ -^ 3T ^«" VS«<y,2a,y,2^a^,+ (1). 

Comparing (1) with/(yp y,, ..., yj we see that any term 
iny(y,, y,y ..., yj can be got from the corresponding term 
in (1) by writing, instead of the a^s, an a with subscripts the 
same as the subscripts of the a^s in that term, and that there- 
fore any derivative of any term in/(y,, y,, ..-, yj ca° b® got 
from the corresponding derivative of the corresponding term 
in (1) in the same way. Therefore 

^(.Vp y»i -> y,) _ ^/g^ ..>>">-vg^ t.--^ 
jj-; = m ( 2 a.yj ( i a,y< ) 

symbolically^ t.6., 

<y(yi. y»> -> yJ ^^ ^e got from iw(2a,y,)(2a,y;) by 



dx 



<-i <-i 



multiplying the factors together and substituting the a's for 
the a^s. 
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Similarly, 

+ m(|«j^^"-(Saj;'). 
and| in general. 



rf(2a^/'(2a^/)-'...(Sa^/Y'...(Sajrr*0'' 






t^^—% •■■ ^ ♦•It _ ♦■II ^ _, , 1 

X (S«^,'-^'>r*'"^V..(Saj^;)'*-'>)'"-' 

+v.(s«jXX2«^;)'^..(|«jr''r''"'(|«*y/"o..(2)- 

Since y^ is a solution of the differential equation 
ni\ w (n — 1 ) - -. , 



therefore 

V. (saj,A'|«.y/)-'..-(2aj'r")''"-"' (X«^ro 

becomes 

It is evident that 2 r = m, 

therefore r^5=wi — r, where r= 21 r- 
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In formala (2^ the only term the sam of whose exponents^ 
not including r^ is greater than r is 

When rssw, r^ is zero and therefore this term is «ero. 
Then each term is zero the sum of whose exponents, not 
including r,, is greater than m. 

I shdl employ the following symbolic notation :^ 

I shall omit (Sa^J*** because it can^readily be sopplled 

when the other factors are known. Instead of writing the 
other factors in fall I shall indicate each by itfr power^ being 
careful to keep them in the order 

(2a,y;V' j=1.2.3...ti-.l. 
t-ii 

With this notation the results of this section can be stated 
in the following formulas : 

[B]. /(yp y„ ..., yj = [o, o, o, ..., o], 

[^D ^v —J ^-i] = ^ when r=:r^ + r,+...+ ^.,> w, 

dx = ^ti ■'L^*'*^^" ' 'ivi + l— VJ 

+ (m-r)[r, + l...vJ 

10. I shall now apply the foregoing theorems to linear 
differential equations of the third order* 

Let r"+3P,r" + 3P,r + p,r=o (a) 

be such an equation, and 

the equation into which (A) transforms by means of the trans- 
formation F=e"^ * y. 
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I^^* ^v ^v ^i^ three liaearlj independent solutions of 
(-4), and define y^ y„ y, by means of the equations 

F,»e-^^^^y, (1=1.2.3). 

Then y^, y„ y, are linearly independent solutions of equa- 
tion (jB). 

I^e^ /Cj^,» y„ y,) = w(ar) be a form of degree wi, with arbi- 
trary coefficients, m the solutions y,, y„ y,. 
Formulae (3) applied to this form are : 

/(yi»y.iy3) = [o.o], 

[^'''J = 0, r, + r,>wi, 

-3;^/,^ + 1, ^-1] -P.r,[r^y r,- 1] (4). 

11* Let the symbol [2, 0] be denoted by \. 
^ I shall first prove a theorem necessary to the subsequent 
investigation. It i^:—The \ of any relation of degree m 
(m = 2 or 3) that may exist in the solutions of equation (B) 
cannot vanish identically. 

„ }^^ fx (yp y^j y,) = O be a relation. Let h be the Hessian 
of/.(yp y., yj. Let/,(y,,y,, yj = (aj, + a^, + a^,)"* = (S)"". 



A' 



yi ' y, » y. 
y/iy,',y,' 
y.^y;',y;' 



A = 



«.a,(2r', a/ (2)"-', a,a.(S)'"-' 

a.«.(2r', o.a.CS)'^, a/ (2^' 

and by niultipHcation of determinants, 

(Sr , (S)"-(S)' , (2)-' (2)" 

(2)"-(2)', (2)'»-(2)" , (S)"^(S)'(2)" 

(2)"-(2)", (S)-^(2)'(2)", (sr'(S)"» 

[0.0], [1.0], [0,1] 

[1.0], [2.0], [1.1] 

[0.1], [1.1], [0.2] 
VOL. XXXI. 
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FormulsB (6) applied to this form give 

[0.0] = 0, ^ = ^[1.0]. 0, ^=(^.i)x + [0.1].O, 

therefore [0.1] = - (m - 1)X. Also [1.1 j = - V, [0.2] « 3p,\. 
Therefore A A* = - (wi - 1)'X'. 

Now A is coDstant and not zero, therefore the Hessian is 
a constant multiple of X', therefore X cannot vanish when the 
Hessian does not vanish. 

In the case m = 2 the Hessian of the form is the discrimi- 
nant, and its vanishing would express the condition that 
f\ (yi» ^t) y») could be expressed as the product of two linear 
factors. Ihen, since /,(y„ y,, yd~^^ ^* ^^^ ^® shown as in 
§ 5 that one of these factors must vanish identically, and this 
would violate the condition of linear independence of ^j,y„^,. 

Therefore in this case the Hessian cannot vanish, and 
therefore X cannot vanish. 

In the case in = 3 the relation /,(yi) Vv y») = ^ ^°» ^7 * 
linear transformation whose determinant is not zero, be trans- 
formed to the form 

3m,m," + au^ + 3JM,'tt, + 3cMjtt/ + du^ = 0. 

The Hessian of this form is 

au, + Jm„ 0, bu^-^cu^ 

A= , u„ w. 

Suppose A = 0, then 

{ae - b^) u'u^ + (ad - be) WjW/— (au^ + bu^ m/+ (bd- c\ 

Eliminate u, between these two equations, therefore 

6acu^\* + ^adu^u^ + (4Jrf - 3c') w,* -f a*u^ + ^abu^\ = 0. 

Since this is a binary relation, and t/, and u, are linearly 
independent, the coefficient of each term must be zero; 
therefore 

6ac = 0, 

4ac?=0, 

4W-3c' = 0, 

a* = 0, 

and 4ai = 0. 
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Since a' = 0, therefore a = 0. Then the given eqnation \& 
w, (3m,' + Zhu* + 3cM,M, + du^ = 0. 

Now 3m/ + 3Ju/ + 3ct<,M, + du^) is the prodact of two linear 
factors, since (jAd — 3c') = 0. 

Then the left-hand member of the given equation breaks 
up into three linear factors, and therefore, as in § 5, one of 
these factors must yanish identically, and this vioUtes the 
condition of linear independence of u^, u,, u, and therefore of 
Vv Utt y%' Therefore the Hessian does not vanish identically 
and therefore X does not. 

12. Let u =^f(y^^ y„ y^ be a quadratic form in the solutions 
of equation (B) with aroitrary coefficients. 
Apply formulas (4) ; then 

[0,0] = M, 

ctx 
Therefore [1, 0] = itt', 

Also %^^=K. 

Therefore [0, 1] = ^u" - X, 

%a = [i,i]_3^.[l,0]-.;,.[0,0]. 

Also %Ll = i„"'.V. 

dx 

Therefore [1,1] = i"'" + f ?,«' +p/t - V, 

ax 
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172 Dr. Gampbellf On linear differential equationa 
Therefore [1, l] = i\'. 
Therefore »'" + 3p,tt' + 2p,u-8\' = (5), 

Therefore [0.2] = ^X," + 3;>,X + i/j.u', 

l^^=-6^.[l,l]-2A[0,l]. 

^M. = iV" + 3p,X' + 3j..'X + i^,«" + ip.'M'. 

Therefore 3p,tt" +j»,'u' + \"' + 12p,V - 4o,\ = (6). 

where a, is the linear inyariant of this differential equation. 

There are thns two equations connecting \ and u from 
vrhich X can be eliminated. Differentiate (5), therefore 

»" + 3p,tt" + (3j»; + 2p;} u' + 2p,'tt - 3X" = ...(7), 

Differentiate (7), therefore 

tt' + Spy + (6p,' + ip^ u" + (3p," + ip^) u' + 2p;'u - 3X'" = 

(8). 

By meani of equations (5) and (8), eUmiaate V" and X' 
from (6), therefore 

vr + 15;?,!*"' + (6;?; + 11;?^ u" + {Zp^' + Ip; + 36ji?/) m 

+ (24;>.Ji?, + ^p;') u = 12a,\ ...(9). 

Equation (9) shows that, if a, vanishes, u satisfies a linear 
diflferential equation of the fifth order. Therefore y(y„ y„ y,), 
a form with six arbitrary constants, satisfies an equation of 
order less than 6. Therefore there is at least one quadratic 
relation /, (y„ y„ y,) = 0. Conversely, if there is a quadratic 
relation /(yp y,, y,) = 0, the u of this relation is asero and 
equation (9) shows that a^ vanishes, since X cannot, 
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Therefore a necessary and sufficient condition that at least 
one quadratic relation exists in the solutions of the given 
differential equation {B) is that the invariant a, vanishes 
identically. 

To prove that there can be only one quadratic relation in 
the solutions of equation (B). 

Let y, (yj, y„ y,) = be a relation. Then equation (6) 
shows that the X of this relation must satisfy the equation 
\' = 0, therefore X is constant =s 0, (suppose). 

Suppose there exists another quadratic relation, 

Then the X of this relation must satisfy the equation X' = 0, 
therefore X = (7, (suppose). 
Then the quadratic relation 

^./i (y,> y.i y.) - ^i/. ivv y,> y.) = ^ 

has its X equal to zero, therefore 

^i/i(yi> y.» yi) - ^i/.Cyn y.^ y^ = o> 

and the two relations are linearly dependent. 

Therefore no more than one quadratic relation can exist in 
the solutions of the linear differential equation (jB). 

Then, by aid of § 8, the following theorems can be enunciated 
concerning a linear differential equation in the most general 
form (A). 

No more than one quadratic relation can exist in its 
solutions. 

A necessary and sufficient condition for the existence of 
a quadratic relation in its solutions is that the invariant a, 
vanishes. 

13. When a, vanishes there is one and only one quadratic 
relation in the solutions of equation (B). 

Therefore in this case a quadratic form with arbitrary 
coefficients in the solutions of equation (B) is the general 
solution of a linear differential equation of order five (v. § 4). 
This equation is seen from (9) to be : 

«" + 15py " + (6;?; + I lj>0 "" + (3p," + 7i>; + 36^/) u' 

+ (24l>,ft + 2p;')t* = (10). 
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When a, does not vanish, no quadratic relation exists in 
the solutions of the given differential equation (B). Therefore 
in this case a quadratic form, with arbitrary coefficients in the 
solutions of equation (£), is the general solution of a linear 
differential equation of order six. It is found by combining 
(9) and (5) to be 

a, a, 

4[9^." + 18;>.' + 36p.'-j'(6A' + llp^]«" + [3p."' + 9ft" 

+ 72;>,ft' + 2ip,p, - ^' (3ft'' + ^P^' + 36/»/ - 12a.j»^]u' 

4 [24p,p,' + 24ft>, + 2ft'" - 8a.ft - J (24ftft + 2ft")] « = 



(11). 



Let Cr=/(r„ r„ r,), where F,, F,, F, are solutions of 

equation (-4). Then tts=e ^ * U. 

When this transformation is made in equations (10) and 
(11), the resulting equations is, in each case, the differential 
equation of which U is the general solution. These resulting 
equations give the following theorems : 

When the invariant a, of a linear differential equation of 

the third order ■! , ^ • i k a quadratic form, with 

(does not vanishj ^ ' 

arbitrary coefficients in the solutions of this differential equa- 
tion, is the general solution of a linear differential equation of 

(five) 
order i . }- « the coefficients of which are rational functions 
(six)* 

of the coefficients of the given differential equation and their 

derivatives. 

14. Let tt=/(yi, y., y,) be a form of the third degree, 
with arbitrary coefficients, in the solutions of the linear dif- 
ferential equation (B). 

Apply formulas (4) to this form. 

Therefore m = [0.0], 

rf[0.0] 



dx 



3 [1.0]. 
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Also 


dlO.O'] 


Therefore 


[1.0] = i«', 




''C^«^ = [0.1].2X. 


Also 


1M,K. 


Therefore 


[o.i] = K-2x, 
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Also ^M = 



^-2[l.l]-3;,,[1.0]-p.;0.0] 
= 2[l.ll-^.u'-p.u. 

dx ^ 
Therefore [1.1] = Jw'" + ^p^u + ip^u - X', 

^=2[l.l] + [3.0]. 

Also ^] = X'. 

dx 

Therefore [3.0] = 3X' - ^u" - p^u ^p^u^ 

M=3[2.1]. 
dx *" "^ 



Also 

M = 3x" - i«" -py - (p; +pj w' +K«. 

Therefore 

[2.1]=\"-iu"-i^,u"-i(p.'+p,)u'-ip>, 

^^=[0.2] + [2.1] -3p,\-p,[1.0j, 
= [0.2] - lu" - Ipy - 4 (i>,' + W «' - ip.'w + ^" - ^P^' 
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Also 

^ = i«" + yy + i {p: + p^ «' + ii'/u - v. 

Therefore 
[0.2] = TlVw" + |l>.u" + ai>,' + Ji>^tt' + 4K«-2X" + 3p,X. 

^^ = [1.2]-«i'.[J-l]-2i>.[0.1] 

- [1.2] -Jt»,«"' -!/..«" - 3ftV - 3fti,.tt + 6p.\' + 4p.\. 
Also 

^ = A«' + ip.»"' + (^p; + «p.) "" + ( Jp." + 2p;) »' 

+ tP,"« - 2X.'" + 3p,X' + 3/>;x. 
Therefore 
2[1.2]=S«''+Vj,.«'" + (y/'.'+Vp,)"" + (t;,;'+4;,.'46p.')« 
+ dp." + 6P.PJ « - ■IV" - 6ft\' + (6^; - 8pjX. 

^ = 2 [1.2] -3ft [3.0]-;,. [2.0] 

= 2 [1.2] +p,u"" + 3p,V + 3p,/7,u - 9ftX' -p,X. 
Also 

^=-K-iP.u"'-(*p;+w»"-ap."+ip.')"' 

Therefore 

2[l.2] = -K-tp.u"'-K2p,'+p.)«"-J(p." + 2ft' + 9p>' 

- (iP." + 3P.P.) « + J^'" + 9P.V + p.X. 
Therefore 

V" + Zp,X + 1 (3io. - 2/,,') \ = ft«' +p.«"' + f (p/ + p^ m" 

+ i(2p."+14p.' + 9/»,')«' 

+ K2p." + 9p.P,)« (12). 
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By combiaation with (12), 

+ (sVp." - ^P,P*) « + 3M' - K'^- 

^ = [0.3]-6j..[2.1]-2j..[l.l] 

= [0.31 + Ijo."" - Jj».«"' + ^Py + (2jo,ft' + J»,p.) u' 

+ (¥,K - p:) « - 6M" + ip,\'. 

Also 

^^=T^7^«''-ij».«"-(,^TW-/5/'.)«"'+(iV;'."+JJ;'.'-§p.*)"" 
+ dhsP,'" + i/'" - «;'./'.' - iP,P^ "' 

+ (b'tt;'.'" - iP^P, - ip,pD « + 3p.X" + (3/..' - |a^ X' - |a,'\. 
Therefore 

+ (^'ijjf.'" + hp:' - ^p.p: - ip,p:) »' 

M=_Sj..[1.2]-3;,.[0.2] 

= - ^py - «/>.»"■ + !/»>'" - 1 (;'X + Vft/'.) <*" 

- (a/'.i^.' + ^psp:' - V j»,v.) « + 6M" - 27/>,v 

-(V./'.-V".;'.)'^- 

Also 

+ ( 1 Ip.' - Vp.') »'" + dVi".'" + Ap." - V/'X - iP,p.) u" 

+ (3'(tK'+ k"- Vi'.K'- ¥/>."- v/'.i^.'- ^^p^'p^+p:) «*' 

+ (sVp." - «;>.'>. - VV.>.' - V/'.ft" + ^p,Pu') « 

VOL. XXXI. A A 
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178 Dr, Campheily On linear differential equations 
Equate the values of ^ ' ^ , making use of (12). 
Therefore 42a,V' + \4:a;\' + (2a," + 54p,aJ\ 

- 16K' + ^^p,p: + 54J./ + Vi^; + ip:pd "' 

(13). 

For brevity write (12) and (13), 

V" + 3;>.V + i(3p, - 2pi)\^A (12), 

42a,V' + 14a;\' + (2a," + 54jt?,a,) X = 25, (13). 

Differentiate (13). 
Therefore 

21a,V" + 28a,'\" + (8a," + 27/?,aJ V 

+ (a,"' + 27;>;a, + ^Ipfii) \ = 5/ (14). 

Multiply (12) by 21a,, and subtract from (14). 
Therefore 

28a,'X" + (8a," - 36jo,a,) V + (a,"' + 27/?,a; 

-X|9^,a, + ^gl;>;a.)X- a, (15). 

Let J, = 27jf?,a,' + 7a,"- 6a,a,". Then \ is invariant 
(v. § 3). Subtract (13) multiplied by 2a,' from (15) multi- 
plied by 3a,. 

Therefore 4J,V + (i*; + ^ a,') \=2>. (16). 

Differentiate (16). 
Therefore 
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Subtract (13) multiplied by ib, from (17) multiplied hj 
21a^ 

Therefore 

(if^A' - 28a.' J. + ^ a/) \' + ( V a. 5." + ^' «X 

- 4a,"J, - 108j9,a,0 \ = ^, (18). 

Let Cf.,. = 8V.'-3a.V, 

A.. = 72it>M + H! a;j; _ |aA" - ?^ V.", 

?,,. = i92M'-» nV*-»6W- 

C, ,, />, J, (7^^ g are iuvariants of order 12, 13, 18 respectively 
(v. §3). 

Subtract (16) multiplied by the coefficient of V in (18) 
from (18) multiplied by 4^^^. 

Therefore ^1^ = -^^ 0^)) 

where 

Differentiate (19). 

Therefore 12„V + fi,;x. = F; (20). 

Combine (20), (19), and (16). 
Therefore 

4i,Q,.F;- (45.Q,,'- iJ.'ii. -^-^«.'O„)i?;-12„'i?.=0 (21). 

This is a differential equation of the tenth order satisfied 
by u. 

It is to be noted that if any one of the functions A^^ £,, 
jB/, (7„ i>,, 2>,', J?^, -F;, i^' were equated to zero, the 
resulting equation would be a homogeneous linear differential 
equation in u, with coefficients rational integral functions of 
the coefficients of the differential equation {B) and their 
derivatives. 
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15. The equations (12) to (21) hold when the coefficients 
of u =/(yi, y„ y,) are arbitrary. They therefore hold if the 
coefficients can be so chosen that u is zero. Then the X of 
any relation of the third degree that can exist in the solutions 
of equation (£) must be a solution of the equations 

V" + 3J0.V + § (a, + K) X = (22), 

21a,X" + 7a;X' + (a," + 27jt?,a,) X = (23), 



4J.: 



,V + (iV + ^^«/)x = (24), 

r2^,X = (25). 

Also the X's of linearlj independent relations of the third 
degree in the solutions of equation {B) must be linearly 
independent; for, suppose /,(yp y,, y^ = ^{l=^ 1.2,,, p) are p 
linearly independent relations of the third degree in the 
solutions of equation {B). Let their X's be X^(/= 1.2...jt?). 

If^(7,X^=0, OjConstant, not all zero, then i: Gi/j(j/^^y^^i/^=Oj 

which is a relation of the third degree, gives rise to the 

zero X, 2 (7.X.. TLeu its coefficients must all be zero. Therc- 

fore /,(yi, y„ y,) = (/=• 1.2...jt?) are linearly dependent, 
contrary to hypothesis. 

Therefore the X's of linearly independent relations of third 
degree in the solutions of equation {B) are linearly inde- 
pendent. 

Suppose the invariant a^ vanishes. Then u =/(y„ y,, yj 
is a solution of the linear differential equation, B^^O 
(v. equation 13). Then there must be at least three linearly 
independent relations of the third degree in the solutions of 
equation (^B) ; for, if there were less than three linearly inde- 

Sendent relations, it would be the general solution of a linear 
ifferential equation of order higher than seven (v. § 4), and 
therefore could not be a solution of a linear differential equation 
of order seven. Conversely, if there are three linearly iude- 
pendent relations of the third degree in the solutions of 
equation (£), then a, vanishes; for, the X's of linearly 
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independent relations of the third degree are linearlj inde- 
pendent, and each must satisfy equation (23). Then the 
coefficients of equation (23) must be zero, therefore a, vanishes. 

Therefore a necessary and sufficient condition that three 
linearly independent relations of the third degree exist in the 
solutions of equation {B) is that the invariant a, vanishes. 

There cannot exist more than three linearly independent 
relations of the third degree in the solutions of equation {B) ; 
for the coefficients of equation (22) are not identically zero, 
and therefore there cannot exist more than three linearly 
independent Vs. Then, since the X's of linearly independent 
relations are linearly independent, there cannot exist more 
than three linearly independent relations. 

Next, suppose b^ vanishes, but a, does not vanish ; then 
equation (16) becomes 

Under this supposition there can be no relation of the 

third degree in the solutions of equation (i?), because any 

relation would have to give a \ which satisfies the equation, 

3*.7 

—~-a*\ = 0, and the only value that can satisfy this equation 

i8X = 0. 

Next, suppose 12.^^ vanishes but a, does not. Then u is 
a solution of the linear differential equation of order 9, F^ = 
(v. equation 19). But u is a form with ten arbitrary coef- 
ficients. Therefore there is at least one relation in the 
solutions of equation {B), There cannot exist more than 
one, because the \'s of linearly independent relations are 
linearly independent and each would have to be a solution 
of equation (24), where b^ does not vanish. 

Conversely, if there exists one, and only one, relation of 
the third degree in the solutions of equation (^), then 12,, 
vanishes but a, does not. For the \ of any relation of the 
third degree in the solutions of (JB) must satisfy equation (27). 
Therefore 12,, vanishes, a, cannot vanish, for if it did there 
would be three linearly independent relations. 

Therefore a necessary and sufficient condition that one and 
only one relation of the third degree exists in the solutions of 
equation {B) is that il^^ vanishes but a, does not vanish. 

Then, by the aid of the theorems of § 8, the following 
theorems can be enunciated concerning a linear differential 
equation in its most general form (A). 
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No more than three linearly independent relations of the 
third degree can exist in its solutions, 

TwOy and only two linearly independent relations of the 
third degree cannot exist in its solutions. 

A necessary and sufficient condition that three linearly 
independent relations exist in its solutions is that the invariant 
a, vanishes. 

A necessary and sufficient condition that one^ and only one^ 
relation of the third degree exists in its solutions is that the 
invariant Q^^ vanishes but that the invariant a, does not vanish. 

16. The equation of which u^f{y^y y^ y.) is the general 
solution in each of the cases (first, when a, vanishes ; second, 
when I2„ vanishes and a, does not ; third, when O,^ does not 
vanish) can be found as in § 13. 

Let U^f{Y„ Y„ Y^ = e-"'''^u. 

Make the substitution in these equations and there result 
the equations of which U is the general solution. 

From these equations the following theorems immediately 
present themselves. 

In a linear dfferential equation of the third order when the 
a, vanishes 
invariant ■ X2,j vanishes and b^ does not 

{ 12,, does not vanish 
degree in its solutions^ with arbitrary coefficients^ is the general 

[seven' 
solution of a linear differential equation of order - 



, a form of the third 



, the 



nine 
ten 

coefficients of which are rational functions of the coefficients of 
the given differential equation and their derivatives. 

17. [B]. Suppose 12,, vanishes. Then there is at least 
one relation of the third degree in the solutions of equation (fi). 
Let \ be the \ of a relation. 

It must be a solution of equations (22) to (25), and in 
particular of 

V + 3;>,V + I (3;?, - ^p^) \ = (22). 

Beplace p in transformation ((7), § 2 by this \; then 

^_ ^ «_ 

A, z 
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Substitute in (22), therefore 

^,-3;..Z+ |(3;?,-2;?;) = (26). 

The first equation connecting the /^'s and g's in § 2 is 

?/"=/'. + l(-^'+i^ (27). 

The second is 

?/"-J^. + 3;',-2'-i2, = (28). 

Combine equations (26) and (28), therefore 

!7.^" + !(;>.- IK) =0. 

Therefore j.a" + 1 (?, - J ^•) «" = 0. 



Therefore ?, = S ^' • 



Then the given differential equation (jB) is transformed to 
the form 



S+'J-a^sS-'-" <»)• 



When a, vanishes there are three relations of the third 
degree, or one of the second degree, in the solutions of 
equation {B). In this case {B) is of the form 

and it is known* that it can be transformed to the form 
— , = by means of the transformation 






r 

where | is a solution of the equation 



Schlesinger's, Uandbueh der Unearen Differential ghichungtn^ Vol. U., § 180. 
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and the general solution is a binary form of the second decree 
in ^j and |„ where {, and f , are linearly independent solutions 
of the above differential equation in ^. 

When £t,j vanishes, and a, does not, the equation 



4J; 



'eV + (iV + ^^»')^ = ^ (^^> 



gives a value of A., and corresponding to it is a relation of the 
third degree in the solutions of equation {B), Choose this \ 
as p in transformation ((7), §2. Then the equation is trans- 
formed to the form (29), where j, is determined from 
equation (27). 



18. Let 

r''+4P,r" + 6P,r'+4P,r + p^=o [A) 

be a linear differential equation of the fourth order, and let 

y'+^i^y + 4jt?,y+;?j^=:0 [B) 

be the linear differential equation into which [A) transforms 
by means of the transformation 

Y=e ^ ' .y. 

Let four linearly independent solutions of (A) be 
r;(t= 1.2.3.4), and define y.(i= 1.2.3.4) by means of the 

equation Y. = e~^ * .y^. Then y^(t = 1.2.3.4) are linearly 
independent solutions of equation (B), 

Let w=/(yi,y,7.yj» yj be a quadratic form in the solutions 
of equation (B) with arbitrary coefficients. 

Formulas (4) in this case are : 

u = [0.0.0], 
[^j^j^]=Oj r = r^ + r, + r,>2, 

"^^'^^dx "^'^ "^^ ^'^'^^ ^'-^ ^> ^J + ^L'-p ^-1> ^,-H^] 

+ (2-r)[r, + I, r„ r,] - 6r,;., [r„ r,+ l, r,^!] 
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19. Let the symbol [2.0.0] be denoted hj\. I shall first 
prove that the \ of any quadratic relation that can exist in the 
solutions of equation (^B) cannot vanish identically. 

Suppose there exists a relation /(y,, y„ y,, y«) = 0. 

Let/,(y„y^y.,y;) = (|/3^;)'=(S)'. Let Abe the Hessian 
of (2)' and let 



y, . y, » y. . y« 
y,' » y.' . y,' . y.' 
y/' » y." » y." . y*" 

ni HI Iff n 

y, ^y* ^Vt ^ y. 



Then 



AV = 



(2)' , (S)(2)', (2) (2)", (2) (2)'" 

(2) (2)', (2)'* , (2)' (2)", (2)'(2)"' 

(2) (2)", (2)' (2)", (2)'" , (2") (2'") 

(2) (2)'", (2)' (2)'", (2)" (2)'", (2)"" 

[0.0.0], [I.O.O], [0.1.0], [0.0.1] 

[1.0.0], X , [1.1.0], [1.0.1] 

[0.1.0], [1.1.0], [0.2.0], [0.1.1] 

[0.0.1], [l.Q.l], [0.1.1], [0.0.2] 

Formulse (4) applied to (2)' gives 
[0.0.0] =0, [1.0.0] -0, [0.1.0] =-X, [0.0.1] =-}X', 
[1.1.0] =i\', [1.0.1] =-|\"-6jO,\, [0.2.0] = 2X"+6jo,\, 
[0.1.1] = fj.,,X' + (fjt,,-gji,,')X, 

[0.0.2] = VM" + VM' + dp: + %P." + ^^P:-P.) ^' 

These invefltigations show that X, or one of Its derivativeEr, 
enters into each term of A A*. Now A is constant and 
not zero. Therefore X does not yanish when the Hessian does 
not vanish. It remains to consider the case where the Hessian 
or (since the form is quadratic) the discriminant of (£)' 
vanishes. 
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From the tbeorj of qnadratic forms with zero discriminaDt 
it 18 known that (2)* = v/ - 2f,i', by virtue of a certain Irana- 
formation 



.(30), 



y. ^ 7,1^ + 7„^ + 7n^ + 7,4^ 
y, = 7,iV| + 7,,^ + 7„^ + 7M^ 

y* = 741»'. + 74.^ + 7«^ + 744^ 

the determinant of whose 7*8 is not zero. 

Indicate by (<r)" the result of substituting (30) in (2)*. 

Then X or (2)" = (ir)" - v/' - 2f,V;. 

Now, since v," — 2f,v, — (a), 

its derivative, »'i»'/ — ^t^t ^^t^%^^ W^ 

Suppose also v/"- 2i',V,' = (r). 

Therefore from (5), v/* = (^^-f^^,)' 

Equate with value of v^ in (c). 
Therefore (v/v, + v,v,')' = 4i/,v,v,V^'). 



Therefore 


(v.'^-v.T^o. 


Therefore 




Therefore 


V, = C7.I', (C constant) 



Therefore v„ v,, v,, v^ are linearly dependent ; but y,, y,, y^, y^, 
and therefore v,, v,, v,, v , are linearly independent. 

Therefore v/" — 2v^V, or X cannot vanisli identically. 

It ought to bo noted that it was allowable to divide by 
V,, V,, V,, since none of them can be zero. 

20. Apply formulae (4) to u =/(yp .v„ y,, yj. 
The work is so similar to that done in the cases previously 
considered that I shall merely state the results. 
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We get the following two equations : 

V" + VM' - « (*/». - 9K) >-= A"- + «pX" 

VM'" - ( vj.^; - Vi'.) 5^" - ( vj^; - «?." - 4/'^ V 

+ (ii".'" + K' - 12Ka + 12;>./'.' 
+ ^^p^p. + i6p.o «' + (iVW + e/'.i'; - «;>,>* + 8/',/'«) «• 

For breritj write them as 

VM"'-(V;'.'-Vi".)V'-(Vi>'.'-l;'."-4j.'0x' 

-(f;'."-K"-i«;)'^=^.- 

In the elimination of X there result the following equations : 
Va.X" + (4a. + V<) V + (a; + |a." + ^;>,a.) X - 0„ 

(4a. + Va.') X" + (Sa; + »/a." - ^l^.a.) X', 

8<,V + (<; + i,)X = ^„ 
/3'.2.7 ^, . 3.2.7. -, , 2*.7 . \., 

0„X-(7„ 
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188 Dr. Campbell^ On linear differential equations 
where 

t^^25a;+7\, + l^c^^, 

. 3'.2" . 7.3' , , 3.7 „ g „ 

*.4 = -5-;»A«4 + -2r«i«4 -^«A -K<'i> 

2*.3' , , 7.17 . , . ., 2.17^ ,, 

As - 'Y'PMt "*" 12" ^* • " *^' • "" "aT '^^ ' 

^^•:4 = 4a,V-8W, 

" 2'.7V^, - ~ k,\ + 2*a,V.} » 

all of which are invariants (v. § 3). 

With the aid of these equations, by reasoning similar to 
that employed in the case of relations of the third degree in 
the solutions of ah eauation of the third order, the following 
results can be obtained concerning a linear differential equation 
in the most general form (A). 

There cannot exist more than three linearly independent 
quadratic relations in its solutions, 

A necessary and sufficient condition that three linearly inde* 
pendent quadratic relations exist in its solutions is that the 
invariants a^ and a^ vanish. 
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A necessary and sufficient condition that two and only two 
linearly independent quadratic relations exist in its solutions is 
that the invariants t^ and 12,^ vanish^ but neither of the in-- 
variants a, and a^ vanish, 

A necessary and sufficient condition that one and only one 
quadratic relation exists in its solutions is that the invariant il^^ 
vanishes, but the invariant t^ does not vanish, 

A necessary and sufficient condition that no quadratic relation 
exists in its solutions is that 12,^ does not vanish, 

21. The linear differential equation of which 

is the general solution can be found in each of the above cases 
as in § 13. 

Let J7=/(F., r., Y„ r.), 

then tt = e'^'"*'.tr. 

Make this substitution in each of the equations thus found, 
and there results, in each case, the linear differential equation 
of which a quadratic form with arbitrary coefficients in the 
solutions of equation (A) is the general solution. 

These equations will give immediately the following 
theorems : 

In the linear differential* equation (A) if the 

invariants a, and a^ vanish \ 

invariants t^ and X2,, vanish and a, does not vanish I 
invariant 12,^ vanishes and t^ does not vanish { ' 
invariant 0„ does not vanish j 

a quadratic form in its solutions with arbitrary coefficients is 
the general solution of a linear differential equation of order 
seven "i , the coefficients of which are rational functions of the 

coefficients of the given differential equation and 

their derivatives. 



eight 

nine 

ten 



22. Suppose 0,j vanishes, then there is at least one 
quadratic relation in the solutions of equation (B). Let X be 
the \ of a quadratic relation. Then it must be a solution of the 
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left-hand member of those equations invoWiDg \ in § 20, set 
equal to zero, and in particular of 

[B] X'" + V*j.,V - I (4^,- 9j..')X = (31). 

Let Zas- — , and substitute in (31), therefore 

A* 

JB. - Zp^- 2j9. + Ijo; = (y. § 2) (32). 

In the transformation ((7), § 2, let p ^ v. 
Then equation (D) becomes 



Therefore X«' = a constant, not zero. Suppose = 1. 

The other equations connecting the j's and p^B in § 2 give 

?.= {j^.+ f(--^' + i^)l5^' (33), 

j/« = fS,- 3jB^+j9. (34). 

Combine equations (32) and (34). 
Therefore qji'* = 3a„ 

-(''■-«|-)'-- 



Therefore ?. = |-^* 



dz 



Al8o,letZ=-^-inAA'. 



Therefore 

Now AA' is constant. Suppose = (7. 



Therefore ^4 = 3^+ a 
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Therefore the differential equation (J5), in whoso solutions 
exist a quadratic relation, can be transformed to the form 

The solutions of an equation in the form of equation (35), 
when C is not zero, are the products of the solutions of the 
two linear differential equations of the second order 

For, let v^yp-x^ 

Therefore J = ^^ + x#. 

dz ^ dz ^ da 

Therefore ^^ = -3?,v + 2§: . $^. 
a»' ^* dz dz 

Therefore 

Therefore 

"When C is zero, equation (35) is 

^*+6?.^. + 9-^^-^ + 3^.v-0 (37). 

This equation can be written 

d fcPv ^ dv ^dq, \ . 



* See article in Acta MathtTnaticaj Tome iii.| bj Halphen. 
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192 Dr, Campbell f On linear differential equations, 
cPv ^ dv ^ dq^ ^ ^ 

0, being an arbitrary constant. The invariant o, of the 
equation, got by setting the left-hand member equal to zero, 
vanishes. Therefore let 



v=r.v, ?=J^, 



where f is a solution of the equation 

and the equation becomes 

Therefore the general solution of (37) is 

where f, and f, are linearly independent solutions of the 
above equation in |. 

Then a linear diflferential equation of the fourth order, in 
whose solutions exist a quadratic relation, can be solved by 
solving eauations of lower order as follows : 

Transform to the form (5). Find a solution of equa- 
tion (31). It can easily be proved that it is the \ of some 
quadratic relation in the solutions of equation (J9). Then by 
using this value of X in the transformation performed at the 
first of this section, the equation is transformed to the form 
(35) or (37), according as C is not or is zero. If form (35) 
results, the solutions are got by solving the two equations of 
the second order (36). If form (37) results, the solutions can 
be got by solving the equation of the second order 

Cambridge, If asB , U.S.A., 
January 30tA, 1899. 
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( 193 ) 

ON THE VALUES OF THE SERIES 
**+ (^-2)"+ (x-2j)"+...+r* and a?"- {^-qT+i^- 2qf'-...±r\ 

By J. W. L. Glaibher. 

Value of the series a?* + (a; — qY +...+ r^ in powers of a?, 
§§1-4. 

§1. THE Bernoullian function VJ^ possesses the pro- 
•*• perty* 

r.(;r + l)-F.(=r) = nx-S 
whence, putting - for x and n + I for w, 

Similarly, putting a: — j, a: — 2^, ..., for ar, 

(«.,)..-f^{r..,@-r..,('-^)}, 

(...,)..^ {''...r-f-')-n.,('-^)}, 

&c. &c. 

whence, by addition, 

This equation is true for any value of r less than or, and 
subject to the condition a: = r, mod. q. In this paper q will 
be supposed to be a positive integer and r to have one of the 
values 0, 1, 2, 3, ..., q. 

§ 2 It is convenient now to separate the cases of even and 
uneven exponents. 



♦ Quarierly Journal^ Yol. xxix., p. 118. 
VOL. XXXI. C 
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194 Dr. Glaiaher, On the values 0/ certain series. 

Since F, (*+!)» uaT' + F, (*), we have* 
^« (« + 1) = **" + i (2n), *"^' + (2n), A**^ 

and 

K*, (* + - »*"^* + i (2« + 0, «" + (2n + 1), A*""* 

-...+ (-l)-(2n+lX, S.ar, 

where n^ denotes the Bluomial-theorem coe6ScieDt 

n(n-'l)...(yi-r + 1) 
r! 

and B^ is the rth Bernoullian number. 

§3. Substituting these values for F. f-+lj in § I, we 
obtain the results ^2 / 

where 

^'=^' (^..(o)-^u(p}, n.(o.)=(-ir^., 

- (2n -f 1), J9rfV"- +...+ (- ir^ (2n + 1),, P,j'"^| + K^, 
where if =- _2!!L F (T) . 

In both formulae the terms on the right-hand side run regularly 
after the second. 



• QtMi^rly Journal, loc cU.j p. 116. 
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Dr, Olatshevy On the values of certain aeries. 195 

Iq the first formula n mast be > 1 ; if 7i = 1, the formula 
is 

where ^^ = 1 {^>(^)" ^'(p} ' 

In the second formula n must be > 0. 

We may regard the quantities ^,„(-) and ^,h+i(")*® 

known for the values 2, 3, 4, 6 of 9*, so that for these values 
of q the constants O^ and K^ are known quantities. In 
general, the constant is expressed by the Bernoullian function^ 
and it can therefore be calculated for any given values of 
q and r by means of the general formulae connected with that 
function. 

§ 4. It may be remarked that since 

X 

we find, by putting - for a*, 

X being supposed = 0, mod. q. We thus see that it is only 
in the term independent of x that the value of the series 

«" + («- 2)" +...+ r* 

difiers from that derived from a* + (.2? — 1)" 4 ....+ 1" by putting- 

- for X and multiplying by j*. The part of the value of the 

former series which depends upon x may therefore be derived 

from that of the latter simply by the substitution of - for Xy 

and multiplication by 9". The constant term, which neces- 
sarily depends upon r may be determined independently, by 
assigning some special value to a;, or otherwise. 

Similar remarks apply to the series «" — (a? — g)**+...±r* 

(§ 12)- 

• QuarUrly Journal, Vol. xxix. p. 131. The Talues of VnH) and Vn (A) ar«^ 
also known (vol. xxiz., pp. 61, 65, 73, 76). 
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196 Dr. OlaiaheTf On the values of certain series. 

The cases q^2^ 3, 4, §§ 5-9. 

§ 5. Patting f s 2^ 3, 4 in the first formula of § 3, we 
obtain the following general formalao for exponent 2n — 1 : 

aj»^» + (x^ 2)'^* +...+ r--"=^ {«-+ (2«), »"•■* + (2n\2*B^x^^ 

^ (2n\ 2*B^x^'* +...+ (- !)• (2«)^. 2-'5^.x'} + G,, 

where (?, = (. i)- Sl^ , a,^0. 

If we put (§11) a^«2(2*" — 1)5^, the former equation 
may be wntten 

*»^'+(a!-3)'"-»+...+ r—» 

- ^ {•- + * (2«). «-' + (2n), S'^x*-* -...}+ <y„ 
where ^.= 0, = (-i)->(?l^l)^, (7. = o; 
**-' + («-4)*^«+...+ r— » 

= i {x-+ 2 (2«),*-' + (2n).4'J.;c---...} + ff„ 

Wh6i« «. = ^.= (-i)-(!!:i±^!iii)A, 

§ 6. The corresponding fonnaln for exponent 2n, derived 
from § 3, are 

«*" + («- 2)*" +...+ r'* 

' 2(2^)1**"" + (^"+ l),a;^ + (2n + l).2'P,a;^-' 

- (2n + 1). 2«5,a:'— +...+ (- l)""' (2n + 1)^ 2-B.a;} + JT,, 

where ^j = 0, ^^, = 0; 

•^ 3(2«+l) ^**^'-^ ^ ^^""^ ^^ ^"^ (^"+ l).3'5.x--+...} +^„ 
where ii:. = (-l)"K, ir, = (-l)-«i/., 2r. = 0; 
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Dr. Qhiaher, On the values of certain aeries. 197 
a:'" + (a!-4)'"+...4r'" 

where Z-. = (-l)«i^„ ir.=0, IT. = (- 1)"- i^., j; = 0. 

The quantities E^ are the Eulerian numbers. The quantities 
I^ have been considered in the Quarterly Journal^ Vol. xxix., 
p. 35. 

§ 7. The following is a list of the particular cases of the 
formulas in § 5 obtained by putting n = 1 and n = 2, and 
substituting for O^ its value : 

jr + (aj-2) +...+ 1 = ioj" + ^x + i, 

a; + (aj - 2) +...+ 2 = i»' + \x, 

»* + (aj-2)*+...+ l' = Ja:* + ia;' + K-i, 
»• + (oj - 2)' + ...+ 2' = ia* + K + i«"» 

aj+(aj-3) +...+ 1 =K + ia? + i, 
aj + (a; - 3) +...+ 2 = ^a' + i* + J, 
a; + (» - 3) +...+ 3 = Ja:' + Ja;, 

aj* + (a5-3)'+...+ l' = T\j«* + K + K-i, 
»• 4 (a: - 3)» +...+ 2* = T^aj* + Jaj' + f a?' - 4, 
a:' + (aj - 3)' +...+ 3' = ^^x*' + ^ + lx\ 

aj + (a?-4) +...+ 1 =iaj« + iaj + f, 
a;+(aj-4) +...+ 2 =iaj"+ia;4i, 
aj + (a;-4) +...+ 3 =iaj«+ia: + |, 
a? 4 (aj - 4) 4. ..4 4 = Ja?' 4 \x^ 

aj' + (a; - 4)' 4...4 1' = ,^«* 4 K 4 aj* - T%, 
aj' 4 (aj - 4)» 4...4 2' = t1j.x* 4 i«' 4 aj' - 1, 

aj'4(»-4)'4...4 3*=iVx*4K + «'-i^S, 
a' 4 (« - 4)» 4. ..4 4' = ^J^a;* 4 \x' 4 a;'. 
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198 Dr. Glaisher, On the values of certain series. 

§ 8. The corresponding formals derived from § 6 for tbe 
values n = 1 and n = 2 are : 

«• + (x - 2)* +...+ 1* = iiB* + ias' + iaj, 
»• + (a: - 2)' +...+ 2' = ^' + ix' + Jas, 

«*+(»- 2)* 4 ...+ 1* = T^aJ» + ias* + §** - ^aj, 
«*+(«- 2)* +...+ 2* = ■^*» + ias* + i»' - iVi 

«' + (a? - 3)' +...+ 1' = !«• + ix" + J* - i, 
«• + («- 3)' +...+ 2» = ^x* + ix* 4 i* + i, 
«• 4 (as - 3)* 4.. .4- 3* = i*' 4- io* 4 ^x, 

a:* 4 (« - 3)* +...4- 1' = ^x* + Ja;* 4- a;* - ,»<ja; 4 J, 
a* 4- (as - 3)* 4-...4- 2* = ^^x* + ^x* 4 a;» - ^^x - J, 
a* 4 (a; - 3)* 4.. .4 3* = ^x* + ^x* + x'- ^jfX, 

x' + Cx- 4)* +...4- 1' = tV»' + i** 4- |« - i, 
as' 4- (aj - 4)' +...4- 2' = iV*' + i*' 4 fa;, 
a;* 4- (a: - 4)' 4 ...4 3* = t\j*» 4 ias* + fa: 4- i, 
as' + (x - 4)' 4-...4- 4' = ^^x' 4- K 4- far, 

X* 4- (x - 4)« +...4- 1* = 2^x» 4- K 4- |x* - f Jx 4 |, 
X* 4- (x - 4)* 4-...4- 2* = 2^x' 4- K + 4*' " !§»» 
x« 4- (x - 4y 4...+ 3* = j^x' 4- K 4- |x" - f f x - f , 
X* 4 (x - 4)* 4-...4- 4* = sV** + i** + fe' - ffar. 



§ 9. It may be remarked that the general formnlse for the 
cases n=l, n = 2, q being unrestricted, which include tbe 
particular cases of the two preceding sections are 

X 4 (x - 2) 4...4- r = ^ 4- i* 4 G^,, 
where ^.=| {^.W" f'.©}. ^W-i; 
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Dr. Glatsher, On the values of certain series. 199 
where 0,=^ |f;(0)- r,Q|, 7.(0) — ,V; 



*'+(»- j)'+-.+ »' = 5- + i*' + i2* + -^r. 



'32 



where ^. = -f^.©; 

a!* + (aj-2)* + ...+ r*=^ + Jx* + J2x'-^2'.r + ^,, 

where ^.=-|>.©- 

Ka?Me o/^Ae series «"-(«- g)* +...± r*, §§ 10-12. 

§ 10. From the equation* 

Z7(a?+l)+Z7Ja;)=na;*-S 
"we find, by proceeding as in § 1, that 

x-r 

a;*- (a;- 3)*+...+ (- llTr** 

§11. Nowt 
J7.>+l)=i{(2n), x'«-'+(2n),a.x-'- (2«).a,«'»-«+...+(-ira.l, 
and 
£^«... (* + 1) = i {(2n + 1). •1''" + {2n + 1). a, »•"-> 

- (2n + 1). a,*"- +...+ (- Ip (2« + 1)^ a.x}, 
where a, = 2 (2'"' - 1) 5^. 

• Qiaarterly Journal, loc. eit., p. 118. t ^^- <* > P- H^. 
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§ 13. We thna obtain the general formulse 

«*"■•- («-2)'^'+...+ (- l)Tr'-'= 1 {(2n), x-'+ (2«), a,qx*^' 

- {2n\ a,q*x^ 4 ...+ (- l)"(2n)^., a^.q^x' 

where ^,=^Z7..Q; 

ac-r 

" 2(2n-f 1) f ^^'^ "^ ^^» '^'" "^ (^'^ + ^)> ^'^'"^ 

x—r 

- (2 n + 1), a.?V'-'+...+ (- ir (2n + 1)^ a.?'-*;r} + (- l)Ti^ 

'^ 2n + 1 »"*' \^/ 

In both formula the terms run regularly after the first. 
As before, x must be = r, mod. q. 

The quantities V^ (-j and U^+AA maybe regarded as 

known for the values 2, 3, 4, 6 of j,* so that for these values 



of q the constants g^ and k^ are known quantities. For other 
values of q the constant may be calcu* 
formula relating to the function Z7 [x). 



The cases 2= 2, 3, 4, §§ 13-17. 

§ 13. When ^ — 2, 3, 4 the general formulae for exponent 
2n - 1 are : 



x^-^ - (-C - 2)'"-^ +...+ (- l)i<^^> r'"-' 
1 
in 



= ^ {{2n)^x'^''-{-2{2n\(i^x'^-^-{2n)^2\x'''''*'^... 



where g,^0, ff, = ('iy 



29n-9 



* Loc, eit., p. 181. 
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Dr. Olaiaher, On iAe values of certain teriet. 201 
oT-' - (* - 8)*-' +...+ (- !)*<-" r"-' 

= l{(2«).*-« + 3(2„).«.»'--...l+(-l)«'-"<7^ 

where y. — j,, . (- 1)- i i^j- i_- , 

where i?. = -i'. = (- l)"iC,.> 

The qnantittea Q^ were considered in the Quarterly Journal^ 
Vol. XXIX., p. 64. 

§ 14. The corresponding formale for exponent 2n are : 
:r-(x- if +...+ (- !)*<*-«) r'" 

' 2(2nVl) t<^^'' + ^>' '" + 2 (2n + 1). a,;^*-' 

-(2«+l),2'a,*'"'+...+ (-l)""'(2n+l)^2'"-Vl+(-0*'''"*„ 
where ^, = (-l)-J^„ A;, = 0; 

«- - (x - 3)- +.,.+ (- 1)*^*^^ r*" 

where A;. = A;, = (- 1)" Jff,, *, = 0; 

;t«« _ (, _ 4)'" + ...+ (- l)*'*-" r'" 

^ {(2n + lX*'"+4(2n+l),a,«--'-...l+(-l)J('-"i„ 



2 (2n + 1) 



where *. = *. = (- 1)- JP., *, - (- 1)" 2''"-'^„ Z;. = 0. 

VOL. XXXI. D D 
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The quantities E^ are the Eulerian nnmbere. The qoan- 
tities H^ and P, were consideied in the Quarterly Journal, 
Vol. XXIX., pp. 47, 60. 



§ 15. The following is a list of the particular cases corre- 
sponding to n = 1 and n = 2, derived from § 13 : 



X -(x-2) +...+ 
X — («- 2) +...+ 

a;'-{a!-2)"+...+ 
x'-{x- 2)'+..,+ 

X -{x-S) +...+ 
X — {x- S) +...+ 
X -{x-2) +...+ 

a,»_(j5_3)"+...4 
x'- {aj-3)'+...+ 
»»-(«- 8)'+.-,+ 

a: - («-4) +...+ 

x -(x-4) +..,+ 

X — (a; - 4) +...+ 

X -(a!-4) +...+ 

»"-(«- 4)'+...+ 
x' - {x - i)' +...+ 
x'- (a; -4)*+...+ 

a,'_(x-4)'+,..+ 



-if'^'h=^ix+^, 

-l)*<^«>2=i* + i + (-l)*<'-\ 

- 1)*(*-2)2» = ix' + fas' - 1 - (- lf'-\ 

-i)*<*-'>i=i«-H-(-i)*('-\ 

-l;«'-'')2=ia:+f+(-l)«'-^>i, 
-l)i('-»53=i* + f + (-l)*('^^f, 

- l)i<*-^)l» = ix' + |x' - V + (- l)*^*"^Vi 
- 1)«^)3* = ix» + |x« - V - (- if'^^^ , 

-l)«'-''>2=ia;+l, 
-lf'^h=ix+l + {-lf'-%, 
-if'-^h =ia:+l + (-l)*("^)l, 

- l)*<"^^^l' = ix'+ 3a!"'-8+ (- l)*^'^^^Vi 

- if'-^h' = K + 3ar' - 8 - (- 1)*^^"^. 
_ i)i(^-4)4' = ^x' + 3*' - 8 - (- 1)*^*-^^8. 
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§ 16. The following list, with exponents 2 and 4, is derived 
from § 14 : 

[- 1)«*-1) 1«= l;r» + |x- (- !)*(*-'> 1, 

r_ i)i(x-l) 1*^ j._^«^ 3^._ i^^^ (_i)i(»-l) 11, 
[- !)«'-'') 2*=^^:*+ 3t'- V^+C-l)*^""*^ 11, 

r_ i)i(»-S) 2*= j^. + 2* - (- 1)«'^2) 2, 
:- !)*(*-«) 3'= ^a;'+ 2« - (- if'^^ §„ 
;-l)*<'^U'=i*'+2.r, 

;- 1)««-^) 1*= ix*+ 4;r"- 32x + (- 1)«*-^) s/^ 
r_ i)*(»-2) 2«= !;,«+ 4^._ S2x + (- 1)*(^2) 40, 
;- if-^^ 3*= i**+ 4^'-32x + (- 1/^*-*^ 5,7^ 
:-])«»-•) 4*=^*' + 4z'-32*. 



*'-(*- 2)'+...+ 
*'-(x-2)'+.,.+ 

«*-(*- 2)«+...+ 
*«-(*-2)*+...+ 

a,«_(jr-3)'+...+ 
«•—(« — 3)'+... + 
«'-(af-3)'+,..+ 

x*_(j._3)*+...+ 
«*-(«-3)*+...+ 
«*-(«- 3)* +...+ 

«'-(a:-4)'+...+ 
«'-(*- 4)'+...+ 
«'-(*-4)»+...+ 
«'-(»-4)'+...+ 

**-(«-4)*+...+ 
«*-(*- 4)*+...+ 
ar*-(«-4)*+...+ 
»*-(«- 4)*+... + 



§17. The general formulsB for the cases n = l, n = 2, a 
being unrestricted, corresponding to those in § 9 are 

as— r a^—r 

X- {x-g) +...+ (- l)Tr = :^x+iq+{- 1)T^^, 

Where ^'=|^.0' 
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204 Dr. Qlaisher^ On the values of certain series. 
'here ffr^^U.Q; 

S6-T x-r 

where *r=| ^. Q » 

as-r »^ 

where *'-I^.©- 

2iSc constants G^y jK;, y^, *^, §§ 18-22. 
§ 18, The constant G^ 

-^(r«(o)-r.Q}, (§3). 

Therefore 6',s0 ; and, since 

we have 

CO 0=G,.,. 
Also, since 

we have 
80 that 

(ii) g.+ (?,+...+ g^,=(^ir <g"-^^)^- . 

* C«ar<er^y Journal^ YoL xiii., p. 118. 
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§ 19. If ; is a composite number there are other relations 
between the constants, of the same kind as (ii), corresponding 
to the different divisors of j. For example, if g = 12, 



so that 






^ 4'"-'(3'--l)g. 

^ ' 2n 



Similarlj 



giving 
and so on. 



§ 20. The constant K^ Is defined by the equation 

2r,=-^r^,Q, (§3), 

and therefore J?^ = 0, and 

(i) iC=-ir^ 

(ii) ^j+£;+...+ r^,=o. 

The relation (ii) follows at once from (i), for if j be even 

There are also relations similar to those in § 19 : ex. gr. 
for 7 = 12, 

jr,+z;+z;=o, &c. 
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206 2>r. Olaiaher^ On the values of certain aeries, 

§ 21. The constants g^ and \ are defined by the equations 

SO that, since V^ {x) = (- 1)""' £7, (1 - .r) , 
we have (i) g^^-g^^^ 

(li) *^ = &,,,. 
Also, if g be uneven, 

^■©-^•©^^■©--''•(^)=^^.(»'* 

whence, q being uneven, we find 

(iv) *^-A, + *,-...-i^,=»0. 

If 7 be a composite uneven number there are also other 
formulas of the same kind as (iii) and (iv) corresponding to the 
different divisors of q. These results may be readily obtained 
by proceeding as in^ 19. 

§ 22. The forms of the constants in the values of 

0(2-) + ^(aj-.j)+...+ ^(r) 

have been considered by Mr. Richmond in Vol. xxi. of the 
Messenger of Mathematics'^, He has there given the general 
relations between the <?'s and between the Jf' s, which were 
obtained in §§ 18-20, and also the special values of the (?'s 
for 9 = 2, 3, ... contained in § 5. I know of no other paper in 
which the subject is dealt with. 

• Quarter^ Journal^ Vol. xxix., p. 118. 

t ''Note on the sam of fanctiona of quantities which are in arithmetical 
progression/' pp. 29-84 (1891). Mr. Richmond's paper was suggested by a note of 
mine in the previous rolume of the Mettenger ('' rf ote on the sums of even powers 
of eren and uneven numbers," Vol. zx., pp. 172—176). It may be noticed that the 

^ {k) of that note (p. 176) in the notation of the present paper is ■ V^^x i^k-^- 1), 

so that the relation (p. 175) <^ {2k) = 2^ {<^ (^) + <^ (ib - 1)} is equivalent to 

F,r«(* + l) = 2^{F^,,(J* + l)+F,.„(i* + i)}, 

which is included in the formula F, (2«) = 7r^{Vn (») + F, (« + 1)}, 
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Values of the series in powers of a-^p^ §§ 23-25. 

§ 23. In the preceding sections tbe valaes of the series 

j:* + (4? -$)"+. .•+t^ and »"- (a? -?)*+.. .±r^ 

in powers of x have been considered. The values of the series 
in powers of x-\'p^p being any constant, may be easily derived 
from some general formulas given in Vol. XXix. of the 
Quarterly Journal^ viz. 

and 

X •Br 

22. (- 1)?"" * (* + 2) = + (- l)i {? £^, (|) * (* + p) 

§ 24. For, putting ^ (a?) = a:* in the first formula, we have 
,-+(.r-j)-+...+r-=a+^^|(:r+;,)--(«+l).gr.(|)(x+p)- 

Now the left-hand side 

-'s^{''-..(rO---(P}. (5')- 

whence, putting j: =— p, we find 



♦ pp. a25, 327. 
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§25. Similarly, from the Becond equation in §23, we 
have 

-(«+i).3'o;(^) (*+!>)-+...+ (-i)"r'c;..(p}+ h^f^o^ 

The left-hand side 
when putting x=-p^ and noticing that 

we find 

' n + 1 •♦'Vj/ 

§ 26. It may be remarked that, if we pnt 

^. (*) = -^ » ^. (*) = -^ • 
the formnlffi of the two preceding sections may be written 

«.?'^.(f)('+pr-...+(-irx2""A«(|)}-2-^,«(p, 



• Thia notation is used in Quarttrly Journal^ Vol. zxix., p. l%ett«qi p. 93 et 
0eq j and in Messenger, Vol. xxti., pp. 162-182, Vol. xxvii., pp. 20 97. 



+ 
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Values of the series in poioers of x-{'\q^ § § 27—34. 

§ 27. The most interesting particular case of these formuI» 
is when Jf = iq; for in this case, since P^(i) vanishes when n 
is uneven and tl^ (^) vanishes when n is even, each expression 
consists wholly of even or UDCven powers of a: + ^y. 

Thus, putting p = ^q and noticing that 

2'"i;.(i) = (-l)V., where ^8. = (2- - 2) 5., 
we obtain the formulss 

+...+ (- 1)- (2»)^..)8... (1)*""' (^ + I)] + K, 
where F^ = ^ |F;.(i) - K^QJ , r„(i) = (-1)-^.; 
(H) «-+(*-j)'"+...+ r^ 

=(^,i(-ir-(--^).Mi/(-ir- 

+ (- ir (2« +1L 3. (!)'"(*+ 1)} "+i^, 

where if = - -2!!- F p] . 

The constant IT^ Is the same as JT^ of § 3. The constant F^ 
differs from O^ onlj by a quantity independent of r, for 

§28. Since 

2-*'cr^..(i)=(-i)"(2«+i)^., 

JF^ being the n**" Eulerian number, we derive from the formula 
ot § 25, or more easily from the second formula of § 26, the 
results : 
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210 Dr. Qlaither, On th« valuet of certain aerka, 
(i) a:^-' - (a! - y)»^» +.. .+ (- 1)T r— ' 

4 (- l)-» (2« - 1)^. E^., (I)*" (a: 4 |)} + (- l)?y„ 

jP-r 

(ii) a;"_(j.-j)-4...4(-l)» r"" 

=i{(^.ir-(-).^.(iy(x.ir-.. 

The consiantB g^ and A;, are the same as in § 12. 

§ 29. Patting n<=\ and 2 in the formulte of $ 27, we find, 
q being uureatrictcd, 

x+(ar-?)4...4r-^ [x + ^^'+F^, 
where J^^? |r.(i) - F.QJ , F,(i) = -iV; 

.here ^C = -|'^^3Q; 
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These formula correspond to those in § 9 with which thej 
can b« easily identified. The constants K^ are the same as ia 
that section. 

§ 30. The following list of particular cases in which the 
values are expressed in powers of ;r -f i; corresponds to the 
list in §-7 in which they are expressed in powers of x : 

x+(*-2)+...+ r-i {x-^xy + F^ 

where F, = 0, /; = -i; 

«•+(«- 2)»+...+ r» = J (x+ 1)*- i (jr+ l)' + 2?;, 
where F, = % F, = \; 

a; + (ar - 3) +...+ »• = i (« + |)' + F^, 
where F, = F,^-^, F^ 1; 

where -F". = -f. = tVs, -F; = M; 

X + (jr - 4) +...+ »•= J {x + 2)' + i;;, 

where F, = F^^-\, -F; = 0, i?; = -i; 

*• + {x - 4)' +...+ r» = ilg (« + 2)* - i (x + 2)' + /-;, 
where i?; = if;=,V, ^. = 0, F^ = \. 

§ 31. The following list in which the powers in the series 
are even corresponds to that in § 8 : 

x"'+(x-2)'+...+ r' = J(x + l)'-i(x + l) + Jr„ 
where K^^O, -ff', = 0; 
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«* + («- 2)*+...+ r*= ,\y(x+ 1)'- K*+ 1)'+ h{'+ l)+iC. 
where ^, = 0, iT, = ; 

,» + (j, - 8)'+...+ r* = i (* + 1)' - i (* + 1) + K, 

where ■fir,--i, Jr,=i, ir,=0; 

**+(*-3)*+...+'-''=TV(*+i/-i(* + f)"+fK' + l)+^„ 

where iT.-J, ir, = -i, iT.-O; 

»•+(*- 4)*+...+ r» = iV (« + 2)' - i (' + 2) + ^,, 
where K,=-\, K, = 0, if. = i, iir, = 0; 

«*+(*- 4:)*+...+ r* = 2V (« + 2)*-§(*+ 2)'+ f I (ar+ 2) + ^,, 
where ^, = i, ^, = 0, ^, = -f, ^, = 0. 

The Talqes gf the constants ^^ are the same as in § 8. 

{ 32. B^ putting n = 1 and 2 in § 28, we obtain the 
following formulas which correspond to those in § 17. The 
values of the constant ff^ or k^ in each equation are the same 
as in the corresponding equation of § 17 : 

x-(a>-i) +...+ (- I) ? r =i (x + ?j 4 (-1) i g^, 

x-r . . i . . sD-r 

/_(,_ j)»+...+ (_l) « /=i(x+|) -|2'(ar+|j+(-l) « i^,, 
«•-('- 3)'+.-.+ (- l)?'-«=i(*+|)'-i?'+ (- 1)Ta,, 
**-(*- 2)*+...+ (-l)Tr* 

These formulae may, of coursei be at once Identified with 
those in § 17. 



Digitized by 



Google 



Dr, Olaisher^ On the values of certain series. 213 

§ 33. The following list corresponds to §§ 15 and 16. The 
values of the constants g^ and k^ have been omitted as they 
are the same as in the corresponding equation of § 15 or § 16 : 

X-{x-2) +...+ (- 1)«^V = i (;r + 1) + (- l)*^^Vr. 

«•-(«- 2)' +...+ (- l)i(»^''V' 

4,»-(,_3)»+...+ (_l)i(«-'-),.' 

X - (* - 4) +...+ (- 1)*(=^''V = ^ (^ + 2) + (- l)*^^Vr. 
x'-(x-4)'+...+ (-l)*^*^V' 

= i(x + 2)'-6(x + 2) + (-l)*('-\, 

*•-(*- 2)' +...+ (- \f'^V = J (^ + 1)' - ^ + (- 1)*^^)^,, 

= i (^ + ly - 3 (x + 1)' + f + (- l)*^'^)*,, 
;,» _ (^ _ 3)' +...+ (- 1)*(^V' = i (* + I)*- 1 + (- 1)»(^% 

= i (X + ir- V (* + f )'+ w + (- 0*^^'*,, 

x*-(x- 4)' +...+ (- l)*('-'-V = i (x + 2)' - 2 + (- 1)*^*^^*^ 
= i (* + 2/ - 12 (;r + 2)' + 40 + (- 1 )*('"% 



§ 34. The constants F^ satisfy relations of the same kind 
as the (?-relations in § 18. For, since 

^, = t'{F..a)-n.Q}, (§27), 
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214 Dr. OlaisheTy On the values of certain series, 
we have 

0) K-^r^ 

OU) F,^f.^...^F..,(-l)- '<^---'>X^'"l^- , 

with relatioDS similar to those in § 19. 

It may be noticed that, if q is even, F, » 0. 

Values of the series in powers o/*'+ JJ?, §§ 35-37. 

§35. The expressions for the series in §27 are of the 
same form as those for the series 2,';c*"' and S,V* which were 
given in a paper* in Vol. xxx. (p. 167), and they can be 
expressed in terms of x* + qx by exactly the same process aa 
the latter were expressed in terms of x* + x. 

The resulting formula are found to be 

(i) a?'*-* + (a?-2)'"-*+...+ r»»-^ 

-irq^'^'^i'^y-Q^^iS)^''^^^^^^^^^ 

+(-ir«..«-,(|fV+2^)'}+2:- 

(ii) ar'* + (ar-?r +...+ /* 

where the coefficients Q^ , and P^^, , are the same aa in 
Vol. XXX., p. 181, viz. 

Qf,,r ' (-1)' K-r- (n -l).-r (2«). ^.+ (» " 2).., (2m),/9.-... 

• " On the sums of the series 1" + 2" +...+ a" and 1» - 2" +...+ «»," Vol.-xxx., 
pp. 166-204. The present paper is a sequel to this paper, of which it originally 
formed a second part. 



Digitized by 



Google 



Dr. Glauher^ On the values of certain seriet. 215 
■P...,.r=(-l)'{'»^-(«-l).^(2«+l)./S.+(n-2)_(2n+lX^,-... 

and the values of the constants T and 8^ are 



2n + l »**'\j/ 



These constants ma^ be determined by putting :r = or 
a: = — gr, the left-hand side of the equation being replaced by 
its value in terms of the F-function (§1). 



§ 36. Treating in the same manner the expressions in § 28, 
we find : 

(i) «^*' - (« - qy*' +...+ {- 1) 9 1^' 

where '^ = aT^l ^- (D ' 



x-r 



(ii) «'"-(x-j)'"+...+ (-l)?r'" 

where ,^ = -ll_ jj,^, Q . 

The coefficients /?,„^,^^ and j,^^ are formed from the 
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qaantities i?„ ^„ ..., E^ in exactly the same waj as P,^^^ , 
and Q„^ are formed from (8„ /8„ ..., /8,, i.e. 

The values of the constants t^ and s^ may be obtained most 
simply by putting « = — ^j in the first formula, and a: = or 
— qin the second, using the values of the series given in § 10. 



§37. It may be observed that the formuIsB in the two 
preceding sections may be easily derived from the formulas in 

§ 28 (p. 180) of the paper cited in § 35 by putting - for x and 

multiplying by y*""*, y'", or j'*** (as explained in § 4 of the 
present paper). We thus obtain the part of the expressions 
which involves a* + qx. The values of the constants jT^, fi;, 
<^, 8^ may then be obtained, as above, by putting a; = or — g^ 
and — ^q. 

The same remark applies also to the formulae in §§ 27 and 28, 
which may be similarly derived from §§3 and 15 of the paper 
in Vol. XXX. 



Ecpresaions for the series (mq-pY •^(rnq-q—py -{-.,. -^p^ &c. 
in terms of m^ §§ 38-44. 

§ 38. It is convenient to have formulae whicb express such 
series as 

r+5"+...+ (4m-3)", 

3" + 7"+...+ (47w-l)", &c. 

in terms of m. Such expressions are afforded by the general 
formula of § 24 ; for, putting 

x^qm—p^ r^q^p^ 

* The coefficients g^^r have, of course, no connection with the quantity q. I 
have retained the same notation for the coefficients as in the previous paper 
(Vol XIX., pp. 166-204). 
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we find 

(qm -pf + {qm - q-p)' +...+ (q-p)' 

= ;r+i K' - (" + '>' ^> (f ) '""+("+ ')' ^' ® *""" — • 

+ (-l)-(« + l).F,(?)m|, 
No constant is required, for (§ 24) 

<'-;r^{''...(^)-^...(^)}=«- 

We may also express tbe rigbt-hand side of the equation 
in tbe form 

(-i)"vA(P«'}, 



+ 

where, as in § 26, 



§ 39. Similarly, from § '25, we find 
(qm -py-(qm-q -p)' +...+ (- 1)"' (q - p)' 

= ^ {(" + !). ^. (f) -•-(« + 1).^7.(|) m-+... 
+ (- 0- (n + 1). U, {?) m + (- I)" IT.,, (PI + (- 1)-' (7^ 

where ^, = -f, I..,, (i^P) = (_ ,).„-^ I.... @ . 

Thus if we regard the series as ending with the term in m 
there is no constant term when m is even ; and when m is 

uneven, the constant term is (- 1)*—^ U^^,^ f-j . We may 

also express the right-hand side of the equation in the form 

J- [a: (?) m- - n,AJ (?) m- +...+ (- 1)- ^A' (f) m 

+ (- l)"-4'.« (I) + (- 1)-' X (- 1/^;,. (|)| ; 
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218 Dt, Glaiahery On the values of certain series. 
where, as in § 26, 

§ 40. Putting J -2? for p in § 38, we have 

in which all the terms are positive. 

§41. Thus, if we denote by /8p(?w, n) the value of the 
series whose highest term is [qm — pY and lowest (y — p)", 
so that /S^_^ (m, n) denotes the series whose highest term is 
{g^-^{q—p)Y and lowegt p", we see that ^ (»*) «) and 
^g-p (^> **) when expressed in powers of m differ from each 
other only in the signs of the alternate terms ; so that the 
one expression is derivable from the other by merely changing 
the sign of m (and also the sign of the whole expression, 
if n be even), the formula connecting them being 

'S„K«)=(-ir -»,(-«,«), 

or, which Is the same relation, 
§42. Since 

we find from §36, by putting 2?= 0, 1, 2, ..., g— 1 and adding, 
that 

^0 («», ^) + ^1 K n) +...+ 8^, (m, ^) = ^ {(2^r" 

+ i(n+l),(2m)"+(n + l),5.(2mr^-(n+l),S.(2m)-'+...I, 

the series being continued as far as the term involving m or 
W* i^ccording as n is even or uneven. 
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Dr. Olaiaher^ On the values of certain aertea, 219 
In both cases the right-*hand side 

and it is evident that this is also the valae of the left*hand 
side, which represents the valae of the series 

l" + 2" + 8"+...+ (3»n)". 

There are also similar results in which the suffixes are 
multiples of any of the divisors of a. These formalse maj be 
obtained by the process emplojed in § 19. 

§ 4^. Similarly, if we denote the value of the series 
igm -pY -(qm-q- p)' +...+ (- 1)""" (q - p)' 
by a^ (i», «), we have 

80 that 

§ 44. Siuce, if q is aneven, 

we find by addition that, q being uneven, 
<t,(ot, n) - <r, (m, n) + <r,(in, n) -...+ tf^., (m, n) 

= ^ {(« + 1). £7. (0) (?»«)" - (« + 1). £^. (0) (2«.)"- 
+...+ (- 1)"-' (n + 1), Cr (0) JOT 

+ (-i)"D:,(o)}+(-ir-'x(-])-^-i^cr,,(o) 
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There is no term iDdependent of m except when m snd n 
are both uneven, and in this case the constant 

^ ^ n + l 

is to be added. 

The first expression on the right-hand side clearly 

which is also the value of the left-hand side, as the o--expres8ion 
represents the series 

(qmy - (qm - I)* + (qm - 2)« -...+ (- 1)«^*1\ 

There are also other similar results corresponding to 
multiples of the divisors of q. 

The cases y = 2, 3, 4, 6, §§ 45-56. 
§ 45. Putting J = 2, p =s 1, in § 38, we have 
(2m - 1)" + (2m - 3)" +...+ I" 

the series being continued up to and including the term in 
m or m* according as m is even or uneven. 

Substituting for the /8's their numerical values, the right- 
hand side becomes 

§46. Since 

r„,a).c-.ra:^, F.(j)-(-.)-<i:^-, 

we find, by putting y =» 3, p = 1, 

(3m - 1)" + (3m -4)- +...+ 2* = 3" j^^ 4^ *?«" - bV^i"*"" 

The terms are alternately positive and negative in pairs, 
and the series is to be continued up to and including the term 
in m» 
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Changing the signs of the alternate terms on the right- 
hand side we have (§ 41) 

the terms after the first being negative and positive in pairs. 

§ 47. By putting g- = 4, ^ = 1, we find in the same way 
(4m-l)"+(4w-5)-+...+ 3" = 4~jjj -4.J,n~-^m*"^ 

the series beinp: continued as before. 

Also, changing the signs of the alternate terms, 

(4m-3)-+(4;«-7)-+...+ I" =4" |^_ J«-_^m-'+...j . 
§ 48. The corresponding formulas for j = 6 are : 

in which the terms after the first are positive and negative in 
pairs; and 

(6m-5)-+(6w-ll)*+...+ r=6-{|^-im*+^2W^m*-*+...} , 

in which the terms after the second are positive and negative 
in pairs. Both series are to be continued so as to include the 
term in m. 

§ 49. The numerical coefficients in the beries of the four 
preceding sections, wliich are the values of the quantities 
VnW^ Kdh Vnii). Kd) ^ov r, = l,2, ...,5, have been 
taken from pp. 305—307 of Vol. XXIX.* 

• The quantities l\ (i), F« (^), F, (i), Vn H) are there denoted by r,, #„ w», tn 
respectively. In the general value of L^^i (Vol. xxix., p. 307), the factor (— 1)" 
should be (- 1)"* ', but the signs of the values of <„ <„ ... are correct. 
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§ 50. The following list contains the values of the series 

{qm -jt>)" + (ym - J - Jt>)* + ...+ [q - pY 

for the valaes 1, 2, 3, 4 of n, when q has the values 2, 3, 4, 6, 
and^ is 1 or y— 1 (i.e., has the only values which are prime 
to q for these values of q). 

The values contained in the list were derived from 
§§ 45-48 : 

(2m -I) +...+ 1 =m*, 
(2m-l)"+...+ l» = |m'-.i77i, 
(2w- !)• + ...+ !• = 2m* -wi', 
(2m-l)*+...f l*=\fw»-|/n' + ^m, 
(2m- 1)* +...-f 1* = 136m' - ^m* + Jm', 

• 
(3m -2) +...+ 1 =f»i'-im, 
(3m - 2)' +...+ 1" = 3m' - |m« - ^m, 
(3m-2)'+...+ l»=2^m*--fm"-|m' + m, 
(3m-2)* + ...+ l*=V^«*-¥^*-9m'+6m' + i§w, 
(3m- 2)* +...4 1*= V^i'- V^* - ^Pwi'+ 30m'+ ^^m' - 5m, 

(3m -1) +...+ 2 =^m'''V\m, 

(3m - l)' + ...-f 2* = 3m' + |m" - Jm, 

(3m - 1)' +. . .+ 2' = ym* + §m' - |m' - m, 

(3m-l)*+...+ 2* = VmW^*-9m'-6m' + Um, 

(3m- 1)' 4.-+ 2*= V?n'+ V»»*- ^f *m*-30m'4- »^m' + 5m, 

(4m -3) +...4-1 =2m'-m, 

(4m -3)'+...4- 1"= V»i'-4m*- Jm, 

(4m - 3)' +...4- 1' = 16m* - 16m' - 2m' 4 3m, 

(4m - 3)* +...4- 1* = ^^m^ - 64m* - ^^m* 4- 24m* 4- /5W, 

(4m- 3)* 4-.. .4- l* = ^J^m'- 256m*- f§-^m'4-l60m'4-V^ -25m, 
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(4w-l) +...+ 3 =2«i'+wi, 

{im - 1)» +...+ 3' = 16i?i* + 16m' - 2m' - 3m, 

(4m - 1)* +. . .+ 3* = ^^m' + 64m* - ^^m* - 24m' + /^m, 

(4;n - 1)* +...+ 3* = 4^mV 256m'-J^|4m*- 160m'+ ^m'+25m, 

(6m -5) +...+ 1 =t3m"-2m, 

(6m -5)' +...+ !'= 12m'- 12m' + m, 

(6m - 5)'+...+ 1' = 54m* - 72m' + 9m' + 10m, 

(6m-5)*+...+ 1*= ^«m'-432m*4 72m'+ 120m'- V^i, 

(6m - 5)* +...+ 1*= 1296m'- 2592m' + 640m* + 1200m' 

-273m'-l70m, 

(6m -1) +...+ 5 =3m'H- 2m, 

(6m-l)' + ...+ 5'=12m' + 12m' + m, 

(6m - 1)' +...+ 6' = 54m* + 72?7i' + 9m' - 10m, 

(6m - 1)* +...+ 5* = 1^9^wi' + 432m* + 72m' - 120m' - ^m, 

(6m - 1)' +...+ 5'= 1296m' + 2592m* + 540m*- 1200m' 

— 273m''+ I70m. 

§ 51. Putting J - 2, ^ = I in § 39, and using the values 

we find, after reduction, 

(2m - 1)* - (2m - 3)* +. . .+ (- 1 )*"-*r 

if n Is uneven, and 

+(-ir'x(-i)*x-^"}, 
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if n is even : viz. if n is uneven the series ends with the term 
in fit ; if n is even the series ends with the constant term and 
this term is repeated, but with the addition of the factor 

(-1)-. 



§ 52. Putting 5 » 3, p^\ and substituting for U^^^ Q) 
and U^ (^) their numerical values, we find 

- i^m- - i^n^m--* + 4 \ny^ + if ^it.m*-*-. . . 

+ term in nC + (— 1)""* x preceding term}, 

f.«. the series is to be continued up to and including the 
constant term, and then a term = (— 1;* x tins constant term 
is to be added. 

Thus the whole part of the expression which is independeot 
of fn is 

tl + (_l)«-.jx(-l)"M), 

which ={! + (- 1)-'} X (- !)• ggj , if n = 2,, 
and 

«{!+(- 1)-'} X (- ir ^'""'ifj^""^^- . if « = 2« - 1, 



§ 53. Changing the sign of m on the right-hand side of 
the formula, we find (§ 43) 

(3w- 2)*-. (3m-5)-+...+ (- l)""'!* 

= 3'' {i^n- - ^ny - ■Jn.m— + ...], 

the signs of the terms after the first being negative and positive 
in pairs. If the sign of the constant term is changed the 
sign of the additional term is also to be changed, i.e, we may 
conveniently regard the two terms as a single term having the 
factor 1 + (- ir'\ 



Digitized by 



Google 



ih. Glaisher, On the values of certain series. 225 

§ 54. Putting 2 = 4, « = 1 and substituting for U^^^ (J) and 
t/^ (i) their values, we nnd 

(4m - 1)- - (4m - 5)" -I--..+ (- 1)"-' S-* = 2.4''-* |m" 4- -^ «X'' 

the series being continued up to the terra in m^^ which, as 
before, is to be multiplied by 1 + (- l)*"'*. 

Putting for Q^^ P„ ^„ ... their numerical values the right- 
band side 

-= 2.4"-' (m" + i„,m-« _T^„,m"-- JJ","'""' + ^r,y-* 

and, changing the signs of the alternate terms, 
(4;„ - 3^- _ (4^ « 7)» +...+ (- i)"-i i« 

§ 55. The corresponding formulae for ^ = 6 are 
(6w-l)"-(67W-7)"+...-f (- iy'-'5" = 6"li7/i- + J«,7«" * 

and 

(6ffi-5)"-(6w-li)-+...+ (-l)"'-*r 

the last term in ni* being multiplied by 1 4 (— 1)**"*.* 

§ 56. The following list which corresponds to that in 
§48 contains the values of the series 

iqm-pr-iqm-q-pr +...+ {- iriq-pT 
for the values 1, 2, 3, 4 of w, and the values 2, 3, 4, 6 of q^ 

* The coefficients in the series in §§51—55, yiz., Un(h), U„{^), Un{\), LVi), 
occur alao as coefficients in the summatiou-forraulae in Vol. xxix. (pp. 312—314), 
where they are denoted by «„, hn, ffn, *« respectively. The numerical values of 
Un and (/, for the first few values oi n were given on pp. 312, 313 of that volume. 

VOL. XXXI. a G 
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p having the valaes 1 and q — l. The results are deriTed 
from the formuln in §§51—55 : 

(2m - 1) _...+ (_ i)-> 1 » m, 

(2m- !)•-...+ (- I)-' l'» 2m'- {1 +(-1)-'} i, 

(2m - 1)' -...+ (- 1)"-' 1* = 4m' - 3m, 

(2m - I)* -...+ (- I)"' 1* = 8m* - 12m' +{!+(- 1)"" '} |, 

(2m - 1)' -...+ (- 1)"' 1' = 16m' - 40m' + 25m, 

(3m - 2) -...+ (- 1)— 1 = 5m - {I + (- l)""} i, 

(3m - 2)' -...+ (- 1)— 1' - |m' - |m - {1 + (- l)""'} 1, 

(3m- 2)'-...+ (- 1)"' 1' -= V"*- Y»n'-9m 

+ {l + (-l)-'}V, 
(3m - 2)* -. . .+ (- 1)"-' 1' = y m* - 27m' - 54m' + ^^m 

+ {l+(-l)— }11, 

(3m - 2)' -...+ (- 1)-' 1' = ijim» - AfAm* - 270m' + 4|im' 

+ 165m-{H-(-l)—ii-|^' 
(8m - 1) -...4 (- 1)-' 2 = |m + (1 + (- 1)—) i, 
(3m - 1)' -...+ (- 1)-' 2* = §m' + jm - {1 + (- 1)-'} 1, 
(3m - 1)'-...+ (- 1)"-' 2' = V"' + Sm*-9m 

-li + (-0-'JV, 

(3m - 1)* -...+ (- 1)"' 2* = V m* + 27m' - 54m' - V» 

+ {1 + (- 1)-') 11, 
(3m - 1)' -...+ (- l)""-' 2» r= 4 j*m' + *£ftm*- 270m' - *|fiBi' 

+ 165m + {1 + (- 1)"-'} J.J1. 

(4m - 3) -...+ (- l)"-'l = 2m - {1 + (- 1)-} i, 

(4m _ 3)' -...+ (- l)"-'!' = 8m' - 4m - {l + (- 1)""'} |, 

(4w - 3)' -...+ (- 1)— '1' = 32to'- 24m'- 18ia 

+ {l + (-l)— )V. 
(4ot - 3)* -...+ (- \y^^\* = 128m*- 128m'- 144m» 

+ 88m + {l + (-l)"-'Ps', 

(4m -3)'-...+ (- l)'""l' = 512m'-640m*-960m»+ 880jn' 

+ 570m + {!+(- 1)"-} ^\ 
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(4m- 
(4m- 
(4m- 

(4m- 

(4m- 

(6m- 
(6m- 
(6m- 

(6m- 

(6m- 

(6m- 
(6m- 
(6m- 

(6m- 

(6m- 



-l)'-...-K- 
■l)'-...-l-(- 

■iy-...+ (r 

.!)'-...+ (- 
-6) -...-)-(- 

•5y-...-f(- 

. 6)' -...-«-(- 
.5)*-...-K- 
■6)'-...-K- 

-!)-...+ (- 

.iy-...+ (r- 

-!)•-...+ (- 

.l)'-...-f(- 



)— 3 =2m-Hfl-f(-l)""}i, 
)"-'3' = 8m' .f 4m - {1 -1- (- !)"-»} f, 
)"-'3' = 32m'' + 24m* - 18m 

-{l-K-ir'lil. 
:)"-'3* = 128m* + 128m' - 144m» 

- 88m -J- {1-f (-!)"-»} V. 
)"-'3' = 512m' -f 640m*- 960m' - 880m' 
-(-570m + {l + (-l)"-»)^^ 

)— 1 «3m-{l-K-l)"-'}l, 

.)"-l' « 18m'- 12m - {1 -I- (- 1)""} 8, 

)"^*1'- 108m'- 108m' 

-45m-f ll-H(-l)""'}23, 

l)"-'l* = 648m* - 864m' - 540m' 

-f552m-|-{l+(-l)"-'}i||^ 

)"-'l' = 3888»m' - 6480m* - 5400m' 
+ 8280m'-)- 3075m - {1 -f (- 1)""') 1681, 

)— 5 = 3m -H (1 -I- (- 1)"-) 1, 

)"-'5' = 18m' + 12m - {l -f (- 0""'} 5» 

)"-'6' = 108OT'-f 108m» 

-45m-{l-|-(-l)"-'}23> 

.)--'5* = 648m* + 864m' - 540m' 

-552m-|r{l-K-l)-'}AJ*, 

)"-'5' = 3888m» + 6480m* - 5400m' 
- 8280m' + 3075m -f {1 -H (- 1)"") 1681. 
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ON TEE PEIMITIVE SUBSTITUTION GROUPS OF 
PEGEEE TEN.* 

By 0. A. MiLLBft. 

IPVERY solvable group whose order is a composite number 
•*-^ contains a self-conjugate Abelian subgroup whose order 
exceeds unity.f If the solvable group is primitive this self- 
conjugate subgroup must be transitive, j^ and, since a non- 
regular transitive group cannot be Abelian, it must also be 
regular. All of its substitutions besides identity must there- 
fore be transformed transitively by all the substitutions of the 
group. Hence they must all be of a prime order {p) and the 
degree of the group must be a power of /?. From this it 
follows directly that every primitive group of degree 10 must 
contain at least one composite factor of composition. Since 
the alternating and the symmetric group are well known we 
shall not consider them in what follows. 

Since each of the subgroups of order 25 that is contained 
in the symmetric group of degree 10 contains a cyclical 
substitution of degree and order 5, and since every primitive 
group that contains a cyclical substitution of degree and 
order ^ contains the alternating group of this degree when- 
ever the degree of the primitive group exceeds p + 2,§ it 
follows that the orders of the groups under consideration 
cannot be divisible by 25 or by 7. They must be divisible 
by 6 since the order of any transitive group is a multiple of 
its degree. We may therefore assume that the order of each 
of these groups is 5a, (5>t+l), where 5a, is the number of 
substitutions of the group that transform one of the conjugate 
subgroups of order 5 into itself, according to Sylow's theorem. 

It is evident that each of the groups of order 81 that is 
contained in the symmetric group of degree 10 contains a sub- 
stitution of degree 3. The groups under consideration can 
therefore not contain any subgroup of order S'^, unless ^ < 4. 



• A verj brief outline of the construction of these groups by means of tentatire 
processes was published by Professor Cole, Quarterly Journal of Mathematics, 
vol. XXVII.. 1895, pp. 42—44. In the present article no tentative processes are 
employed arid tach step is proved. The method employed is not only very much 
Jess laborious than that by trials, but it also exhibits a number of important 
properties of these gi'oups and indicates how they are related to known groups. 

t Jordan, Traite (lea Substitutions, 1870, p. 395. J Ibidy p. 41. 

§ Miller, Bulletin of the American Mathematieal Socieiy, Vol. iv., 189«, p. 141, 
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It remains yet to determine a maximum number of the sub- 
stitutions in the subgroups of order 2" that are contained ia 
the required groups, i.e. it remains to determine a superior 
limit of a. 

Since the degree of each of the substitutions that can 
occur in one of the required groups must exceed 4* when the 
substitution is not identity, each of the positive substitutions 
of order 2 that can occur in one of the given subgroups of 
order 2" must be of the form ah.cd.ef.gh. Such a subgroup 
can therefore not contain two positive substitutions of order 2 
having the same system of intransitivity. Hence it follows 
directly that a cannot exceed 2 when the degree of each of 
the transitive constituents of this subgroup is 2. 

If one of the transitive constituents of the given subgroup 
of order 2** is of degree 4 the order of the subgroup cannot 
exceed the order of the group formed by the other con- 
stituents ; viz. 16. Finally if one of the transitive constituents 
of the given subgroup is of degree 8 this constituent must 
contain a subgroup of half its order that does not include any 
substitution besides identity whose degree is less than 6. 

If this subgroup is intransitive it must contain just two 
systems of intransitivity, viz. the systems of imprimitivity of 
the entire constituent group, and hence it must be obtained 
by making a transitive group of degree 4 simply isomorphic 
to itself. In this case its order could not exceed 8. If it is 
transitive it must be im primitive and contain an intransitive 
subgroup whose order could not exceed 8 as has just been 
proved. If this order is 8 the group must contain negative 
substitutions. Hence we have proved that a cannot exceed 4 
when the group of order 2" is positive, and that it cannot 
exceed 8 when this group contains negative substitutions. 
The order of each of the required primitive groups that 
contains only positive substitutions must therefore be of the 
following form 

5aj(5y4 + l)=5.2\3^, a = 0, 1,2,3,4; /9 = 0, 1,2,3. 

We can easily prove that a^> 1, for if aj = l the group 
would be of order 5 (5^ + 1) and its 5/e + 1 conjugate subgroup 
of order 5 would contain 40 (5^•^- 1) elements while the entire 
group would contain 45 (5A+ 1) elements.f The bk substitu- 
tions of the group whose orders are not equal to 5 or 1 would 
contain 46 (bk + 1) - 40 [bk + 1) = 5 (5i + 1) elements. Since 

♦ Netto, Tkeoi'tf of Substitutions, 1892, p. 138. 

t Frobenius, Crelle Journal, Vol. oi., p. 287 j cf. Miller, Bulletin of the American 
Mathematical Society, Yol, II., 1896, p. 75. 



Digitized by 



Google 



230 Dr. Miller^ On the primitive substitution 

the degree of each of these Bubstitations would have to 
exceed 5 their total number of elemeuts could not be leas 
than 30>i. This is impossible since k must exceed unity in 
order that the group may contain a composite factor of 
composition, 

Ihe order of the largest subgroup that transforms one of 
the given dA; + 1 conjugate subgroups of order 5 into itself 
cannot exceed 40 since the subgroup cannot contain more than 
ten substitutions that are commutative to every substitution of 
the given subgroup of order 5. Hence a, » V and the given 
identity reduces to 

2'»^-»(5i + l) = 2""\3^ a=l,2, 3, 4; /3 = 0, 1, 2, 3. 

From this we observe that bk-V \ must be of one of the 
sixteen divisors of 2'. 3'. bince the required divisors are ^ 1, 
mod. 5y and cannot terminate with 1» they must terminate 
with 6. It is at once seen that the following three are the 
only possible pairs of values of a and ^8; a~l,i8 = l; a3=2, 
/3 = 2; a = 3, /3=s3. We proceed to prove that the last pair 
need not be considered, or that there is no positive primitive 
group of the degree 10 that contains 2*. 3' — 216 subgroups of 
order 5. 

It has been proved that the order of such a group would 
be 2160 and that each of its subgroups of order 5 would 
be transformed into itself by just ten substitutions. The 
subgroup containing all the substitutions of the entire eroup 
that do not involve a given element would include all the 
positive substitutions in the transitive substitution group of 
degree 9 which is simply isomorphic to the holomorph* of the 
non-cyclical group of order 9. Since this holomorph contains 
a self-conjugate regular subgroup of order 9 each of its 3A + 1 
conjugate transitive subgroups of order 27 must contain three 
distinct subgroups of order 3 and degree 6 ; 3ii + 1 cannot be 
greater than 216 -s- 27 since all of these subgroups must be 
conjugate. Hence A; = or 1. It is clear that the former 
value of k cannot be possible since the group of isomorphisms 
of the non-cyclical group of order 9 contains more than 
one subgroup of order 3. The given group of order 216 
must therefore contain just twelve subgroups of order 3 and 
degree 6. In the ^roup of order 2160 there would have to be 
12.10-r4 = 30 such suDG^oups, and some one of them would 
have to be transformed mto itself by at least 2160 -^ 30 = 72 
substitutions. 

It is easy to see that such a group of order 72 could not 

♦ Bumside, Theory of Groupt^ 1897, p. 228. 
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occur in the required primitive group since the constituent of 
degree 6, which involves the elements of the given subgroup, 
would have to be of order 72, and the only group of this order 
and degree could clearly not be made isomorphic to any group 
whose degree does not exceed 4 in such a way as to give 
a group that contains no substitution whose degree is less 
than 6. Hence it is impossible to construct a positive primi- 
tive group of degree 10 that contains 216 subgroups of order 5. 
Since no imprimitive group of this degree is of order 1080 or 
2160, and a primitive group cannot contain an intransitive 
self-conjugate subgroup, it is also impossible to construct 
a positive and negative primitive group containing the given 
number of subgroups of order 5. Hence each of the required 
primitive groups must contain either six or thirtj-six sub* 
groups of order 5. 

If it contains six subgroups of order 5 its order must be 60^ 
120, or 240, since we have proved that such a subgroup must 
be transformed into itself by 10, 20, or 40 substitutions of the 
group. The entire group must transform these six subgroups 
according to an isomorphic substitution group of degree G 
involving 60 as a factor of composition. Since a self-con* 
jugate subgroup of a primitive group must be transitive this 
isomorphism must be simple. That is, every primitive group 
of degree 10 that contains just six subgroups of order 5 must 
be simply isomorphic either to [abcdef)^ or to {obcdef)^^J^ 
It is well known that each of these groups contains only one 
conjugate set of maximal subgroups whose orders are obtained 
by dividing the order of the group by 10. Hence, there are 
two^ and only tioo^ primitive groups of degree 10 that contain 
just six subgroups of order 5^ and they are simply isomorphic 
respectively to the alternating and the symmetric groups of 
degree 5. 

If such a group contains thirty-six subgroups of order 5 
its order must be 360, 720, or 1440 for the reason given 
above. If it is of order 1440 it must involve negative 
substitutions since the subgroup that transforms one of the 
given groups of order 5 into itself must involve such substitu- 
tions. We shall first consider the case when the group 
contains 360 as a composite factor of composition. It must 
then contain a self-conjugate subgroup of order 360, since there 
is only one simple abstract group of this order, and it must be 
simply isomorphic to the group of isomorphisms whose order 
is 1440 of this simple group of order 360, or to a subgroup of 

* Cayley, (lwxrt«r}}i Journal of McUfimatictf Vol. xiv., 1891, p. 79. 
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tbis group of isomorphisms that includes the group of cod* 

Sedient isomorphisms. It is known, as well as evident, that 
is group of isomorphisms contains only four such subgroups, 
viz. one of order 360 and three of order 720, and that the last 
three groups are distinct.* It remains to prove that each one 
of these four subgroups, as well as the entire group of 
isomorphisms of the alternating group of order 360, contains 
only one set of conjugate maximal subgroups whose orders are 
obtained by dividing the orders of the groups by 10. 

Since all the subgroups of order 9 in the given group of 
order 360 are conjugate, and each of them is transformed 
into itself by thirty-six operators of the group which form 
a maximal subgroup, each of the given five groups must 
contain maximal suogroups whose orders are obtained by 
dividing the orders of the entire group by 10. From the fact 
that the given group of order 360 contains no other subgroup 
of order 36, it follows directly that the given five groups 
can contain only one such system of conjugate subgroups. 
Hence, each of these five groups can he represented in onCy and 
only onej wag as a primitive substitution group of degree 10. 

It is not difficult to prove that none of the groups of 
order 360, 720, or 1440 could contain 60 as a composite factor 
of composition. For if such a group would contain this factor 
it would have to contain a self-conjugate subgroup of order 60. 
As this subgroup could not include all the substitutions of 
order 5 it could not be self-conjugate. Since there is no simple 
group of composite order, besides those of orders 60 and 360, 
whose order divides 720, the given seven groups must be all 
the possible primitive groups of degree 10 that do not contain the 
alternating group of this degree. If we add to these seven 
groups the alternating and the symmetric group of degree 10, 
we have the nine possible primitive groups of this degree.f 

Since the three primitive groups of order 720 are subgroups 
of the group of isomorphisms of the alternating group of 
degree 6, one of them must be simply isomorphic to the 
symmetric of this degree, as is well known. In one of the 
others the operators of order 5 are transformed into each of 
their four powers, while in the other they are transformed into 
only two powers. In other words, one of these groups con- 
tains thirty-six Abelian groups of order 10, while the other 
does not contain any Abelian group of this order. These 
facts are seen from the quotient groups of the group of order 40 

• Holder, Matkematitche AnnaUn, Vol. ILVI., 1895, p. 344. 

t Cole, Quarterly Journal of Mathematics^ Vol. xxvii., 1895, p. 44. 
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in the given group of order 1440. Each of the primitive 
groaps given above, with the exception of the alternating, the 
Bymmetric, and the gronp of order 360, is included in the list 
of the imprimitive groups of degree 12.* The group of 
order 1440 is obtained by using as head of the imprimitive 
group the simple isomorphism of the symmetric group of 
order 720 to itself, in which substitutions of degree 3 in one 
system correspond to substitutions of degree 6 in the other. 

We have seen that each one of the nine primitive groups 
of degree 10 contains only one composite factor of composition 
and that these factors are the orders of the alternating groups 
of degrees 5, 6, and 10. Two of the groups contam the 
factor 5 1 H- 2, two the factor 101-4-2, while there are five that 
contain the factor 6!-^2. The given group of order 1440 is 
especially interesting, since it is the only non-symmetric group 
of isomorphisms of an alternating group.f 
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A SIMPLE PROOF OP THE REA.LTTT OP THE ROOTS 

OF DISCRIMINATING DETERMINANT EQUATIONS, 

AND OF KINDRED FACTS. 

By Prof. E. B. Elliott. 



1. TT7HAT is generally regarded as the simplest proof 
'' of the reality of the roots of the 'discriminating' 
determinant equations associated with quadratic forms, and 
more generally of the symmetrical Lagrangian characteristic 
equations associated with small motions of conservative 
systems, is that of Salmon as generalised by Routh« This 
proof, starting as it does from a property of first and second 
minor determinants, and relying on the delicate argument of 
Sturm's theorem, though brief cannot be regarded as free 



• Miller, Quarterly Journal of Afathematiegy Vol. xxvill., 1896, pp. 219-231. 
t Holder^ Afathematische Annakn, Vol. XLVi., 1395, p. 840 j also Miller, Bulletin 
of the American Mathtmatieal Society j Vol. i., 1896, p. '^58. 
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from difficulty to the unskilled. It is, I think, not adequately 
realised that reasoning of the simplest and most elementary 
nature suffices to establish propositions of this character, when 
we pay attention to the linear eauations whose consistency ifl 
expressed by the vanishing of a aeteraainant. 

Take for instance the 'discriminating cubic' equation, in 
which a, 6, c,/, y, h are real, 

a-#f, A , g =0. 
h J b-Ky / 

9 ^ f ^ <5-* 

This expresses the necessary and sufficient condition that k 
be such as to make the equations 

Qx \hy -^ gz = kx^ 
hx + by -\-fz = /cy, 
gx -^fy + cz=^tcz 

consistent for values of .r, y, z not all zero. If possible let 
one of the values of k be imaginary, equal to A + lifc', say, 
where Ji does not vanish. Let x^ y, z go with k in satisfying 
the linear equations. Another root of the cubic will then 
be K ^k — iJc the conjugate imaginary to k\ and x\ y\ z\ 
the results of replacing i by — i in or, y, «, will go with it in 
satisfying the linear equations. Multiply the linear equations, 
with a;, y, a, k in them, by x\ y\ z' respectively, add, and 
use on the left the x\ y\ z\ k linear equations to simplify 
the coefficients of ^, y, z. There results 

{tc - k) {xx + yy-\'zz) = 0. 

Now K "K^— 2ik' and does not vanish. Hence, if :F=f + tf', 

t.e. a sum of positive squares, not all zero, must vanish. This 
being an absurdity, it follows that the supposition of there 
being an imaginary root k is at variance with fact. 

It is only for brevity that this has been expressed for the 
cubic. It is clear that the reasoning applies equally to 
establish that there can be no imaginary root of a discrimi- 
Dating determinant equation of any order. 
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2. Take now the general Lagrange's symmetrical 
cbaracteristic equation 



^Il-'^^P ^l.-'^^lf' ^i.-'^*!.) 
^if-'f^tJ ^«-'^*.f) ^aj-'^^isJ 

a„-/c6„, a„-ici,„ a^-zti,,, 



rO, 



where there are n rows and columns, where the a^s and V% 
are real, and where the latter are restricted in value by the 
inequalities which ensure that the quadratic form 

IS always of one sign, and never vanishes, for real values not 
all zero of f^, f„ ..., f^, (The restriction that it never 
vanishes may, as will be seen later, be removed). 

The equation is the necessary and sufficient condition 
for K to be such that the n linear equations 

be consistent for values of the .i^'^b not all zero« 

If there be an imaginary root k^ and if ;»,, x„ ,.•, x^ go- 
with it in satisfying these linear equations, there must be a 
second imaginary root k^ the conjugate imaginary to ic, and 
80 unequal to k\ and «/, x,', ..., x^^ the results of replacing 
% by — i in «,, x^ ..., x^^ must go with ic' in satisfying the 
linear equations. 

Now multiply the linear equations, with ic and a?,, a?„ ..., j?^ 
in them, by x ' ar,', ..., x^ respectively, add, and use on the 
left the facts that 

a,,x; + a„< + a,,< + ...= k' {\^x; + i„< + A,3a-; +...), 

&c» &C.. 

We thus get 

{k' - k) [^h^xX + 26„ {x^x; + <:r.)} = 0, 

in which, as k # «, the second factor must be the vanishing 
one. 
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But, if ir, = ?, + tf; (r = 1. 2, ..., n\ 
BO that, also xj = f^ — tf/ (r = 1, 2, ..., w), 

x,< = f; + f;', and xX + <*. = 2(U + fr'0. 
Consequently the condition is 

(26„f; + 22j„u) + (si„r + 22J„i;?;) = 0. 

But here the left is, bj initial information, the sum of two 
parts which are of the same sign and cannot vanish. The 
condition cannot then be satisfied, and the supposition of there 
being an imaginary root k is untenable. 

3. We notice, of course, that the same theorem as to the 
reality of all roots holds, not only when, as above, there are 
suitable restrictions on the 6's, while the a*B are any real 
quantities, but also when the restrictions are on the a's, i.e. 
when the i's are any real quantities and the a's are real 
quantities such that 

2a„f/ + 22oXf. 
is of one sign and different from zero for all real values not 
all zero of the f 's. We have simply to divide through every 
constituent of the determinant by /c, and so the determinant 
itself by «", and apply the same reasoning throughout 

using - instead of /c. A supposed imaginary root being, by 

its essence, not zero or infinite, no doubt can affect the 
reasoning. 

4. We may now remove the requirement that 

in the one case, or 

Sa„C+2Sa„f,?., 

in the other, be never zero for real values not all zero of 
the f 's, leaving only the requirement that it be always of one 
sign when not zero.* Direct reasoning from the linear 
equations can easily be made to give the conclusion when, to 
take the first case, the quadratic form is of the simple shape 

* Examples of Lagrangian determinants thus admitted are those obtained by 
taking k from some but not all of the constituents in the principal diagonal of » 
Brmmetric determinant, and the bordered determinants of BoQth'i Advanotd 
Jiiffid Dynamics^ § 64. 
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26^f/, where there will now be less than n terms in the 
summation} but for generality an infinitesimal argument is 
Bimpier. 

To the quadratic form 

of which we are now told that it can never change sign for 
real not all vanishing ('s, but not that it can never vanish, 
add e times a sufficient number of squares of linearly inde- 
pendent linear functions of („ ^,, ..,, |^ to ensure that the 
altered quadratic form 

is never zero unless all the f's vanish, taking e real, small, and 
of the sign belonging to the given form. Each accented b 
differs from the corresponding unaccented one by a finite 
(or vanishing) real multiple of e. Call the determinant 
equation of § 2 

The result of replacing in it unaccented by accented b^s will 
be of the form 

/(^) + e^,(/.) + e>,(ic)+...+ e"^,(ic) = 0, 

where the coefficients in 0^ ^„ ..., ^. are finite (or vanishing), 
and where none of these functions of k is of degree ex- 
ceeding n. 

This altered equation has only real roots by § 2 ; and this 
remains true, however much we diminish s. Now, if/(«)=0 
had an imaginary root, a mi^ht be taken so small that the 
above altered equation would have a root as near to that 
imaginary root as we please, and so also an imaginary one. 
Hence /(/«) = has only real roots. The only exception is 
when/ (/k) is really free from iCy as for instance in the case of 

Ia — tCj — /e I , 
— #c, — a -#c I 

when there is either no root at all, or identical satisfaction for 
any value of /v, according as the value free from k of /(«) is 
not or is zero. 

5. The whole conclusion is then that Lagrange's equation, 
as written in § 2, can only be satisfied by an imaginary value 
of K when, either 
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(1) It 18 an identity satisfied bj all valaes of ic, or 

(2) both the quadratic forms 

can assame both signs for real valaes of f ^i f,, ..., f^. 
; It does not militate against there being only real roots for 
the linear expressions on the right In the linear equations 
of § 2 to be linearly connected, or for those on the left to be 
linearly connected, or for those on the right and those on the 
left to be linearly connected in different ways. But if those 
on the left and those on the right are linearly connected in 
the same way, i.«. if the linear equations themselves are 
linearly connected, the case (1) above is encountered| and 
Lagrange's equation is an identity. 

6. Another class of equations to which the same method 
may be applied is the class 

^«ii I '^^i. + ^r ^f^ii + ^i^ — »*«!« + ^« 

where the determinant is formed from a symmetrical matrix 
I a I and a skew symmetrical matrix | b \, The a's and b^a are 
real. 

This equation Is the necessary and sufficient condition 
for K to be such, that the linear equations 

- ^A + K^i + *fs^. +...= « (a„ajj + a„aj, + a„x^ +...), 

be consistent for values of j:^, x,, ..., x^ not all zero.. 

Suppose there to be a real root of the determinant equation. 
The Imear equations, with this value of ^, are satisfied by 
real values of ar,, ^,, ..., x^. (In fact, if imaginary valaes 
satisfied them their real parts alone must). Mow multiply 
them by the real x^, cr,, ..., x^ respectively, and add. We 
get 
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Hence, if the quadratic form Sa^a:/ + 22a^ar^a?^ is one which 
18 of one sign and not zero for every set of real and not all 
Tanishing values of ^^, a:,, •.., x^^ we must have 



In this case then the determinant equation for k has no 
non-vanishing real root.* 

Now, the quadratic ifxm being as supposed, let k be an 
imaginary root, and let :irp a?„ ..., x^ go with it. The con- 
jugate imaginary k must also be a root; and with it go 
a;/, a;/, ..., a?/, the results of replacing i by — t in a?„ x,, ..., ar^. 

Multiply the linear equations, with a:^, x^^ ..•, x^ and k in 
them, by a?/, a^,', ,..„ a?/ respectively, add, and use the 
;»/, a:,', ..., ar^', k equations on the left. We get 

= #f {(a,^a;, + a„.T, 4 a„ar3+...)ar; +...}, 

f . 6. (« + /.') {2a„a-,r; + 2a„ {xx,; + x>J} = 0, 

i.e. as in § 2, 

{K + *') ((Sa„f;+ 22a„f,?.) + (Sa„f,'«+ 22a J/Ol = 0, 

where the {*s and f s are real and do not all vanish. Now, 
as before, the two quadratic forms in the second bracket are 
of the same sign and do not vanish. Consequently 

it + /«' = 0. 

The conjugate imaginaries /c, k have then no real part, but 
are pure imaginaries ± ik\ 

Hence, provided that the quadratic form 2a^f /+ 22a^^f^f^ 
is always of one sign and not zero for real values, not all 
zero, of f„ f„ ..., f„, the determinant equation we are con- 
sidering is one of the form 

/«"-(*•+ a,')(*'4a;)...(**+O = 0- 
If the order n be odd, one root at least is zero. This is 
merely the well-known fact that a skew symmetric determi- 
nant of odd order vanishes. 

7. As in § 4 we may here too remove the restriction that 
the quadratic form be incapable of vanishing, leaving only 
the one that it be never capable of changing sign for real 
values of f„ f,, ..., f„. The number of finite and vanishing 

• This proof that there is no non-vanishing real root holds when the matrix 
of the a's is not symmetrical, provided that Zorr^r* + ^ («r«+ «*r) avx« be one signed 
for real valaes of ^d a;,, ..., x^. 
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roots may in sach a case fall below n — indeed will, for the 
coefficient of iv" is the determinant | a |, and vanishes as the a 
linear forms cannot now be linearly independent. It mav* 
also become a mere identity satisfied oy all values of ^, which 
will be the case when the a and the b linear forms are con- 
nected by any the same linear relation. But, excluding this 
last possibility, such roots as remain will be all zero or purely 
imaginary, t.e. will all have no real part. For, if /(^) = 
be the equation, we can as earlier, by adding e times a 
sufficient number of squares to make the quadratic incapable 
of vanishing except for isero values of the f's, find an equation 

whose roots have no real part, however small e be; whence it 
follows that/(/c)s=o can nave no root with a real part, Bince, 
if it had a root p + 1^» the 6 equation would have a root 
p + Sp-\'i(q + Sq), where Sp, Sq could be made smaller than 
any quantity we choose to assign by diminishing e sufficiently, 
t.e, a root with a real part p-i-Sp m near jp as we please. 

8. In § 6 divide by «*", and put iv for - . It is immediately 

deduced that, if Sa^f * 4 22a^f^f^ cannot assume both signs 
or vanish for real values, not all zero, of f^, f„ ..., f^, the 
equation 

is of the form 

(a.V+ 1) (a.V+ l)...(a„V+ 1) = 0, 
i.e. («' + /8.') (V + yS.')... (*' + /S„') = 0, 

where 2m ^n^ so that all the roots are pure imaginaries. 

If the quadratic form may vanish but never change sign, 
there can in like manner be only pure imaginary and zero 
roots, unless the equation be a mere identity. 

One fact as to the determinant equation of the present 
article is clear even when we are told nothing whatever as to 
the quadratic form. Except for the possibility of zero roots, 
which cannot occur unless the determinant { a I vanishes, roots 
must go in pairs /c, - k. For to put - ac for i« in the equation 
leaves it unaltered. 
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ON l*(a?-l)* + 2*(a?-2)"+...+ 0c-l)M- AND OTHER 
SIMILAB SERIES. 

By J. W. L. GLAisflEB. 

§ 1. T^HE principal object of the present note is to give 
-*■ a formula for the series 

r(x-l)" + 2*(ar-2)" + 3"(*-3)"+„.+ (*-l)T 

in powers , of oj. The form of the expression is peculiar, there 
being a long gap next to the highest power of x. 

§2. Denoting the above series hj 8^^(x) and using {n\ 
to denote the nxmiber of combinations ' of n things taken 
r together, the formula is : 

^..(^) = - («). f * + («). ^ ** - (»). ^ «• +••' 

if n is uneven ; and 

^"^'n ^^'n— 1 ^''n — 2 

if n IS even. 

Thus when n is uneven there is a gap of n terms before 
the term in 0?**"*^^ and when n is even the gap is of n + 1 terms- 
It is also noticeable that the coefficient of the term in x*""*^ is 
so different in form from the earlier terms, which depend upon 
the BernouUian numbers ; and that these JBernouUian numbers - 
do not begin with -B,, but extend from B,.^^^ or B,,^^. to B^. 

The suffixes of the BernouUian numbers decrease as the powers 
of X increase, the highest BernouUian number B^ occurring in 
the coefficient of a. 

§ 3. The last term -— — —r-, is the same in the two cases ; 

and so is the series involving BernouUian numbers, except that 

the number of terms, viz. -— - when n is uneven and - when 

2 2 
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242 Dr. OlaisheVf On the series 

n is even, and the form of the last term when expressed by- 
means of n, are diflfereut. The formnla maj therefore be 
vritten 

■"^ (2n+l)l ^ ■" n ^ "n-1 ^ '•n-2 

the last term being 

according as n is uneven or even. 

S 4. Putting no 1, 2, 3, ..., in the formula, we find 

^m(*) = - A« + ?fe«*+ Tiffs''. 

^«.«('»') - - ^« + A** + «iu**. 

^., .(«) = - A* + A«* - Tk«* + aTfVi*"* 

^m(*) - - 2%V« + M** - uV^'* + r^n«>", 

^^, («) = - Sa: + |§K - A"'* + T Ju«' + 5riw»". 

^M (*) — Wif »+¥»'•- ^iW*** + 3^*' + »n^7ff'«", 

§ 5. Heducing the coefficients to a common denominator, 
and writing the terms in the reverse order, these formulae are: 



8.,M = 



80 ' 

3x' + 7x*- lOx 
■•'•^*^ 420 ' 

J* + 200!* -21.8 

630 ' 

x"-22.r* + 231j'-210o ! 
2772 ' 
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« . ^ _ 53r" - 3003j^ + 18200a?' - 15202x 

«*•+ 429*' - 16380:i?* + 76010JC* - 60060x 






51480 ' 

a" 4- 26520:c' - 5 I6868.T* + 20420403?' - 1551693^ 
218790 ^ 



§ 6. The isolated term in x"*** does not occur in the corre- 
iponding series in which the terms are alternately positive 
and negative ; viz. supposing x even, and putting 

2^ /a?) = 1* (« - 1)*- 2- (a: - 2)* + 3* (a: - 3/-..,+ (« - 1)* 1% 

we have 

-■^(-'i'-'w- "7(.'lV' '- 

the first or second form of the last term being taken according 
as n is uneven or even. The denominators in these terms can 
contain onlv powers of 2. 
As particular cases,' 

&c. &c. 

* This fbrmula may be derired from that in § 2 by pnttlng |« for Xf multiplying 
by 2**^S and lubtracting the original formula. 
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§ 7. An isolated term in a?**^ occurs in the value of tbe 
series 

r (aJ- 1)* + 3* (oj- 3)" + 5* (a? - 5)" +...+ (oj- 1)* 1% 

in which x is supposed even; for, denoting the series by 
^n.ni^y 2), we have, x being even, 

As before, the first or second form of the last term is to bo 
taken according as n is uneven or even. 



* Thii formula^ itnd that referred to in § 9 in which bU the terms are poiitiTe, 
are derivable from the original formula in § 2 ^ and, in general, if a, ^, c, ... are any 
diTisora of x such that their product 0^0... u also a diTiaor of se, we may derive 
from the formula in § 2 the value of the aeriee 1" {x - 1)"+ 2'» (a- 2)"+...+ («- !)■ 1», 
from which all tezmt have been omitted which are diviaible by a or 6 or c .... The 

tenns ui the value of thia senei involve -i -^ ^-^ . The 

r 
method of proof is exactly similar to that employed in the case of the series 
l» + 2'»+...+ ac» in the Messenger, Vol. xxviii., pp. 88 — 42, and the result bears 
» similar relation to the original formula, vis. if [^n,ii(^)l«i »,e,..^ denotes the terms 
that are left in the series 8n a (a?) when all those 'which 'are divisible by a or 6 
or c ... have been removed, and if /3r denotes (a*^* - 1) (*»*^» - 1) («*^» - l)...^f> 
then 

i*'..(')v.v..=^,»-(i-i)(x-;)(i-j)... 

where • is the number of the divisors a, (^ c, ... and tbe series in brackets dtffsi* 
from that in the original formula for 8n » (») only by \ht substitution of jS^s for ^s. 
If a, &, c, ... are all the prime ' factors of a;, so that x = a^bpcy,..f then 
TSn^nixUa^i^e,...] cousists of all tue terms in the series Sn^ix) which are prime 
to x, and the formula for the sum of these terms may be written 

^a:»n(l-o*»»)-Aa, 



which differs from the value of 5« • {x) only by attaching tc 



which differs from the value of Sn.n («) only by attaching to each power, sT, of x 
the factor n (1 - a*""'), = (1 - o"»-^) (I ,- 6*»-») (1 - c**''), a, b, c, ... being the prime 
factors of x. 

This result coiresponds to Thmcker's formula for the sum of those terms of the 
lerifs I* + 2" +...+a^ which are prime to x {MesHnger^ loc. cit„ p. 41). 
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As particular cases : 

^ / «\ <ii T • q 1 3j:' - 98-c' + 620a: 

^ / ON .•T AQ • 1 • 2a;* - 2480a;' +1 0668 JJ 

&c. &c. 

§ 8. When the terms ia this series are alternately positive 
and negative (x being of the form 4A + 2), there is no isolated 
term, and the formula contains even, instead of uneven, powers 
of X. The £ulerian numbers occur in the coefficients instead 
of the BernouUian numbers, so that these coefficients are 
always integral. 

Denoting the series 

1« (a; « 1)- - 3" (x - 3)« + 5" (a; - 5)* -...+ (x - 1)" 1" 
by 2^ ,(a?, 2), we have, x being the form 4th + 2, 
^n,n(^, 2) - ^. - (nX E^,x' + (nX E^x' -... 

+ (- !)*(-> (n).., ^i(,^x)*-' 0' (- 0*" (n). E^^x\ 

As particular cases : 

2...(»,2) = 61-15»S 
^4.4 (*> 2) = 1385 - 866»* + ««*, 
S,.,(»i 2) = 60521 - 13850a!' + 305a;*, 
&0. &c. 

$9. The series 

1- (a; - 1)" + 4" (a; - 4)" + 7" (a; - 7)" +...+ (a; - 2)* 2", 

« bebg a multiple of 3, contains the term t ^„^"^ .x. g'***. 

"(2n + l)i 
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and the coefficients in the series involve ^^ — ^ . When 

r 

the terms are alternately positive and negative, and x is of the 

form 6A + 3, the formula resembles that in §8, the Eulerian 

numbers being replaced by certain coefficients H^ which are 

also integers.* 

§ 10. The results stated in this paper have been derived 
from the following general formut» In which ^ denotes 



jM, (|) and ,, denotes ^A; (£) .f 



Kl/ ■' ' ^ \qj 

(i) If « is a multiple of q, ^ qr say, 
p'(x-py + (p + q)'(x-p-qy + (p + iqy(x-p-iqy+... 
^(x-2q+py(2q-.py + (x-q+p)'(2-py 

+ (»»). CI** or (n),,C*"")- 
(il) If X is an eTen multiple of q, = 2qr saj, 

p'(.<»-pT-(p+q)'C''-p-qy+-' 

+ (x-2q+py(2q-py-(x-q + py(q-py 
- (- 0"" - {(«).9«.*+(n),'7,.-.+.-.+(n),V,„af or (n)^,i?,^ar"-'}. 

(iii) If a; is an uneven multiple o{q,=q{2r + l) say, 
p'{x-py- {p + q)''{x-p-q)'+... 

- (x-2q +py(2q-py + {x-q-\-py (q-pY 

= (- 1)"^ {9«^, + («),'?*.-,«'+•••+ (").'»..i** or («).-, '?.««""'}4 

* The ooefflcients J7« are defined in the Quarierlif Journaly Vol. xxix., p. 47. 

When « i« of the fonn 6* the terms involTe — — - . In thii case 

the fbnnulA is dedacible from that in § 2. 

t The fnnctioQB Ar{x) and Ar{») are defined in the Quarterly Journal^ 
VoL XXIX., pp. 18 and 93. 

X These formuls occur in Part m. of a paper on the Bemoollian fanction 
which has not yet been printed. Parts I. aad II. appeared in the QuarUrly 
Journal^ Vol. xxix., pp. 1-168, 
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§ 1 1. The formula in § 2 is the case p = 1, ; = 1 of (i) and 
that in § 7 is the case p = l, ^ = 2. The formula in §8 
(involving Eulerian numbers) is the case^=l, 9 = 2 of (iii)« 
The formulae referred to in § ^ are the cases p = 1, 9 = 3 of (i), 
(ii), and (iii). 

^ I have not included more cases of the general formulae in 
this note as my object was merely to draw attention to the 
result contained in 9 2. The series 

1* {x - !)• + 2" (a: - 2)- +.,.-h {x - 1)" 1" 

is so simple in form that it would seem unlikely that its yalne 
in powers of x should not haTe been given before, but, though 
I have had this formula by me for some time, I have not 
sncceeded in finding it elsewhere ; nor have I found any of 
the other results of the same class which are derivable from 
the general formulae by giving particular valuer to p and q. 



NOTE ON ALGEBEAIO EQUATIONS IN WHICH 

THE TERMS OF HIGHER DEGREES HAVE SMALL 

COEFFICIENTS. 

By W. B. Morton, M.A. 

T^HE following point arose in the course of a physical 
-'- investigation. A quadratic equation is supplemented by 
a series of terras of higher degree, of which the coefficients 
are very small. The resulting equation^ which we may write 
in the form 

= a + 2ia; + ca;" + ^ (x) (1), 

will have two roots differing from the roots of the unaltered 
quadratic by small quantities of the order of the coefficients 
in 0. It is required to find the condition that these displaced 
roots should be equal. 

It is clear chat an approximation to this condition may be 
obtained as follows. Distribute the small terms in ^ over the 
large coefficients a, b, c, writing the equation in the form 

= (a + a)+ 2 (6 4 i8) a + (c + 7) x* (2), 

where a, )9, 7 are functions of x satisfying the identity 
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Now put in a, iS, 7 for x the value — <>^ " 1 *°d tvtdX the 

c o 

equation as a quadratic with constant coefficients. We thus 

get the condition in the form 

(4 + y8^«=(a + a^(c + 7^ (3), 

0,, ^1 7^ bebg the results of the substitution in a, )8, 7. 

The question arises as to what partition of the small terms 
in ^ will yield, on this method, the best approximation. 

To answer this .we find directly an expression for the 
required condition involving ascending powers of the small 
quantities in ^. 

Differentiating (1), we have 

= 2* + 2ca? + ^'. 

Put in this a: = h ^, then, using Taylor's series, we have 

c 

= 2c5 + ^; + 4^;'0 + i^;"^ +..., 

where ^^s=^f — K 

Solving this for ^, we find 

Putting vd for « in equation (1) gives the condition 

c 

in the form 

-=?-*.+ 1^' - ^' + ti (^•>-"'+ 3*."'> -^ «*«• (*)• 

Now equation (3) gives us 
* c + 7. 
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Since a^ /9^-|. — ^^ = ^^^ the terms of the first order in 

c c 

equations (5) and (6) are identical, i.e. any partition of ^ will 

give the criterion correct to this extent. We see further that 

if a, ^, 7 are taken to satisfy the three equations 

23+272: = !^' ' (7), 

27 = ^" . 

we shall have the coincidence carried to the third order. 

If we carry out the same process, using the value — - for ar, 
we shall arrive at the set ^ • 

a + ^&x + 7^^* = ^ 

2a + 2^x = ± (2^ - a-^') ■ (8). 

2a = 2^ - 2jr^' -f a;*^" . 

It will be seen that if we take the upper sign In the second 
equation of each set, the two sets give the same values for 
a, itf, 7, but different values are got if the lower signs be taken. 
Therefore we have one grouping of the terras in ^ which gives 

third order correctness when — - is put for x^ another when - -, 

c 

is used, and a third which will do for either value. In the 

last-mentioned case the second and third of equations (7) are 

got by differentiating the first, as if a, /9, 7 were constants. 

The arrangement of equation (1) corresponding to these 

values is 

= (a + ^ - x^' 4 i^V") + 2 (A + i^' - \ri^") .u + (c + i^") x" 

(9). 

If ^^c&' + 60?* +/!:•+..., this gives 

= a + 2Ja? -f ex* + (dx* + ex" +/x^) +... 
= (a + rfx' + 3cx* + 6/i* + ...) 
+ (26 - 3rfx' - 86jr* - 15/'t* -...)* 
+ (c + Zdz + eex* + lO/i' -f ...) a' (10). 

The following extension to an equation of degree n is 
readily suggested. Let the n** with the added small terms of 
higher degree be written 

= (a«,a,.„...,aJ(U)-+^ (11), 
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and suppose we want the conditions that the n displaced roots 
should be equal. 

Write the equation in the form 

where the a's are functions which satisfy the equations 

^(<^^o •••,ao)Oa^)""' = * , ,J3X 

Put in the a's any one of the approximate values for a^ viz. 
— , ^* , &c., then we can prove that the conditions 

may be written — ^ = -^^ ^ = &c. correctly to the 

third order of small quantities. 

Assuming equations (13) we can write the (n- 1) successive 
differentials of (11) in the form 

....(14). 

0=(a, +aj) + (a,+ ao)a? 

From these we have the system of equations to be satisfied 
by the repeated root 

= («, + a,) + (o. + a,)x ^ 

= (a, + a,) + (aj + a,)^ 



.(15). 



Let these be satisfied by a; = a;^+ ^, where x^ is any one of 

the values , &c. 

Taking the /^ equation of set (15), and using Taylor's 
theorem 

= a^ + a, + ^a; + ieV'+- 

= a^ + 0^ + .r, (a^, + a^,) + * [a^., + «r -i + ^' + ^o«'r-i} 

4i»M«r" + ^o«V. + 2aV_,}4 (16), 

in which, in the a's, the value x^ is now put for x» 
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Consider now equations (13). On subtracting the second 
from the differential of the first, and bo on, they give 



(a;,a'...,...,a;)(U)• = 0^ 
(a'^„...,a;)(lx)-' = 



-which are equivalent to 



1.... 



.(17), 



a,' + a/ai = 



.(18), 



therefore a,' + aroV, = 0, 

a^ +{ra ^i + a^_, = 0. 
Therefore equation (16) reduces to 
= a, + a, + p-, (a^, + a^,) + d (a,., + a^,) + i^a',., + &c., 



or 



:r^ + 5 = — ?rJi5^ _ ^LcLi + higher orders. 



Equating this to the value got from the next equation, we 
have 

cy^., + a^.i a^ + a, 2 (a^ a^ J ' 
But a/ = — aa'^ j ; therefore the bracket following — 

Now x^ differs from ^^ by a quantity of the same order 

as 6 or a. ^r-\ 

Therefore^ in writing the condition as 

we are omitting terms of the fourth and higher orders. 

Queen's Gollege, 
Belfast, 

lih April, 1899. 
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CORRECTION OF AN ERROR IN A PREVIOUS 
PAPER (pp. 36—49). 

By G. W. Walker, B.A., A.R.C.Sc. 

THR. T. J. Bromwich, of St. John's College, has kindly 
-^^ called my attention to a numerical slip which occurs in 
my paper " On the scattering of electro-magnetic waves by 
a sphere," pp. 36-49 of the present volume. 

The true values of the approximation to the functions 
on pp. 46, 47 ought to be 

^'^^^-^ ^ i.3...2„+i t^ *2;rr3}» 

The value of ^^' is unaltered, while -4^ involves the factor 
(\* - «*) a* in place of (\ — /c) a. 

Thus A^ involves tea to a power two higher than AJ^ 
instead of one higher as in my paper. The conclusions are 
thus unaltered. 



Trinity College, 
Cambridge, 

17th October^ 1899. 
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A CONGEUENCE THEOREM RELATING TO THE 
BERNOULLIAN NUMBERS. 

By J. \V. L. Glaisher. 

§1, THE object of the present paper is to prove the 

-*• following theorem relating to the Bernouliian 

numbers: — if B^ be the n^ Bernouliian number, and it p be 

any uneven prime and^* = ^— — , then 

-• = (-1)^-%., mod.?, 

t being any positive integer such that n— tj \9 positive. 

This theorem was enunciated in a paper* in Vol. xxix. of 
the Messenger (p. 60), and the mode of proof was indicated 
on pp. 61-63. On account of its fundamental character I 
have wished to give the proof in a form which should be 
complete in itself, and not dependent upon any results quoted 
from another paper. Most of the investigations required in 
the proof have been given elsewhere as will be seen from the 
references in the notes. 

In a second paper, having the same title, and which will 
appear in the same volume of the Messenger^ I have con- 
sidered the theorem and its consequences In some detail, and 
also its relation to Staudt^s theorem. 



Recurring formula for — ^ — -* • 

§ 2. Defining the Bernouliian numbers by the usual 
equation 

eTrT = ;-2 + d'^-4!'+6f'-*^-' 

we have, a being any quantity, 

* *' Fundamental theorems relating to the BemouUian numbers/' pp. 49-63. 
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Now let 



and for convenience put 



, I \ «- J 



Then 



c'-l «--l ^*^' 1! ^ 3! 5! *+*^ 

§ 3. Now, supposing a to be a positive integer, 

«'-] e"-l~ <"-! 

The numerator 

= («•- 1) {e<--'>' + 26<"-'>' + 3cf^''+...+ (a- 2)e-+a - 1}, 

and therefore 

<<•-" + 2e<'-'>'+ 3e''-'>'+...+ (a - 2) e'+ a - 1 

§ 4. Now let 

8, (a) = r + 2'- + 3' + ...+ (a - 1)', 
then we bare 

eC-')« + .ieC-')* + 3e<"-" +...+ (a - 2) e + a - 1 

= {a+5.(a). + 4^),' + 4^.' + &c.} 

whence, equaling the coefficients of ^c*""*, and writing for i/;^ (a) 
its value —— , we obtain the recurring equation 
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a^^ [a] - [2n - 1). 8, (a) ;^..., (a) + (2« - I), ;S, [a] yp^_, (a) «... 

= (- 1)- [(a - 2)»»-*+ 2 (a - 3)*"-"+ 3 (a - 4)'"-*+...+ (a - 2) 1'""^ 

in which (n)^ denotes the number of combinations of n things 
taken r together. 

§5. In this recurring equation the coefficients (2n-l)„ 
(2n-l)^, ... are all integers, as also are 5^ (a), 8^[a\ ..., 
which are sums of powers. The right-hand side is also an 
integer if a is uneven, but may have the denominator 2 when 
a is even. 

By putting n = l, 2, 3, ..., we may calculate the values of 
^1 (^)» ^9l^)> ^8 (^^ •••» *"^ '^ '^ evident that i/^ (a) so calcu- 
lated can contain only powers of a in the denominator besides 
the factor 2 which may occur when a is even. Thus yp^ (a) 

must be of the form — ^^r'l *°^) ^^^^^ ^^^ coeflScient of ;//,, (a) 

in the recurring formula is a, we see that only one new a can 
enter into the denominator with each new equation, so that 
/i cannot be greater than n ; also v = if a is uneven, and 
may be or 1 if a is uneven.f 

§6. It will now be shown, by means of the recurring 
formula, that 

;/.,(a) = (-l)^;^,.^,mod.;?, 

where p is any prime and^'=^--— . No simplification is 

produced by the particular form of the coefficients in the 
recurring formula for ;^^ (a), and it is therefore convenient to 

* TfaJB recurring formula was obtained (by the same procera as in the text) in 
the Messenger, Vol. xxix., pp. 60-62. Recurring formulae for ^ffnia) are also 
given, loc. eit., pp. 66— GO, but they are not aTailable for proving the theorem 
^f'li (a) = (— 1 )V j^n 1^ (c). mod. p, by the method used in this paper. Other re- 
curriug formula which oould be so used are given in § 20 of the present paper. 

t The fact that «/^n (a) is aa integer, except for powers of a and 2, affords a proof 
of Sylvester's theorem (enunciated by him without proof) that if n contains p* as 

a factor, but does not contain ^ as a factor, then the denominator of Bn is 

divisible by p* {Messenger, loe. eit., pp. 49—60, 52—53). In the statement of 
Sylvester's theorem loc. ciL, p. 49 n should be replaced by 2n both in the text and 
in Sylvester's own enunciation, quoted in the note, t. e. the condition is that 2n 
(not n) should not contain /> - 1. 
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prove a more general proposition by means of a recurring 
formula which includes that for ^„v^). This proof occupies 
§§7- 16. 

Proof that X^^^ = Z„^,^(^,), mod. p. 

§7. Let X,, JT,, X^y ... be quantities connected by the 
recurring equation 

^^..M + (2« + 1). *, A'^-t + (2n + 1), ^JT^., +... 

which is supposed to hold good for all positive and integral 
values of n. 

Let \ be any constant, and suppose that b^ and c^^^ are 
quantities which satisfy respectively the congruences 

Kr = K-it^xh mod.;?, 

^2r.i = ^tr+i-(,-ib mod.;?, 

for all prime values of p^ and for all values of r such that 
the suffix on the right-hand side is > 0. 

It will be shown that the X% satisfy the congruence 

^^^ = ^tr.^-{p-^h mod.;?, 
for all prime values of p and for all values of r greater 

§ 8. It follows from the congruences satisfied by the J'a 
and c\ that 

K = ^^iip-xh mod.;?, 
^'.r.i = c,r4.i-((p-i)> mod.;?, 
where t is any positive integer, such that the suffixes are 
po.sitive. (No meaning is assigned to any quantity with 
negative suffix). 

§ 9. In proving the result 

-^2r.i = -^«r.i-(p-ib mod.;?, 

it is convenient to introduce the quantities X„, A',, X^^ ... 

which are all supposed to be zero, and also the zero quantities 

*i» K *5» ••• ^^,^ ^«' ^4' f«i •••• 

The recurring relation then becomes 

XZ^,. + (2« + 1), *,X„+ (2« + 1), J,X.,_, +... 
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and since S^^, and c^ are zero for all values of r, we have 
*r = *n^(p.,). mod.;?, 

for ail positive and integral values of r, subject onlj to the 
condition that r is greater than t{p—l). 
The result to be proved is that 

-^r=-^r-(p-i)> mod. p, 
for all values of r greater than p — 1, which Is equivalent to 

for all positive and integral values of r subject only to the 
condition that r is greater than ^ (/?— 1). 

It will now be assumed that this congruence holds good 
for the values jt?, /?+ 1, /?H-2, ..., 27i of r, and by means of 
the above recurring equation it will be shown that it holds 
good also for r = 2n -f 1. 

§ 10. The proof mainly depends upon the following 
theorem,* in which, as throughout this paper, (n)^ denotes 
the number of combinations of n things taken r together : — 
if jt? is any prime, and q and s are less than p^ then 

{^P + 9),^. = {^\ X (y).. mod. p, if 5 = q, 
and = 0, mod. p/\i 8> q, 

§ 11. Let 2w + 1 =s= Ap + y, ;i? being any uneven prime, and 
q <p. Then writing, for brevity, m for kp-^-q'm certain cases, 
we have, from the recurring equatioui 

<'«^. - 5^-^« = *«. A + (2n + 1). 4^ X. + (2n + 1). J^.X, 
+ ...+ (2n + 1)^ i,Z^, + (2n + 1)^ J,Z.. 

I ■ ■ > 

* Quarterly Jovrnalj Vol. xxi., p. 162. 
VOL. XXXI. LL 
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in which each of the first 2; lines contains^ terms, and the b^ 
or (A + 1)*^, line contains q terms. 

§ 12. Redacing the coefficients, and also the i's and I\ 
on the right-hand side, bj the formula 

Wi»M = (*), X (2).> ™o<J- Pj '^f « ^ 2> 
= 0, mod. p, if « > J, 

*»♦. = *,♦.» mod.|i, 
the equation gives 

+ (*). IW.^. + (2). ^^A +•••+ (?), *^.^.-l 

+ (*). (W.^. + (y). **^-3r. +...+ (2). b^xj 
+ (^)*-. (*^,^^, + (?). i.-x* +•••+ (?). i.-x**,-.} 

Collecting the coeflScients of X,, Z„ X„ ..., the expression 
on the right-hand side 

+ {(*). + (s).)W.^. 

+ {(*).+ W. (?). + W. (2). + (?).l W.^. 

+ {(*)* + (*)»-. (?). + (*)« (2). +.-.+ (?)»•] */» 

§13. The coefficients of i,^X„ J^,,.,X„ b„^X„ ...M^ 
expression are the same as those of x', x}, x', ... in the prodoct 

[l+{k\x + {k\x''+...]x[l + {s),x+{q),x*-^...}, 

* This term ia not reached nnleee Ar = g. We may regard the ooeffici^^ ^ 
bk^.tX, OB being always (k)fh Wn (j)i +...+ {g)q^i (*), + (j)i, if we eoppt* ^ 
(n)r denotes zero when r > n. 
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that 18, in the product 

(l+^)*x(l+jf)««(l + a-)*^ 

Thus the coefficient of bj^^^X^ Is {k + j)^, and the congru- 
ence becomes 

+ (*+jWi*i-^**f-i' mod. p. 

The recurring formula shows that the expression on the 
right-hand side =Cj^ — XX^^, and therefore we have 

%^ - ^-^1,^ = «^ - ^-^*^i mod. p. 
Now %^ = Ct^^ moi.p, 

and therefore, dividing out by \, 

^tp*t^^i^y mod.p, 
so that the congruence 

is true also for r s 2ii + 1. 

§ 14. Now this congruence is certainly true for r =p, for, 
putting 2n+l^p in the recurring relation (§ 9), we have 

c, - \X^ = b^X, + {p\ b^,X, + {p\b^.,X, +..• 

and, since X,=0 and JT^j^O, the right-hand side ^0, 
mod. Pj so that 

c^-XX^^O, mod. p. 

Putting ft SB in the recurring formula, we have 

c, - XX, = 0, 

and therefore c^ — XX^ = ^1 •" ^^v ^oA. p, 

whence, since c^'^c^^ mod. p, we find 

X =Xj, mod. jt7. 
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Thus the theorem is true for r=/7, and therefore for r=^ + 1, 
and for r « p -f 2, . . . , and so on ; that is, it is true for all values 
o(r>p— 1, 

§ 15. It remains now to consider what values of p are 
excluded in the previous investigation. It is clear that p 
must not be a divisor of the numerator or denominator of X, 
as otherwise we could not divide out by X in § 13, nor may it 
be a divisor of a denominator of any of the ^'s. Now in 
calculating the X^s from the recurring formula we see that 
their denominators can contain only powers of the numerator 
of \ and numbers occurring in the denominators of the i's 
and o's. Thus p may be any uneven prime which is not 
a divisor of the numerator or denominator of X, or of any 
denominator of the b^s and c's. 

When the i's and c's are integers, the only condition is 
that p must not be a divisor of the numerator or denominator 
of \, 



§ 16. With respect to the J's and c\ it is evident that the 
required congruences (§ 7) 

are satisfied, if they are powers, or sums of powers each 
multiplied by a constant, viz. if 

where -4, -B, ..., a, 0, ..., -4„ 5„ ..., a,, ^„ ... are arbitrary 
quantities. It is not necessary that these quantities should 
be integers, but when they are fractional p must not be a 
divisor of any of the denominators. The numerators need not 
be prime to p^ for, e.g. 

A(x'' = Aar^^'\ moi.p, 

whether A or a is divisible by p or not, and the presence of 
terms = 0, mod. p does not interfere with the investigation.* 

♦ The proof in §S7-16 that X^^^ = X2»+,_i(p.,), mod p^ is contained in a paper 
" On a congruence theorem having reference to an extensive class of coefficients," 
communicated to the London Mathematical Society^ on June 8, 1899, where the 
Vfune method is applied also to two other general recurring series. 
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Application to ^, («)• 

§ 17. Comparing the recurring formula in § 7 with that 
for yp^{a) found in § 4, we see that the latter is included in the 
former by putting 

c.,., = (a - 2r' + 2 (a - S)"*' + 3 (a - A)*^' +. . .+ (a - 2) l*^' 
_ 1^ {!»•" + 2"*'+ 3*^'+...+ (a-l)*^'}. 

Thus J^ 18 always integral, and c^^, is integral when a is 
uneven, but may have the denominator 2 when a is even. 

Therefore, by the theorem proved, \i p is any uneven prime 
which is not a divisor of a, then 

(- 1)- ^pM = (- i)""^^».,W, mod. p, 

where^' = 2-^ . 

Writing for the ;//'s their values, this congruence is 

n «-{; 

which is true for every uneven prime p which is not a divisor 
of a. 

Now, for all values of a, 

a--l=a*"-'<^*>-l, mod.p, 

and If we take a to be a primitive root of p^ neither side of 
this congruence is divisible by p unless p — 1 is a divisor of 
2n, in which case, by Staudt's theorem, p is a factor of the 
denominator of -6^, or, as we may conveniently say, a Staudt 
factor of B^. 

Thus, it\p is not a Staudt factor of J5^, we may divide out 
by the factors a*"— 1 and a**"*^"'^— 1, thus obtaining the 
theorem 

^ = (-lf-^«^., mod.i7, 
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which holds good for all values of p > 2 except the Staudt 
factors of B^^ that is except those values of p which make 



j=^--— a divi 



divisor of n. 



§ 18. As mentioned in § 1 the discussion of the theorem 
has formed the subject of another paper, and I therefore 
omit all consideration of it here, the object of this paper being 
merely to give the whole proof in a complete form. It may 
be noticed, however, that the theorem enables us to assign 
the residue of the numerator of B^ with respect to any 
prime p which is not a Staadt factor of 5^, while Staudt's 
theorem itself assigns the residue when j? is a Staudt factor, 
so that for all values of p we can assign the residue of the 
numerator of B^^ the denominator being supposed to be known 
by Staudt's theorem. 

Other recurring formulcB for \p^{a). 

§ 19. The recurring formula in § 7 would result from the 
equation 

and it would also result from the equation 



21* "3I-'^4I- 



'^+n'+2V'-^^f-^ri**-^*'^- 



=X.*+^'*'+^','+&c., 



the 7's and /8's being any quantities whatever provided that 
we know that the left-hand side is expansible in positive 
uneven powers of x. 

The equation in § 3 belongs to the second form, for it may 
be written 

i(a-l)(e<"''>*+e<"^>'+...+ l}-6^""'^'- 26<-- »>*>.. .-(a-2)e'-(a~l) 



= ^.(«)-^^'-f^^-&c. 
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§ 20. If we write the left-hand side in the form 

{a - 1) 8in h ^ (q — 1) jT + fg — 3) sinh^ (a- 3) a? 4-... ^ 
2 cosh J (a - 1) « + 2 cosh ^ (a - 3) x + ... * 

where in the denominator coshO, which occurs when a is 
uneven, is to be replaced by ^, we obtain the following 
recurring formula : 

(i) if a is uneven, and 

<.,(a) = r+2' + 3'+...+ (^*)'. 

then 

O'/'. (a) - 2 (2n - 1), «r, (a) ,/<.., (a) + 2 (2n - 1). «rja) ,/,,., (a) - ... 

+ (- 1)-' 2 (2w - 1),.., a^ifl) ,A, (a) = (- 1)"- 2.r^(a) ; 

(ii] if a is even, and 

2,(a) = r + 3-+5^+...+ (a-ir, 
then 

aUa)-[^n-\)hk^^^,{a)-^ (2«- 1)«^'^^,(«) —. 

These formulsd are included in the general recurring 
formula of § 7, and therefore, like the formula of § 4, they 
show that t//„ (a) = (— l)^^„.^y(a), naod. p, p being any uneven 
prime which is not a divisor of a. 

* Thu form of the equation may be easilj deduced from 

for thiB equation girea at onoe 

taoothifl«-icotb J»= 1^, (a) «-^^^«» + %^^ «»-4c., 

o I 1 

and the left-hand side 
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THE THEOET OF THE G^-FUNCTION. 

By E. W. Barnes, B.A., Fellow of Trinity College, Cambridge. 

§ 1. T^HE function which it is proposed to call the O- 
-^ function is substantially the simplest transcen- 
dental integral function with zeros at the points 

« = - WW, fi = 1, 2, ..., 00 ; 

the zero at the point i' = — W(» being of order n. 

It is a natural extension of the Gamma function, and 
possesses many properties analogous to those of the latter. 

It satisfies one of the simplest diflference equations with 
transcendental non-periodic coefficients, 

f{z + \) = r{z)f{z). 

It possesses a transformation theorem; it admits an 
asymptotic expansion at infinity valid for all values of the 
variable except those near or on the negative part of the real 
axis ; and all asymptotic expansions connected with it involve 
merely the known BernouUian functions and numbers. 

Its logarithm admits of expression as a contour integral 
capable of several interesting modifications; the function 

I r [z) dz can be expressed in terms of it ; it enters into the 

expression of wide classes of elementary indefinite integrals 
whose evaluation has been efi^ected for particular values of 
the variable in terms of recognised analytic functions. 

And finally it cannot be expressed as the solution of a 
differential equation, whose coefficients are not functions of 
the same or a more general nature. 

The present paper attempts to establish as briefly as 
possible all the chief propositions in the theory of the function. 

It follows naturally a theory of the Gamma function which 
I have recently developed.* 

§2. The (?-function possesses a short bibliography. 
About forty years ago Kinkelinf defined a function O {z) 
satisfying the relation 

0{z + l)^z'G{z). 

* Barnes, " Theory of the Gamma Fanction/' Mtuengtr of Mathematiesj 
Vol. XXIX., pp. 64 et seq. 

t Kiukelin, "Ueber eine mit der Gamma function Terwandte Transcendente 
und dercu auwendung auf die lategral-rechnung," CreUcj Bd. LVii., pp. 122-158. 
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The function would in the notation of this paper be written 

exp. [z logr («) - log G{z-\- 1)]. 
H5lder* has considered the function 

fiJo 



e^ 



nrxcoinndx 

f 



which, in our notation, would be written 

^^""^ GlJT^' 

The papers of both Kinkelin and Hdlder are concerned 
more with this quotient than with the (^-functions proper. 

More recentlj Alexeiewsky has published a paperf con- 
taining many of the properties of these functions. The paper 
is written in Russian ana is difficult to obtain. My knowledse 
of it is derived from indications in the Jahrbuch iiber ate 
F&rtsckritte der MathematikyX and a synopsis communicated 
by Lie to the Leipzig Berichte,\ 

Alexeiewsky's procedure differs from that here adopted in 
that his results are obtained by applying difference formulse 
to the subject of iutegration of the definite integral which 
expresses logr(.r). 

Uecently Dr. Glaisherll has considered the function 

ilgar= I logr(/i)rf/i, 
which may, in our notation, be written 

$ 3. The (7-functton we define by the difference equation 

G(z + \)=r{z)a{z), 



♦ Holder, "Ueber cine transcendente Function," GSttingtn Ndchrichlen. 1886, 
pp. 614-622. 

t Alexeiewtkj, " Ueber die Functionen welche der Gamma Functionen ahnlich 
Bind." Antuiles de VImp. Unit, de CharkoiOj 1889. 

J Vol. XXII., p. .439. 

§ Alexeiewsky, " Ueber eine Classe von Functionen die der Gamma Function 
analog aind," Leipzig BeriehU, 1894, Vol. XLVi., pp 268-275. 

II Glaiflher. " On products and series inTOlving prime numbers only,** Quarterly 
Journal of Mathematics^ Vol. xxvi., pp. 1-174. 

VOL. XXXI. MM 
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coupled with the relation (? (I) = 1 together with a certain 
prescription at infinity, which will appear in the coarse of the 
analysis which immediately follows. 

We have 

log G^ (« + 1) = log r {z) + log Q [z). 

And hence, on repetition, 

log G^ (« + m- 1) = log (« + n - 1) 4 2 log (« f n - 2) 

+...+ « log* + (w+ l)logr(«) + log (?(«). 
Thus 

- log 0^ (« + 1) = - log (? (« + w + 1) + n logr («) 

-f n log« + (n - 1) log(« + 1) +...+ log (« + n - 1), 
and hence 

- log (? (« + 1) = - log (7 (« + n + 1) + n logT («) 

+ n loga.(af + 1)...(« + 71-1) 

-2[Alog(l+?)-z + |^]-logl\2'...(n-ir-.(«-l)« 

a'-i 1 

or, as it is more convenient to write it, 

- log G (a + 1) + log (? (« + n + 2) 

= (w + 1) logr (z) + (n + 1) log* [z + \)..,[z + n) 

-'•^n[('n)*«''*^]-'»s>'-^-"--"'^l^I- 

Now, when n is a large positive integer, it is known* that 

log2;.(* + l)...(3+n) = -logr(2) + ilog27r+(n + i+«)log«-w 

-f terms which vanish with n infinite. 

And by a theorem due originally to Kinkelin,t 

logl^2"...n"=log^ + ^| +^H-lJ2^1ogri-^ + terms 
which vanish with n infinite, 

* r. Theory of the Qamma Fanction, § 30. 

t Crelky Bd. LT1T.. pp 133 and 134. The constant A in the form qnoted is due 
to Dr. Glaisher, who has considered it in several papers, cf. Musenger, Vol. ▼!., 
pp. 71, et. seq. ; vii., pp. 43, et eeq ; ixill., pp. 145, et seq. ; xxiv., pp, 1, et eeq. 
An independent proof of the theorem is given later in this paper (§ 26). 
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where ^ is a defiaite constant whose numerical value is 
1-28242713... . 
Hence we have 
- log <? (« + 1) + log (7 (« + w + 2) 

= -iogn[(i + |/r'S]4^iog2. 

-n.(n + l)-w«-log^ + - + -^ + tV + 7^ 

+ |«' + ^ + i + (n + 1) «} logn- || + i"^!^^" i"} ^^S^i 

+ terms which vanish when n is infinite. 
We may now assume that 

z. ,' z.e+l e'1 
+ 2log2T 2--72J. 

provided this value is such that G {z) satisfies the difference 
equation 

aiz+i)^r{z)G{z), 

and then it will have been established that this value of 
log (?(« + !) is such that 

Lt.log(?(« + w+2) =^^i^i^log27r 

[n* z* "I 3n' 

2 H-w + T^j+g+ln+l)* logn — ^ -n-na- log il+^^j 

+ terms which vanish with • , 

n 

which is the prescription at infinity spoken of at the beginning 
of the present section. 
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§ 4. Wc proceed now to shew that 

(? W = (..)^«- -e- -2^ n [(l 4 '-^) e"-* ^] 
does satisfy the difference equation 

nz + \)^r[z)f[z). 

It is evident by Weierstrass* factor theorem tliat tke 
product for 0{z) as written is absolutely convergent for all 
finite values of | c |. 

Again 



Ilence 






["[(-'x^Tiy 



]! 



= (2r)»e-nLt.- 



r(g)6- 



n[(r^r"*^] 



.r(.)(M'.'-li.-^^iii^ 

by Stirllog's theorem, 

= r(«). 

We thus Bee that 

(?(« + !) = (27r)«e- t- Y? n U 1 + ^ e-«+|*J 
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is a solution of the difference equation 

and that it is such that, when x is large, real, and positive, 

X 4- (Z 3a;' 

logG(aj + a+l)=— ^log27r-log4-T^ — - — ax 

— - j^j + - + aajj loga? + terms which vanish with - . 
We may write this in the form 

e^^ ft? (x+n)^ . . , (...) (...) 

G'(aj + a+l) = ^(27r) 2 a:'-2"-Ae*^'-^^^+V+••• 
which, when a s 0, agrees with the approximation of 
Alexeiewskj. 

As a Corollary^ note that it has been proved incidentally 
that G(Z'{'V) is the only solution of the difference equation 

/(« + i) = r(^)/(^), 

which is infinite when z is real, positive, and infinite, like 

z 

^2 f_j_ 8««. , 



(2ir?l-A. 



A- '' 



The general solution is evidently 
f{z) = G (z) [simply periodic function of z of period unity]. 



§5. We proceed now to express G(z) as an infinite 
product of simple Gamma functions. 

Take again the fundamental difference equation 

G(z^\)^Tiz)G(z), 

then, an accent being used to denote differentiation with 
regard to z^ 



G(z^l) T{z)^ 0{z)' 
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whence 

fl''(g+n + 2) ^ r'(g + w + i) r'(g+«) r'(g+n-l) 

(?(« + n + 2) r(« + n + l) ■•■ r(« + w) ■*■ r (2 + n -!)■'■•■* 

Now for safficiently small valaes of | z | we have by 
Taylor's theorem 

r(« + i+A) r(i+A) rfAr(i+*) 

«;^ <?• r'(i+A;) . 

provided the coefficients in the expansion be finite. 
But, from the definition of T (2), 

r(z+\) ^"^-iU + to'to/' 

and therefore, when r > I , 

dAT r(i+*) "^ ^ \::. (»» + A)-^" 

so that 

r'(g + i + ;t') r'(i + )t) <£ r'(i+*) 
r(2 + i + A) ro+A) "dkrii + k) 






And thus 



. r r'(g + i + A) _ r'(i+A) _ rf^ r'o + it) ] 

n to . ( <*> 1 ^ 

- 2 2 r-y-' J 2 -, -^\ z^ 

where we are not re-arranging a double series, if n be not 
actually infinite* 
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Now it 19 an immediate deduction from Eisenstein's 
theorem* that 

• 00 1 

Jjt. S 2) y. r^ 

is finite when r ^ 2. 
And hence 

Lt ^ f rX'^ 4 1 + ^) r'(i + ^) d r'(i 4 ky \ 

is finite for valaes of | 2 | less than unity. 
We have now the relation 

o'(g + n + 2) .r r'a-f^) d r'(i + A) -| 
(?(2 + « + 2) "^;iLr(i+A) "^ <fAr(i+*)J' 

And hence for sufficiently small values of | 2 1 we may take 
provided 

ii* G^(2 + w-i-2)"" " ^ ■^i;Lr(i+^) rfAr(i-h>t)J' 

and provided therefore that the expression on the right-hand 
side tends to the same value when n is infinite as that obtained 
in § 4, which yields 

If, then, wo can prove that, for suitable values of a and ^, 

It „ 2^-- I v p'(^+^) ,.-^ r'(i4A) i 

= (n + 1 4 2) logn + \ log27r — w, 

♦ Forevth, Theory of FunctionSj § 56, p, 87, 
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we shall have shown that, for such values of a and /3, 

for we have seen in § 4 Cor. that -=-7 ~ is the only 

solution of »(2 + l) 

'which has such a limit at infinity. 

For this purpose we must interpolate the Lemmas of the 
two following sections. 

§ 6. Put, in conformity with Gauss' notation, T^(g)=- ^^ . 
Then we will show that, when n is a large positive integer, 

.1 

2 ;/^ (r) = w logn — n + ^ + terms vanishing with - . 

ril fi 

It is inexpedient to use the Maclaurin sum-formula, inas- 
much as not only does it rest on an unsatisfactory basis, but the 
determination of the constant cannot be effected by any 
process more simple than the following procedure. 

We have from the diflFerence equation for F («) 

And hence 
so that 2 ^Z' (r) = n^ (l) + — -— + — — - +...+ 



r=i * * n — 1 

Thus 

iM.)=„[^(i)+ui+...+^4^]-}-i-...-"^ 
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Thu9| when n is a large positive integer, 
i^W = «[^(l) + 7 + log(n-l)f^-^^^ 

+ terms vanishing with -§ - n + 1. 

Now ^(l) = -7, as is readily seen from the product for 
r (z). Hence we have finally 

• 1 

2 t/^ (r) = n logn - n + J + terms vanishing with - . 



§ 7. We will next show that, when n is a large positive 
integer, 

» 1 

2 1//' (r) = logn + 1 + 7 + terms which vanish with - , 

Jf 

wbere i^' (r) = ^ log r (r). 

From the fundamental difference equation, 

f(« + l) = -l + f(*), 

and hence by repeated application 

f(».)=-[f.+^,+...+^,]+f(i). 

Hence 

S ^ (r) = n;^ (1) - -^ -- ^ -...- ^--_ . 

Now from the product expression for T(z) it may be readiljr 
deduced that 

^ 0) = p + ^. +...+ -« +.-. 

it' 
* 6 • 
VOL. XXXI. N H 
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Substituting this value, we find 

4 terms yanishinc: with - . 
° n 

But on differentiating the expression obtained previously 
[Gamma function, § 27, (7ar.J, and making a = 0, &> = !, it is 
readily seen that 

-, + y — ---^, +...= - + ^ , + terras vanishmg with -^ . 
fV (n + iy n 2/r ° n 

Finally then 

2 ;/^'(r) = logn + 1 + 7 + terms vanishing with - . 

§ 8. Beturn now to the completion of the investigation 
of §5. 

We were required to prove that, for suitable values of a 
and /3, when n is a large positive integer, 

«= (n + 1 + «) logn + i log27r - n + terms which vanish with - . 

The left-hand side of this equality may be written 

- a - 2i8« +"2 [;/, (r) + zx^' (r)], 

whose value by §§ 6 and 7 is 

(n + 1) logn - n + « (logn + 1 + 7 - 2/8) + i - a 

+ terms which vanish with - . 

n 



But if we put 



a«i -ilog2ir, 
1+7 



13 
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this becomes 

(n + 1 + «) logn + i log27r - n + terras wbich vanish with - , 

71 

which is the expression required. 

Substitute uQ9f these values of a and pi. and we obtain for 

— ^y ^ the expression 
\ -ilog27r + (l + 7)« 

which we have proved convergent for values of 1 » | less than 
unity. 

Integrate now with respect to «, obtain the value of the 
constant of integration by making « = 0, and we have finally 

*-i Lr (« + A) J 

As this is perhaps the first time in analysis when an infinite 
product occurs, the non-exponential term of whose primary 
factor involves a transcendental function, it merits detailed 
attention. 

In Weierstrass' fundamental investigation* the primary 
factor is of the form 



...(.-ij/-, 



where q^ is a rational integral function of z. And the first 
step of the proof proceeds by taking the expansion 

where the infinite series converges provided I « | < | a^ | . 

But in the case of the expression which has been obtained 
the primary factor is 

'■■-[i^)'-*""H- 

• Vide Forsyth, Theory of Functioned §§60 ct Bcq. 
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And the employment of a similar expansion gives 

a series which does not in general converge unless 1 2; | < 1. 

It is precisely under such a limitation that we have so far 
proved the validity of the product. We proceed to prove it 
true for all finite values of 1 1 by an actual transformation.* 

§ 9. For this purpose we shall first show that the product 

which bv Weierstrass^ factor-theorem is absolutely convergent 
for all unite values of | « |, and by an immediate Corollary to 
Eisenstein's theorem to a limit independent of all ratios of the 
infinite limiting values of m and n, can by actual transformation 
be thrown into the equally convergent form 

For since P(z) is a product convergent as has been stated, 
its terms may be grouped as we please without altering its 
value or convergency. 

Hence 

i>(.).r(.)(2»)i.''~»'"5(?*"')..n[(i+^).--*^] 



X nn 



z + rn\ 



gi- r(i±jiL,-rwJ,^+?i^^,f!-] 
iiSLr(»+m+i) J 

* I propose to deTelop elaewhere the extenaion of Weierstraas' method of proof 
to lach feneraliied primary facton. 



Digitized by 



Google 



Mr, Barnesj The theory of the G-f unction, 277 

Now -1^ (l + m) = 7+2 r^TT^";!* 



00 1 



'^ «»i (n + my 

•«• Lr" (« + «»+ 1) J ' 

We thus see that the latter prDduct is convergent for all 
finite values of | a |, and hence that P(0) = G^ (« + 1). 

In conclusion then 0{z-^\) can be expressed in either of 
the three forms 

(27r)26 2 \6 / r(«).« 

X n n' [ fi + —^1 ^"^+^'*'2(^^3] 

m It 

and each form is a product convergent for all finite values 
of|.|. 

§ 10. It is natural in investigating the properties of O (z) 
to attempt at the outset to combine the difference equation 

with the relation 

Substituting — z for z, we have 
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Wherefore 

(?(0-H)G^(-« + 2) = r(«)r(l-;5)<?(«) 0(l-z\ 
so that if we write 

we have the difference equation 

^ («) = -T-^ A (a - 1), 
^ ^ ' 8in«ir ^ ^ ' 

The mo8t general solution of this equation is 

\8lU27r/ 

multiplied by a simply periodic function of « of period unity. 
We proceed to represent the particular solution which is 

the value of -j^^ { as a definite inteerral. 

Take the first product-expression for O (z) and we have 












(2.)-,-«-^-Fn[(.-^) 







= (2n-)'e-^n 

DiflFerentiating with respect to «, 
|logK.) = log2.-l + i[^^-^,-.] 



= log.2.-l-2i[^-^+l] 
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80 that, using the partial fraction expansion for itzo.oi'KZ 
obtained in trigonometry, 

-^ log ^ («) = log 27r — 7r« cot vz. 

Integrate and determine the constant of integration by the 
fact that ^ (0) = 1, and we have 

log^(«) = «log27r- J nz cot irzdz. 

•'0 

Thus log-^-^- ' = I vz cot wzdz^z log 27r, 

tr (I -^ z) J ^ 

a relation originally due to Kinkelin. 

From the expression of the integral just written in terms 

of log-^Y" ^ , many others may be expressed in terms of 

a similar function of quotients of G functions. 
We have seen that 

J.tT^^^^^'^S^'^ + ^^S^^CnT)' 

and we deduce 

1 • 7 1 sinTTfii . , G(l^z) 
\ogsmnzdz^zlog^^ + log-^^^^-^^ , 



r. 
r. 



logcosTra dz = (z- i) log-— i log* — log F (i - «) 

27r 






TTZ tanir* efo = — ^ log — - z log27r - logF (i - «) 

As has been shown by Kinkelin, the following integrals 
can be readily evaluated in a similar manner: 

f", , , r'siuirz^ r z*dz C z'dz 

logteLUwzdz. dz. -:-^ — , — 5 — , 

Jo ^ Jo 'T* ' Jo8»n«7r«' J,cos"7r«' 

f' z* coBirz dz r*! / 7 \j f'logzdz 

r-= , l0g(C0B&2-C0Sa2)a«, , ^ t } 

J^ BmV« ' J, ^^ ^ ^ J^l + aV 

j \g (1 + 2a cos« + a') rf«, j ^" rf«, etc., etc. 
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The resalts are obtained by elementary transformations 
which can be readily discovered when necessity arises. 

As an example of the application of such formplse to the 
evaluation of definite integrals, consider 

I \ogAmrzdz. 

By the first derived formula above, its value is 

- log27r + Lt. log ^ " ^^ sinira 

= — log27r -I- logTT. 
And so 

I logsin7r«ffe = -log2, 

a result usually given in the text-books.* 

And it is evident that by assigning to the upper limit of 
any of the preceding integrals values which cause the quotient 
of the O functions to reduce to known constants, we may 
obtain the values of a large series of definite integrals. 

§ 11. From the identity just obtained, which may be written 



1 I irz cot itedz 



we may at once deduce the behaviour of (? (1 + «) as z 
approaches infinity along the negative direction of the real 
axis. 

For when z approaches infinity along the positive direction 
of the real axis, we have seen (§ 4) that 0{i+z) behaves like 



(27r)2«5 



^^"'-^ ^2.1-\-^'\ 



And hence as z approaches infinity in the negative direction 
of the real axis, G (l-^-z) behaves like 



e 
A 






* See, for example, WilliamBon, ItU. CalCj 6th Edition, §118. 
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In the former case 0(l-\-z) tends uniforralyjto an infinite 
limit, in the latter the nature of the ultimate line of essential 
singularity is given by the expression just written. 

§12. After successfully expressing log -^4 rr as an 

indefinite integral of a simply periodic function, it is natural 
to enquire whether log 0(z-\-\) can be expressed as a similar 
integral of a Gamma function. This is in fact the case, and 
we shall show that 

log (? (« + 1) = « log r (« + 1) - [ log r (1 + «) dz 

J a 

+ -log27r. 



2 2 

From the first product expression for 0(z + 1), we derive 

|log<7(« + l)=.ilog2,r-(« + i)-7«+^_[;^-l + |] 

= ilog27r-«-i+«T"logr(«+ 1)* 

Integrate now with respect to a, taking zero as the lower 
limit, and we obtain the formula stated. 

This proposition we shall usually refer to as Alexeiewsky'a 
theorem — it having been originally given by him. 

5 13. Suppose that we put « = 1 in Alexeiewsky'si 
theorem — we obtain 



/: 



logr(l + z]dz = \ogr (2)- log G (2) - 1 +i log2ir 
= ilog27r-l, 

which is Raabe's formula for the case a = 1 in the known 
theory of the Gamma function.* 

It is now an obvious investigation to find I log V {a -{^ z) dz. 

J 



• Vide, Theory of the Gamma Function^ § 8. 
VOL. XXXI. 
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Put « + a for « + 1 in the first product expression for 
O [z + 1) ; then we have on logarithmic differentiation, 

^ log(?(« + a) = i log27r- (is + a — i)-7(« + a— 1) 

^ i logiTT - (j5 + a - i) + (« -f a - 1) ^ logr (« + a). 
Integrate between the limits and Zj and we find 
logr(a + a)c?« = -log27r ^ - 

+ (^+a-l)logr(^ + a)-log.^^±^-(a-l)logr(a), 
the natural extension of Alexeiewskj^s theorem. 



/, 



§ 14. We will now give the asymptotic expansion of 

logff(^+a+l), 

when z is any point in the domain of in6nity, but not in the 
vicinity or on the negative branch of the real axis, and a is 
any quantity such that | a | is finite. 

It has been shown [Theory of the Gamma Function^ § *0 
that, under the restrictions of a and 2; just enumerated, 

log r (« + a) = (« + a - i) log« - « + i log27r 

■*■ ^i2/i.(2n-l)«'--* "^ ... az"^ * 

where 8^ (a) is the nth BernouUian function of a. 

Hence integrating with respect to «, we obtain the 
asymptotic expansion 

J logr(«f a)rf«=(7+(|+a«-^)log«-j g + a-i^a 

z* z 
" 2" ■*■ 2 ^^^^^ ■*■ ^' ^"^^ *^^* "*■ ^^ ^^^^ 

where C is a constant with respect to z. 



Digitized by 



Google 



Mr, Barnes^ The theory of the O-f unction. 283 

Substitute now the value of J logr(«-!- a) dz given in § 13, 
namely ^ o 

J logr(« + a)eZ« = -log27r ^ 

+ (« + a-l)logr(«fa)-(a-l)logr(a)-log«^^^^. 

Then we obtain the asymptotic expansion 

■ ^''S ^^^S^^ + ('^ + '^ - ^^ ^°S r(« + a) - (a - 1) logr (a) 

«.a4-2a — 1 z. 
2 +2'^82t 

= C7+ (^-4 a« - - j log«-— -a« + - + - log27r 

/ , a. a — 1\ , 

;^, 2n + 2.2n+1.2Ma*" .Ml (n + l)f?«" ' 
on substituting the values 

Hence, utilising the asymptotic expansion for log T (« + a), 
we find 

1 ^/ \ n z.z-\-2a-l 3^ « 

log(7(« + a)=a 2 + T"*"''''"2 

■^ «-i (2n + 2) . (2?i + 1) . 2w«*'* «-i (w + 1) .««* 

+ (« + a-l)(« + a-i)log«- «(« + a-l)+ — g""^^^^'^ 

where C7 Is still a constant with respect to z. 
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Increase now a into a + 1, then we find on reduction 

log<7(j5 + a+l)= C--|--a* + ^Y^log2ir 

^ L« 2n.2n - 1 .»■"-' ^ Zx nz' J 

, g f-m. , ^ (-)'5L.(«+i) ^ 

(7 being constant with respect to z. 

But in § 4 we obtained the asymptotic eqaality 



log (7 > + a + 1 ) = 1^2 - log ^ - -J - o« 



+ -^ log2T + ^^-^ - ^\^ log: 

+ terms which vanish with - • 

z 

We see then that 

C=T^-"log^. 

We thus have finally, for all values of z near infinitj 
except those which are in the vicinity of the negative directioa 
of the axis of x and for all values of a such that | a | is finite, 
the asymptotic expansion 

In the course of this proof it has been assumed that we 
have the right to integrate an asymptotic series. The general 
theory of asymptotic series lies outside the present iuTcsti- 
gations. 
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For the validity of the process in question it is sufficient 
to refer to a theorem of Poincar6.* 



§ 15. Some deductions from the asymptotic expansion 
just obtained are of interest. 

Putting a = 0, we obtain the asymptotic approximations. 

It proves convenient to write, in accordance with a more 
general notation, 

A(a|l,l) = (a-l)g.(a)->g^.(a) + a ^'";|^l^\ 
SO that 

, n even 

— --; , n odd, 

n + 1 ' 

And then the asymptotic expansion for log O {z + a) takes 
the form 

log G (2 + a) = ^ - log4 + ^^2'^ l^S^*^ 

+ [' 2 ^-T^jlog^-— -(a-l)« 

for log — ^^^^^ ^ which 
may f ' ' 



There is a very simple expansion for log — -^ — r 
ly be readily deduced. ^ ^^/ 



♦ Poincai^, Mecanique Celeste, T. ii., § 122, p. 13. Vide also Acta Math., 
T. VIII., pp. 295 et seq. 
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For, putting a=:0 in the expansion just obtained, we have 
the asymptotic equality, 

Iog(7W=iV-log^ + ^log2ir+(|-« + ^^)log«-i«'+« 

I.-1 2n. (2n - 1) .«*""' «-i 2/i . 2» + « . «'" ' 
And hence 
- (? (a + a) a , ^ f^' 1 , 

-ai5+ 2 i-V ,SJa I 1, 1). 

We thus see that there is an exact analogy between the 
asymptotic expansions for the G and F functions. It is 
noteworthy that the coefficients in the case of the (^-functions 
can all be expressed in terms of simple Bernoullian numbers 
and functions. 



§ 16. It is well known that in the theory of simple Gamma 

functions Baabe's formula expresses \ogT {z ■{■ a) dz in 
simple terms. ^ o 

We now proceed to Alexeiewsky's Analogue of Raabe's 
formula, and we will prove that 

j log(?(« + a)c& = alogr(a)-log(?(a + l) 

a.(Z — 1 CL . _ ^ 
^— -^ :^\og'iir -V C, 

where C7 is a constant whose valae is given bj 

where A is Dr. Glaisher^s constant. 

Let >^(^)'*f log ff (« + a) c/^r. 
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Then diSerentiatiDg with regard to a, 

so that by the fundamental difference equations for the 
G^-fu notions, 

^/(a) = logr(a). 

Now, by § 12, 

J^og^(a)rfa = aIog^(a)-logfl^(a+l)«55^^ + |Iog27^, 

hence 

I log O {z '\' a) dz^a\ogr {a) -lo^G {a -\-\) 

^ +2log27r+(7, 

where C is an absolute constant. 
Putting a = 1, we see that 

(7= f log (« + 1) cZi? - i Iog27r. 

Now, by the fundamental product expression for G^ (a + 1), 
namely 

we have at once 
J \ogO{z-\'l)dz 

:j;g,og2.-i^-.jVi{.io,(..|)-..f;)] 

= Jlog2,r-^''2-|+2 [A.(A:+l)Iog(l+^)-A-i+l]. 
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Now 
lA.(*+l)log(l4-J) 

= i [ft . A + 1 log(* + 1) - Ai. (^ + 1) logi] 

= Lt. [-2 S ^logi + n.(n + l)log(n + l)]. 

Hence 

[ log ff (a + 1) (f« 

= I log27r - ,53: -^ + Lt. I- 2 i A log A; 

= i log2fl- - 1"^ - 1 + F- 2 log^ - (»• + n + i), logn + K 
+ (n' + w) logn+n+1-- ---w + --ilogn 

+ terms which vanish with - 

= ilog27r + T\5-2log^. 
Thus 

C7=-Jlog2,r + TJ^-2log^ = ilog[^3], 
the result required. 



§ 17. It is now possible to express Dn Glaisher's constant 
in terms of G (^), and as a Corollary to deduce Alexeiewsky' 
value for the constant C just investigated. 

We will show that 



-0 

r*8 NitJ 



A=> 



gAgA 



, Google 
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G (^ + 1) =(27r)ie *'* ""^ 2 fi [(l +?)*e "'a*'] , 

we obtain, on making z=s^, and remembering that 
a{tt + \)=^r{z)G{z) and r(i) = Vjr, 

log[VW«(i)>ilog2,r-|--| 

+ 1 \k log (2A + 1) - ^ log2* - i + ^.] , 

- i log2n- - "^^ + i 2 [(2i + 1) log(2A + 1) + 2A- log2A: 

- 4fc log2A - log (2i + 1) - 1 + Ik]. 
The summatioD just written 

« Lt. [*"2 A log* - 4 S i log A - *"2 log* + 2 log* 

+ i 2; -^ - 4 —2— log 2 + w log 2 - n], 

-i(2n+l)'-4,^:^log2-4logA 

■* ' ~ "^ (i "^ I ^ ^) '^S^ + »** - 'og 27r - (2/1 + 1 + \) log(2n + 1) 

L| + (•2n+ 1) 4-nlog2 + log27r+(n + i)logn-2n + i(7 + logn)], 

which on reduction becomes 

-3log^-^'\jIog2+l+| . 
Hence 
log[,27r)*(?(i)] = ilog2;r- i- J log^ - ^4 log2 + i, 
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80 that log<?(i) =-i logfl- + i - 1 log^ + 2^ log2, 
and therefore finallj 

A = 



2AgT^ 



NoW| in § 16, we saw that 

HeDce, substituting the value of A^ 

which is the expression given by Alexeiewsky.* 

§ 18. It is now easy to deduce Dr. Glaisher's formulaf 
for -4, namely, 

. „A -ii+l[*iogr(i+x)cfe 
A=2 IT e u , 

Make «= J iu Alexeiewsky's theorem, (S 12), and we find 

f*logr(H-«)rf^ = ilogr(f) - logG(i) -I + i log2,r, 
80 that, since Q(^) = VWG(i), 

nfi\ -* o* -fWr(i+«y» 

and therefore, by § 17, 

2^e^ ^ 1 ,f*iogr(i+x)ife 

A -i Wf'l0gr(l+ar)ife 
= 2 TT e ^» , 

the expression required. 



* FortiehritU tUr Mathematikf Bd. xxri., p. 489. 

t Glftisber, " On the product l».2«...fi«," Mtuengert VoL ril., p. 47. 
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It 18 interesting to note the analogy between the identities 

This analogfy gives an additional argument to those already 
cited by Dr. Glaisher* for regarding ^ as a definite constant 
of analysis. 

§ 19. We proceed now to the analogue of Gauss^ Theorem 
in the theory of simple Gamma functions. 
It will be proved that 

where f is a constant whose value is given by either of the 
expressions 



i^ 



or ti^ 8 (i)7r 6 2 4 ^--f". 

Let /(z)^0(nz\ 

then '^^^^^p-^r(nz-\'n''l)r(nz + n^2)...r(nz). 

Now, by Gauss' theorem, 

r(z) r (« + i) ... r(z+ ^) = (2,r)'^«*-"r(«). 

Hence 



* Olaiiher, Mmen^er, Yol. xxiv., p. 16. 
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And therefore 

/(. + i) = (2^)-^-«-'^— nn,r(. + !:±f)/(.). 

A Holution of this difference equation ia 

(.,)-^-»^-"nne(,^l±f). 

and the general solution is equal to this expression multiplied 
bj a simply periodic function of period unity. 

We proceed to sliow that O (nz) is equal to the expression 
just written multiplied by the constant K, whose value has 
been given above ; in other words the simply periodic function 
reduces to this constant. 

When 1 2; I is very large and z is not real and negative, we 
Lave seen (§ 15) that 

And hence, under similar circumstances, 

U.G(z)=^ — Q2w)'^z^ ^e 4 * . 



T 

So that, writing « + - for «, 



l-M-S.-»^^ 



8«« 3«r 8r« r (...). 

X e '^ ^ ^^ ** ' 



Now, under such conditions for Zj 

Lt.(l + ?)-e-g-". 



And hence 



y. 4 V n; t 
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Give now r all values from to (n - 1), and we obtain^ on 
multiplying the resulting expansions, 



Lt.Gt(.)<?(. + ^)...^(^ + !L-J) 



Substitute now « + - for «, and, as before, multiply tbe 
n 

expansions wbicb result from assigning to 8 all values from 

to (« — 1), and we obtain, on reduction, 



Lt.n n (?« + J 



But trom § 15, under such circumstances, 

Lt.G(nz)=.^(27r) 2 („.)2 «+f.^-l«-+«^ , ..^ 

Thus we see that, when \z\ is large, but z not real and 
negative, 

= Lt. JTG^ (n«), where K^ i^-A (27r)" "2";,"*, 
exponentials being neglected which involve powers of - • 

But we have seen that the two sides of this equation can 
only differ by a function of e*"**. 

This function is therefore unity ; and hence 

KG (nz) = (2:r)-^\T-« ri n <? (^ + ^) , 
an equality which holds for all values oi z. 
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We have $bown that 

and hence, using the identity 



^=-ii«^2 (27r) 2 „-A; 



-4 = 



^^o\\y 



J, 



n-1.ft-? (i»-l).(fH-l) 

-BTmay equally be written {(?(^)}^^"*"^V « 2*" * , 



rA 



§ 20. The analogue of Euler's theorem may now be written 
down at once. 

Make z = in the result just obtained, and observe that 
from the product expression lor O (z) 

iM. 6r(«) .-. r{nz) ' 
then we find 

the accent denoting that the term in the product for which 
must be omitted. 



r = 0) 



A ««-l fi-l 



•»-i«-i /r4-8\ fi • — — ' 

Thus nn'0{^y—^e^^(2^) ^ 

r • 

the analogue requred. 

It is worth noting that, when ft = l, each side reduces to 
unity — a result which furnishes some verification of the 
accuracy of the algebra. 

The results of §§19 and 20 have previously been given 
for the ilg function by Dr. Glaisher.* 

§21. We conclude at this point the investigation of the 
elementary properties of the O function which are immediately 
deducible from its product-expression. 



* Glaisher, Qaarierlif Journal ^ Mathmnaiktf YoL xzTiii., pp. 69-73. 



Digitized by 



Google 



Mr. Barnes^ The theory of the 0-f unction. 295 

It 18 evident that we mi^ht now construct an extended 
Q function satisfying the difference equation 

/(;.+ l).6'(^)/(*), 

and corresponding to Dr. Glaisher's function ilg,^. 

The function and all higher functions possess properties 
exactly analogous to those already investigated, for instance 



j: 



(?(« + «) dz 

can be expressed in terms of the next higher Q function* 
But the consideration of such functions, and the properties 
which they possess and the constants to which they give rise, 
is for the present reserved. 

Contour integrals and asymptotic approximations connected 
with the O function. 

§22. The O function has been defined as an uniform 
integral function whose sole finite zeros are at the points 

«'=— ww; n = 0, 1, 2, ..., GO, 

the zero at the point - ww being of order (n + 1). Or more 
simply G(j3+ 1) is a uniform transcendental integral function 
having its sole finite zeros at the points 

« = — wm ; ti = 1, 2, ...y 00 1 

the zero at the point — «ai being of order n. 

We seek now to express log (? (« + 1) as a contour integral, 
and we propose to investigate the allied theory of the asymp- 
totic representation of expressions of the type 



•.i(a +wai)' 



when m is large and s has any values real or complex, the 
many-valued function (a + 77(ii)' having its principal value 
with respect to the axis of — oi. 

The investigation which follows might easily be extended 
to series of the type 



«.» (a + nw)' 



>•> 
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'where k is any positive integer, and from it might be deduced 
contour integrals to express higher O functions with poles at 
the points s = -wci>,n= 1,2, 3, ..., oo of respective order w*. 

The interesting fact about all these expansions is that there 
is no necessity to introduce as coefficients functions other than 
the BernouUian functions and constants of a and w. 

The predominant terms of the approximations to particular 
cases of some of the series which follow have recently been 
obtained from a different point of view by Dr. Glaisher. 

§ 23. We first proceed to obtain an asymptotic expansion 
for 



when m is large, and a, «, and <i> have any complex values. 
We have previously considered* the extended Kiemann f 

function defined, when iSl ( — ) is positive, by the equality 

?(«, a, o) = — ^—^ Jr37=i (-^) ^^J 

the integral being taken round a contour extending along the 
axis of a>~* from + oo round the origin and back again to + oo , 
and enclosing the origin but no other pole of the subject of 

integration. That value of (- z)''^ = e^'~^^ ^^'^^'^^ is to be taken 
which is such that log (- z) is made uniform by a cross-cut 
along the axis of the contour of the integral, and is real when 
z is real and negative. And we obtained (§ 35) an expression 
when m is a large positive integer, which may be written in 
the form 

yr ^ _ V 1 1 1 1 fa ,\ 



+ 



This asymptotic equality serves to define ^(Sy a, w) for all 
values of 5, a, ca. 



♦ Thtorjf of the Gamma Functwitf Part in. 
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DiflFerentiate this I'esult with regard to ai and we find 
m-i an d y. ^ . 5 1 



„, (a + WW/ Cio ^ ^1-5 a>*^'«i' * 

w ( (g-f l)a _^ 5 \ 
(mw/** jo 2/ 

"*"iu;:«^ ^ I r ; t (jnwfr j 

for (G^anima Function, § 16) :3^) = 5,(^), while ^5:^ 
is (§ ] 5) independent of oi. 

Now l8(^\^.^^-^8(^) 



^{'S^.(«/«-)+Aw}. 



and, if r= 1, 

Hence) if Kl f— j is positive, 

1 r (g 4- l).a _ j^l _ 8 /a' _a \ 
"*" (woi)* [ w' 2aiJ ^^woi)'*' I c7 " 2ai/ 

-:!.<-)'C^r')[ '-%:y-^^ ] 



* CO (-) 



CtO^^^^^^/^)-^*^-^^^^- 



TOL. XXXI. Q Q 
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Divide bj s, change a into a- 1, and we get 

■y n ir(l-a) f e-<"'>' , ...., 1_ _1_ 

i;(a + n<u)'~ 2^ j(i_e— /^ *^ '^^ "^ 2 - » ' wW 

gg 1 1 **' 4. a 

w'.«- 1 (tnw)*"' ~ 2 (mw/ '.w ~ w'.(»nw)' 2w(»(w)' 



a. ^ ?/- V /'» + »'-2\ ^,(a/«.')+.g^.(«.') 



the expansion required. 

It is evident that this expansion is valid if HI f — hi] is 

positive, as may be rigorously established by an investigation 
similar to that undertaken for the fundamental expansion in 
the Theory of the Oamma Function (§ 23). 

From Abel's investigation of the binomial theorem for a 
complex index, we see with the given prescription of (a + ww)* 
that 

m 1_ r 00 . y /« + r - 1\ dr 1 

. L_ . ^ . 1 ? f .y /* + ^ - 2N or 

iu.(wiu/» w{mwy^ uiZr ^ \ r J {mw)^''' 

w r-i {fnwY ' \ r J ' 

and therefore we may write this expression in the form 

- « _ «-r(i-«) f e-'-^>- . 1 1_ 

i, (a + wo./ ~ 2v J (1 - e— )• ^ ^ ^'2 -a' w'/»r' 
(_oa__ 1 \ 1 /g* g\ 1 
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Put now 

and we have finally, changing a + w into a, 

'^Iw's-l 2w.(«-l)J (mo.)-' La.' 2« "^ *J («Jw)' 

This asymptotic expansion may be used to define ^^(Sy a/cu) 
for all values of », a and cu. It can be readily seen that the 
function so defined does not depend on m, and with this 
definition we see that, for all values of 5, a, (o, we have 

1 3 
(; (5 + 1, a + w/ w) = - - ^ ?(«, a, oi). 

In case any doubts should arise as to the legitimacy of 
differentiation under the sign of integration, it is sufficient to 
remark that this formula can be established de novo by a pro- 
cess similar to that employed to establish the result from which 
we started. The method given has the advantage of brevity. 

§24. It is proposed to call ^,(5, a[w) the second extended 
Biemann ^ function with two equal parameters w. 
It is evidently infinite when 8 = 2. 
Putting « = 2 in the formula of § 23, we obtain at once 

=Lt.ri^ — ^-^.--L1 + :!;-i,iogo. 

..00 |_^, (a - w + WW/ nwj w' w' ° 



1 



-1— ^,logfl'p)l-lIogc- 



-7«-£'^°s^G)-i--'^6'- 
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It IB eyideDt that, when 5 is a pasitive integer > 3f 

1 3 
Since J; (» + 1, a + •/«) = - - — ?(», a, »), 



ve Bee that when « Is a negative integer 

(Oamma function^ 1 37). 



{;(,+i,«+«M = J |,[S.(a/«) + .5.^(-)] 



Now 

|;«-.("/-)-s--«-(i) 

- - £ «-.(«/«) + ^ [5^.,(a/a») + .B^(«)], when -*> 1. 
Thus, when « is a negative integer greater than 0, 
{; (#, a + «/«) = - i [5 „,(a/o,) - aS .(a/«)] 

And therefore 
where, in conformity with § 15, we put 

and .B.(a», «) = - ,i?.(«) - 1 ^5.,.(«). 

To find the value of f,(0, a/w) put 5 = 6, where e is veiy 
small, in the asymptotic expansion of tbe preceding section, 
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and expand In powers of e, retaining only the absolute term 
and the first power. We find, when *l ( - 1 is positive^ 

fw.Tn + 1 * 1 / V 
e S n log (a + woj) 

i r e'^"**^ dz 

+f(..!....)i,-..^(.».,-...)-™.[^:-i=iw^] 

, (^^^)(,,3l0g(..)4...}- i JZTI^ ^.(^-^;^)^;f..M 

+ \ [5i(« + «) + i^,W] [I -elog(«ni)+.,.] (1 - e) 

and we obtain an asymptotic identity true for all values of 
«, a, CD when the integral is replaced by 

{;(0, a + a>/«) + e T^^ j;(«, a + »/a))J +... . 
Equating the absolute terms, we find 

1 f 2© a cd) 
for ,BJa.)=-jJ_LJ =„_, = _. 

Tb«8 ^,{0, «/•) = [i^. - ^ + a] - .5/ (a/«, «), 

in accordance with our previous notation, the accent denoting 
differentiation with regard to a* 

In order to complete the table of values of f,(«, a/o>) for 
integral values of «, we must investigate its value as s 
approaches unity. 
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Put »- 1 in the formula of § 23, and we find 
L..[t(.,.H^(.^-l).-l,] 

-ie-*)-(^-fj)-(£.-i)i.-l 

. = ^'»s<'(£)-l'og«'+(5-i)«.s-. 

Thus we have 

!;;■[!■■ (',«/.)-i- '^'",'l^p'' .] 

Tabulating our results, we see tbat for integral values of •, 

^*-^("«/«)-(7r^.]=-|.iog(^(i)-iiog.-i 

when »=2, 

"*" («• ~ «) ^**S » - ^ log2*. when « = 1, 
S (», a/«) = ,5/'' (a/«, «) when « « 0, 
{;(., a/«)=,5^(a/«, o.) + ,S,..(«, ») when *<0. 
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§ 25. Equate next the terms involving e in the identity 
•f the previous paragraph. We proceed to show that we 
hall obtain an asymptotic equality which can be quickly used 
o give a contour integral for log ff («+ 1). 

We find at once, it a + co be positive with respect to o), 

- 1 / N * f «"^"*"^' n / X -. ^« 

- 2^nlog(a + wc.)=--J ^^_^^..y [log(-^) + 7] 7 
^ ^ (-y ^,.,(a4o)) + ,P../ai) 



wm 



--[l+logmo,] !_- + - + -J 



+ - 2 P^, [5, (a 4 0.) + .5,,, (a,)], 

and this asymptotic equality holds for all values of a and a> 
if the integral is replaced by 

[!?;(,, a+«/a,)]^. 

In the contour integral the axis of oi'* is a cross-cut for 
log(— «), and that value of the logarithm is to be taken which 
is such that the imaginary part of the initial value of 
log (- w"') lies between and - 27rV. 

Thus, when Ki [ — hi) is positive, and the contour of the 

integral is taken along the axis of a>~\ 

if e"("'^J* dz 

+ 'y{^'-A}- [7 + 1-2^' + ^] •''««'» 
fwi' ma a* a , "] 
■*■ [T ~ ^ ~ W* ~ 2^~ "J 

*.r.(r+l) (ma,)- 
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which is important as being the asymptotic expansion of the 
logarithm of the product 

n (a + no))*. 

Mat 

Make now a=:0, © = 1, and we find, when w is a large 
positive integer, and the integral is taken along a contour 
having for axis the positive half of the real axis, 

iog.'.2-....„-=i|_j;^.„g(..,^,,(-iVA) 

r»l' OT , "1 , W' , « i-T\^r ,(1) 

This is the result which has been previously cited (§ 3). 
The dominant terms have been previously obtained in a 
diflTerent way by Dr. Glaisher. 

We note that his constant A may be expressed as a contour 
integral by the relation 

"■"^=.4 /(nS5-'»e(-)T-'(j- A)+A, 

the axis of the contour being the positive half of the real 
axis. 

Bjr subtracting the identity (1) from the asymptotic 
Identity which results from making a = in it, we obtain, 

if (» + a) be positive with respect to w, and the axis of — is 
the axis of the contour of the integral ^ 

7a' a* , ma a* , a 
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Hence 

■^ 2a.' L~ »» '-' w""""" J ^Ir.r+l • (mo>r 



+ 2. 7 TZ , 



Tvliich is the asymptotic expansion of the first m terms of the 
product which represents log 0(l -\ — ) . 

Make now m = oo , and remember that 



Iog(?(a + l) = logn [(l+^Ve "^snl 



+ .log2^ 4— -'y2' 

Then we have, if jR (a 4 1) be positive, and the contour of 
the integral is taken along the positive half of the real axis, 

l„g<7(a+l),._j____log(-«)_-_ + -log2., 

which gives the required representation of log (? (a + 1) as a 
contour integral. 

§26. Before attempting to reduce this integral to the 
form given by Alezeiewsky, it is desirable to recall a couple 
of formulsB in definite integrals. 

We have previously shown (Oamma Function^ § 28), that 

1 



[' 1-e^^e « 
7-J^ i ^^» 

is a small real quantity, 

f" e'^dz , . , . . , 
= + logs - 7 + terms vanishing with e. 

VOL. XXXI. BB 



and hence, when e is a small real quantity, 
e-'dz 
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•Again following Stern,* It is easy to show that 

For from the theorem just stated. 
Again from the formula, 

we have, putting a » f , 

% 

And hence 

X' f * r 1 , .. n ^« . i- . 

oNow -; — ; +i€ '--— IS finite, 

and therefore is equal to 

1"° / 1 1__ x-u_^\^ 

"J. V2(e*-1) 2(e'+l)"^^* 2J « 



• Ptcrn, Gmiffpfn Studien, !847. Vide also Bicrena de Ha&o, ItuiGmltt 
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80 that 

We immediately deduce that 

+ terms which vanish with e. 

It is evident that this formula would result immediately 
from one previously obtained [ Gamma Function, § 32], 

- logp, (*») = J ^ \yI7^^ ~ z ■*■ ^ '^^ ^'^/'^^J 7 ' 

on making ik> = 1. 

The investigation which has just been given is perhaps 
worthy of retention as a verification of results which were 
obtained in the former paper. 

§ 27. Take now the formula 
log(?(a+ 1) = -- J-^^__log(-.)^ - :L. + _ ,og2., 

and reduce the contour of the integral to a straight line from 
4 CO to f, a circle of radius e round the origin, and a straight 
line back again from 6 to oo , 6 being a small real positive 
quantity. 

The value of log(— z) when z is at any point of the real 
axis tails short of its value when z is at the same point after 
having passed round the origin by 27ri\ 

Thus we have 

the last integral being taken round a small circle of radius e 
surrounding the origin. 
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Put z=s€e*^y and we obtain as the value of this laBt 
integral, neglecting higher powers of 6, 

x[l + ee'* + ...] 
= — I ddl" ^"^— .-J [log e — TTt + 1^] + terms vanishing with € 

= - — log 6 h terms vanishing with €. 

Thus 

r'^e-'dz r a.a-1 a l-e'" ! 

-?[r-?-^H-[/:M] 

+ terms vanisbmg with e, 

_ reyz r a.a-1 _ g l-e-"1 

-j. z I 2 i-e- + (l-e-rJ 

+ terms vanishing with e. 

Make now 6 = 0, and we have finally 

log<7(a+l) = J^-^- ^-^-^_..+ ^j_^,J 

the expression for logG (a + 1) as a definite integral given by 
Alexeiewsky. 

§ 28. It is easy to obtain another form for this integral. 
For we have seen that 

-I- terms vanishing with e. 
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Now 

J . (l-e-"? ^ ~ Ir^^J. ^ e ~ ^ "^ *^^"^ vanishing with e, 



and 



j:,T??7-ii-{-[T^.]>H-')]:} 

= 1 — log € + terms vanishing with e. 



Hence 



-j'(.+7).|l.6|. 

§ 29. It is worth noting that the asymptotic approximations 
obtained in § 25 may be utilised to verity, for the case when z 
is a large intej^er, the asymptotic approximation for G{z-\-a-\^\) 
obtained in § 15. lor we have obtained an asymptotic 
approximation for 

n (a + r?w)*. 

Putting oi = 1, we have the product 

(a + l)*(a+ 2)'...{a+ (w - l)a)p^ 

which is equal to 

r*(a4-7w) g(a-f 1) 
(^(a-fm+l) 

The verification now proceeds exactly as in the similar 
case of the simple Gamma functions* 

Finally, for the sake of analogy with the more general 
transcendent which will be called the double Gamma function, 
we would indicate another notation which in many ways 
simplifies the formulae which have been obtained in the 
preceding paragraphs. 

The new function r,(«/aj) is defined by the relation 

"z (t—<af 
r,-" («/«) = G^ (^) (27r)" ^ <o~^ . 

* Tide Theory qfth% Gamma Function^ § 84. 
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It may be at once seen, from the equation 
Oiz + \) = T{z)Q{z), 
tbat we derive the equation 

r,'(z + tt>) ^ r,(g/«») 

If we put 

,^.C)(./.a,)=^logr.(./«), 

'^/"(W «»)=!-. log r.(^/a,>, 

and flo on, we see that the table of § 24 may be written 
?.(*, o/«) =.^i=|^, ,/,.<• (a), when s> 2, 

+ '/'.*'' («) - —I > wl»en « = 2, 



(5-2) 

80 that, for integral values of s, ^^(5, o/w) is expressed in 
more simple form by the new notation. 

So, also, it may be readily seen that we have more simple 
intetrral expressions than those which have been investigated. 

Thus 

-«',s.(«;»)i, 

and a series of formula? which arise from the equality of the 
parameters in the more general theory. 

The noH'-exvitence of a differential equation for 0(z) whose 
coefficients are more simple functions. 

§30. We conclude this paper by showing that just as 
r(«) will not satisfy a diflferential equation whose coefficients 
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are algebraic, or simply or doubly periodic functions of «, so 
G Qz) will not satisfy an equation wbose coefficients are 

algebraic functions of Zj 

periodic functions of «, 

simple Gamma functions of z^ 

or finite combinations of sucb functions. 

The result is one which may be extended to all the higher 
O functions which were mentioned in §21. 

The proof is the natural modification of the one already 
given for the case of simple Ganiina functions.* We shall 
therefore indicate it as briefly as possible. 

In the first place it may be proved exactly as formerly (§45) 
that if the theorem is true for the logarithmic differential of 
O {z) it is true for G (z). We shall then confine ourselves to 
the consideration of the function 

i^(iz) = jJogO(z), 



§31. Since 0(z) satisfies the difference equation 
it is evident that <ft (z) will satisfy the equation 

where, as before, we write t/' (^) = j log T (z). 

Suppose that y = ^ (x) satisfies the differential equation 

flo transformed that it is rational and integral in the quantity y 
and its derivatives. 

Let the terms of class a be symbolically 

i?,(o <?;o/), A« q:(jj), -, ^.w <?.*(y), 

the terms of class («— 1) being 

and the functions R(x) and 8{x) being holomorphic. 



• Vide Theory of the Gamma Function^ Part v. 
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If {x) satisfies the differential equation, ^ (jr) + i// {x) will 
satisfy the equation in which j; + I is written for x. 

Divide the equations respectively by B^(x) and B^(x-{- 1) 
and subtract one from the other. 

Then we obtain the equation 

+ C.° [♦ W + '/' (*)] - Q' [* (a;)] + terms of lower class = 0. 
But «;[«(-r) + '/'(.ir)]-(2;[«(^)] 

consists solely of terms of lower class than 8, 

Hence either the equation which has been obtained vanishes 
identically, or we can reduce the equation for y to one in which 
there are fewer terms of class s. 

The equation cannot vanish identically unless the coeffi- 
cients of the various terms of class s all vanish, which gives 

/?,(^+l) R,(x)_ 
= 0, 

SO that the ratios '^ i » •.., -t5*W are simply periodic 

functions of period unity. 

The equation for y can thus always be reduced to one of 
the form 

^0'') [?.(*) Q:(2/) +.•.+ ;>.(') C.*(y)] 

+ ^.««*^.(y)+-+-^,(')<?.,Cy) 

+ terms of lower class = 0, 

when all the coefficients are holomorphic functions, and, in 
addition, the functions p(x) are simply periodic of period 
unity. 
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Divide the equation by R(x) and subtract it from the 
equation which results from changing x into (a; 4 1). 
We obtain 

+ term8 of lower class a=0 (1). 

This is an equation of class («— l)y unless it vanishes 
identically. 

Now, in general, 

+|«."'*['A(«)], 

and in partlcalar cases anj of the terms on the right-hand 
side may disappear provided all do not disappear. 
The equation (1) will not vanish identically unless 

Any number or all the terms on the right*hand side of this 
set of equations may vanish, but in the latter case the original 
equation can be reduced to the form 

+ terms of lower class « (2), 

VOL. XXXI. S3 
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the p^^ being simplj periodic fuactions of period unity and all 

the coefficients being nolomorphic. 

Either, then, the original equation can be reduced to this 

8 (x) 8 (x) 

form, or at least one of the ratios J*) ^ , .*., ' ) ( is composed 
' R{x)^ ^ R{x) ^ 

of an additiTe number of solutions of equations of the type 

But a solution of this equation iBp(x) 0'(^)» *°^ ^^^ ™^®* 
general solution is p (x) ^' (a) + 13 (ar), where /S (x) is an 
arbitrary simply periodic function of x of period unity. 

Thus one of the ratios J*; / ■ , ..., '; / must be a function 
Ii(x) ' ' £(x) 

generated from the O function. 

Thus either the original equation implicitly contains the 
O function or its derivatives among its coefficients, or it is 
reducible to the form (2). 

Continue our former procedure and we see that either at 

T (x) T ( ap) 

least one of the ratios °; ( . .... ") ( is composed of an 
E (a?) ' ' E (x) ^ 

additive number of solutions of equations of the type 

/(«4l)-/(x)=;,(;r)<2,{^(*)}, 

or the equation is reducible to one in which the ratios of terms 
of the three highest classes are simply periodic functions of x 
of period unity. 

A solution of the difference equation just written is again 
a function generated from the Q function. 

The successive repetitions of the argument are now evident. 
Ultimately we reduce the equation to one in which either all 
the coefficients are simply periodic functions (which is absurd) 
or to ones In which the last term is generated from the O 
function. 

The proposition then is finally established. The O function 
cannot satisfy a differential equation whose coefficients are not 
generated from the function itself. 

Extensions of the method of proof just employed to more 
general classes of fuactions lie beyond the range of the present 
paper. 
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ON THE EXPANSIONS IN POWERS OF ARO 

OP THE COORDINATES OP POINTS ON A CURVE IN 

EUCLIDEAN SPACE OP MANY DIMENSIONS. 

By H. W. Richmond, M.A., King's College, Cambridge. 

THE first few terms of the series which express the coordinates 
of points of a plane or twisted curve in powers of the 
lengths of the arc are a familiar feature in various text-books 
on Differential Calculus or Geometry of three dimensions ; and 
the far more interesting investigation of the relations that 
connect the coefficients of consecutive terms of the expansions, 
and the means by which the coefficients may be successively 
calculated, is beautifully treated by Professor G. B. Mathews 
in a short paper published in Vol. xxvi. of this Journal (p. 27). 
In consideration of the importance of these series in orainary 
geometry, and the attention now paid to hypergeometry, an 
extension of Professor Mathews' results to Euclidean space of 
many dimensions may be of use. apart from the particular 
matter in which I needed it. It will not be necessary to 
stipulate any fixed number of dimensions for the following 
reasons : firstly, since a space of n dimensions may be deter- 
mined which contains any n + 1 points, and in particular n + 1 
consecutive points of the given curve, it follows that the 
expansions up to the n^ power of the arc are the same for 
a curve which lies wholly m a space of n dimensions as for the 
more general curve which does not; and secondly, because, 
from the expansions applicable to a curve which lies in 
n-dimensionai space, those applicable to a cm*ve contained in 
space of fewer dimensions may be deduced by much the same 
method which derives the formulsQ for a plane curve from 
those belonging to a curve in space, viz> making the torsion 
equal to zero. No limit will therefore be imposed on the 
number of dimensions, and all the spaces of one, two. three, 
four. ..., n dimensions — (which will be represented oy the 
symools /8„ 5,, S,, 8^^ ..., 8^\ the 8^ being also called a straight 
line) — are to be imagined immersed in and surrounded by 
space of an unlimited number of dimensions. 
At any point of a curve there is as a rule ; 

a determinate 8^ containing two consecutive points of the curvei 

)> V ^« n three „ „ „ „ 

J) « ^a » ^^^^ )> J> n n 



S^ « fi + 1 
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and 80 on. These are called the tangent 8^ or tangent line, 
the tangent /S,, the tangent S,, ..., of the curve at 0. 

Let Ox^ be the tangent line (or tangent S^ at ; draw now 



in the tangent 8^^ Ox^ perpendicular to the tangent /9p 



and 80 on, Ojc,, Oa?,, 0;»,, ..• are a set of mutually perpen- 
dicular straight lines through which may be called the 
principal axes of the curve at 0, and are such that the first r 
of them lie in and determine the tangent 8^ at 0. If 
(jfp JT^, x„ ,..), the coordinates of a point of the curve referred 
to this coordinate-system, be severally expanded in powers 
of s the length of the arc, no power of s lower than the r^ will 
be present in x^ ; the expansions will in fact take the forms 

a?| = « + higher powers, 

a:, = J^«' -r 2 ! + higher powers, 



» 



Let P be a point of the curve situated at a small arcnal 
distance a from 0. The curve has at P, just as at 0, a tangent 
line, a tangent 5., a tangent 8^^ ..., and a complete system of 
mutually perpendicular principal axes ; and in the limit, when 
P moves up to 0, the tangent /S/s at and Plie in the tangent 
8^^^ of 0. Let K^ denote the limit of the ratio of the angle 
between the tangent /S/s at and P to cr the length of the 
arc OP, and let k^ be called the measure of the r^ curvature 
at 0: (in space of three dimensions ^, would be called the 
curvature and k^ the torsion). Now, if no powers of o* above 
the first are considered, the tangent 8^ at is 

*r+i ~ ^» ^r« ^^} •••5 
while the tangent 8^ at P is found to be 

the small angle between them is <t\^^ -^ b^ ; and therefore by 
definitioa 
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We therefore arrive at the results 
x^szs + higher powers, 
a?, = 'f,^' -7-21 + higher powers, 



The leading coefficients of these series depend only on the 
values of the curvatures at ; later coefficients will depend 
also on the values at of the successive differentials of the 
curvatures with respect to the arc. In order to calculate them 
it is necessary to find, as far as the first power of o-, the cosines 
of the angles between each of the principal axes at P and 0, 
i. e. to form a table of the direction cosines of the principal 
axes of P referred to those of 0. Let 

Oa^, Oa,, Ox^, ... ; Pc/, P<, P<, ... 

be the two systems of principal axes, and let, for the moment, 
the symbol (Z, m) stand for the cosine of the angle between 
the directions Ox^ and PxJ, Clearly all those cosines in 
which I and m are unequal are small quantities containing at 
least the first power of o* as a factor ; while those for which I 
and m are equal differ from unity by a small quantity of 
order cr'. Again, since the tangent S^ of P lies in the limit 
in the tangent 8^^^ of 0, when powers of a above the first are 
disregarded, and by the same reasoning the tangent 8^ of 
lies in the tangent 8^^ of P, all the direction cosines in which 
I and m differ by more than unity will vanish if a' be neglected. 
Finally, then, it is to be expected that, if no powers of a above 
the first are retained, all direction cosines for which I and m 
are e(]^ual will be unity ; all those for which I and m differ by 
one will be multiples of o-, and all others will vanish. 
Assume that the series we are seeking are 

x,=^s + 2{\y-^r\; (r = 2, 3, 4, ...)^ 

a^ = /tf/H- 2 1 + 2(*aJ a*" -r- r I ; (r = 3, 4, 5, ...) 

x^^k^k/^Z I + S('a^)/-7 r!j (r = 4, 5, 6, ...) 



...(1), 



the direction cosines of Px^ are proportional to the differentials 
of those series, <r being put in place of s after differentiation, 
%.e, to 

l+*a,<r, «jO-, 0, 0, ..., 
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since <r* is to be disregarded. Dividing by the square root 
of the sum of the squares, we find for the direction cosines 
ofP^; 

1, #CjO", 0, 0, ... . 

Again, the direction cosines of any line in the tangent >S^, 
at P are proportional to 

-^ds^^ds*' ^ ds^^ls^'^ds^^ ds^' ••" 
and those of any line in the tangent 8^ at P to 
. dx. ■nd'x, ^c?.r, p - 

o* being substituted for s after the differentiations are per- 
formed, and o"*, 0"', c*, ... dropped. The values of the direction 
cosines are now obtained with little difficulty, and prove to 
be as follows : 





Ox„ 


0^., 


Ox„ Ox,, 0*„ ... 


Px.' 


I , 


«,«• . 


, , , ... 


p< 


-K,<r, 


1 , 


«,<r , 0,0, ... 


p< 


, 


-«,«r. 


1 , «,«r, , ... 


p< 

..... 


, 


, 


-«,o-, 1 , «,«r, ... 



To apply these results to the solution of the problem now 
under consideration, I observe that the coefficients in equa- 
tions (1) are functions of the values of the curvatures at O, 
and their differentials with respect to s the arc. Precisely 
the same formule must express the coordinates of a point 
referred to the principal axes of the curve at P, provided we 
replace the coefficients in the series by their values at P. If 
then we write 

M + ^ X ^ M i» pJa<^® of f^ri 
(X) + ^ >< ^ rO in place of fa J 

in the equations (1), we obtain the values (Xj, -X,, X„ ...) of 
the coordinates of a point of the curve at arcual distince s 
from P referred to the principal axes at P. The coordinates 
of this point referred to the principal axes at are easily 
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found by the help of the table of direction coBines above, and 
the fact that the coordinates of P referred to the principal 
axes at are {a-j 0, 0, 0, •••) : viz., 

a^ = tc^a.X^ + -X, — K^(rX^ 

a;, = ic^aX^ + -^T^ - '^4<^-^6> 

» 

it being always understood that o*' is neglected. But this 
same point is on the curve at arcual distance s-^a from ; 
its coordinates (or,, a^^ a^j ...) may therefore be equally well 
derived from equations (1) by the substitution of a + o* for s. 
Equating the two expressions for these coordinates, we arrive 
at the following series of relations by means of which the 
successive coefficients are calculated: 

('«.«) = jg ('«.) - «, (*«.) + «,(X)» 
{*0 = ^ (X) - *4 ("«.) + «. (•««), 

» 

The expansions as far as «* for anj cnrre in Euclidean 
space of unlimited dimensions are found to be 

a;, = » - «/(«73 1) - 3«,«,' (»V4 1) 

+ « + «,'«/ - S/e," - 4«,«,") («y5 1) +..., 

X, = *, («V2 I) 4 «/ («V3 !) + (*." - *.*/ - «,») («V4 1) 

+ («,'" - 6/c>,' - 3k,\' - Zk,k,k,') («75 1) +..., 

x=K,K, {ays I) + (2/r.«.' + «.«,') (»V4 !) 
+ (3/«,«," + 3«,'«,' + «,«," - «,*«, — «,•«, — «,«,«/) (a'/S I) + .., 

x,= «,«,«, (»V4 1) + (3«,'«,«, + 2«,«,'/e, + «,«,0(«V5 1) +..., 

«» = «i«.«.*.(«'/5 0+-i 
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dashes signifying differentiations with respect to s^ the length 
of the arc, and the functions which form the coefficients in 
these series all referring to the values of the curvatures and 
their differentials at 0. If we make k^ and k^ vanish, we 
obtain formulsB of ordinary space of three dimensions, which 
will be seen to be in agreement with those given b^ Professor 
Mathews. The only difference between the foregoing method 
and that of Professor Mathews is of small importance, viz , 
that the idea of obtaining the principal axes of the curve 
at P from those at by means ot rotations is here avoided. 

Besides establishing these expansions, we have placed 
ourselves in a position to apply to any Euclidean Hyperspace 
the artifices used by Dr, Routh in his well-known paper in 
Vol. VII. of this Journal (p. 42). If (a;,, a;,, ...) be tne coor- 
dinates of some point of interest in connexion with the point O 
of the curve, referred to the principal axes at 0, and 

be the coordinates of the point similarly related to P, referred 
to the principal axes at P, the squared distance of the two 
points is 

{Sx^ + (7 - K^ax^y + {Sx^+K^(rx^—K^<rx^y+ (80-,+ fc^cx^ — K^trx^Y 

and, if (Z,, Z„ ?„ ...) and (Z+S?„ ?, 4 8f,, ...) be direction 
cosines of two lines analogously related to the curve, the 
square of the small angle between them Is 

{hl^ - K,ai;f + (8Z, + K^al^ - ^,<77,y + (8/, + K^al, - K.aiy +... . 



King's College, Cambridge, 
November 26th, 1899. 
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ON THE »E8IDXJES OF THE SUMS OF PRODUCTS 

OF THE FmST «-l NUMBERS, AND THEIR 

POWERS, TO MODULUS p" OR p\ 

By J. W. L. GtAtsHEB. 

§ 1. IN a paper at the beginning of the present volume* 
■^ certain results were obtained witn respect to the 
divisibility of the sums of the producis of the first n numbers 
taken r together. The object of the present paper is to 
Bupplemeut these results by others which I have since obtained. 
These new results assign the residues of the sums of products 
when na=p— 1 or p, p being any uneven prime, to the next 
higher power of tne modulus, viz., to mod. p* or p*. With 
the help of these residues I have been able also to assign the 
residues of the sums of products of the squares and cubes 
of the numbers 1, 2, ...,2>-~l• 



§ 2. Let p be any uneven prime, and let A^ denote the 
sum of the products of the first p — 1 numbers taken r 
together, then 

Putting 05+1 for ar, multiplying by a? + 1 and equating 
coefficients as on p. 2 (§ 3) of this volume,^ we obtain the 
equations 

ip\ + (i' - 1). A-^ip- 2). A = 3^« 

> 

1 +^,+^.+^,+...+^,.,=(p-l)^^„ 

where (n)^ is used to denote the number of combinations 
of n things taken r together. 

* '* Cong^ences relating to the snms of products of the first n nmnben and 
to other Bums of productSi" pp. 1-^6. 

t The ^'8 are the same as m the preyioua paper, except that in this paper n la 
always equal to p, an untren prime. 

X As the previona paper is in this Tolume, it will be sufficient to give page and 
section, as the number of the page will always show whether the reference is to 
the preTious or to the present paper. 

VOL. XXXI. TT 
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\ 3. These eqaations show (§ 3, pp. 2, 8) that ^,, A^ 
A,, ..., ^j^, and A^^ + 1, are all divisible by y. 
Let 

o, = y% (r = l,2, ...,p-2), 
•ndlet a =4ti±i. 

Thus all the a's are integers. Beplacing il's bj a's, the 
preceding system of eqaations becomes 

p-1 

(j>~i)(p-2) ■ (;>~t)(p-2) 



31 ^ 21 



a, = 2a„ 



(P~l)(p-2)(jo~8) (y-l)(p-2)(y~8) 

4! ^ 31 "' 



(p~2)(y-8) 



(j>-l)...2 (p-l)...l (p-2)...2 

(P-I)I "^ (P-2)I "'+ (1»-3)I «»+"• 

3 2 

a, + a, + a, +...+ a,^ = - «,.! + A^_,, 
whence — ^ s a^ mod. j9, 

J + a^s 2a,, mod.^, 
— i — «! + 3a, s 3a^, mod. /?, 

8.4 

i + a^-4a,-f — a, 3 4a„ mod.;?, 

-p-^-a, + (p-2)«,-(p-2),a.+... 

+ (P - 2)^V. s (i) - 2)c^.^ mod. |>, 
a, + «, + «,+...+ a,., = — Oj,., — 1, mod. p. 
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The general formula, n being <p, is 
1 + a, - (n - l),a, -F(n - 1)a -...+ (- 1)-» (n - l),.,a^ 

►r, as it may be written, by multiplying by n, 
+ (n), a, - (n), 2a, + (n), 8(v-..-+ (- 1)"-X^)i^(w - ^K- 

+ (-l)W«.i(w-l)a»^sO, mod.|i. 



§ 4. Now, let 



Aj-l+F,ar + ^a:' + ^«* + fi«* + &e., 



JO that F. = - i, F^, - 0, (n > 0), 

where J9, is the nth BemouUian number. 

By multiplying up by 6* — 1 and equating coefficients, we' 
obtain the recurring formula 

! + («). F, + (n), V,^{n\ F,+...+ (n).., F,., = 0. 

§ 5. Comparing this equation with the con^ence at the 
end of the preceding section, we find that, r bemg <p — 1, 

ra,s(-ir*F,, mod.p, 

that is, — ' s (- IT' — ^ ^ mod. p^. 

J? r 

and therefore 

-— ' 3 — i, mod. p,. 
P 

4»±i = 0, mod./?, (<>0),. 



* This F-notation for the Bemoiillian numben is in many cases Tenr oonTonient, 
especially i& simplifring general formulso. Bee Quarterly Jownaly Vol. xxix., p. 
116. 
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The first of these congraenees is obvions^ since ^^-^^(p-l); 
the second, viz. that A^^^ = 0, mod. jo*, <> 0, was obtained 
in the previous paper (§§ 16, 33, pp. 11, I?}. The third 
result is, I believe, uew. 

§6. Fatting ~n=jp m the recurring formula in §4, we 
have 

1 + ip\ V, + ip\ F, + (p), F, +...+ 0>V. F,., = 0. 

Now from Staudt's theorem we know that p occurs in the 
denominator of T^,, and not in the denominator of any p 
with lower suffix. This can also be seea from the recurring 
formula in § 4. 

Dividing throughout by p^ we have therefore 

V V V 1 

The left-liand side of this congruence cannot have p as a 
factor of its denominator : the same must therefore be true of 
the right-band side. 

This can also be shown independently ; for, by Staudt's 
theorem, 

80 that 



'ia_i) = integer + (- l)«^'> {^ + J" + ^ +••••} . 



the term - not occurring on the right-hand side. 
P 

§ 7. Comparing the congruence in the preceding section 
with 

ttj + a, + a, +...+ Vi - - Vi "" ^» °^^^- P (§ ^)' 

we see that 

a,_,+ l 5 F^., + -, mod.p; 
whence 



Digitized by 



Google 



Dr. Olaisher^ On the residues of sums of products. 325 

The fact that (/>- 1) ! s — 1, m<u\. p, conslifutcs Wilson's 
theorem ; and the result just obtained shows that 

0,-1)1 S -! + {-! + (- l)^^')^^,-!)^^]^, ^oi.p\ 

§ 8. It was shown in the previous paper (§ 10, p. II) that, 
if r is uneven and > 1 and <p — I, 

and from § 5 of the present paper we have, r being uneven^ 

whence 
giving 

or, putting r=2^+ 1, (OO), 

§ 9; It has thus been proved that 
j" s(-l)'g,mod.i>, 



it 



A^, + i 



"We may conveniently write this List eqnaliout 
-4^, = — 1 -1- Jpy mod. p'. 

where ^=- n.(.i)i(^+^)5^^_jj + J .. 

* It was shown also that when r > 8 tbe modalus is p\ 
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§ 10. From these results we can deduce corresponding 
formul» giving the residaes of £;(!, 2, ..., p) ; for, evidently 
(§ 22, p. 12), n being any positive integer, 

S,(l, 2, ..., fi) = 5,(l, 2, ..., n- l> + fiflU,Cl» 2, ..., n-1), 

and therefore 

whence 






These formulsB hold good so long as the suffiix does not 
exceed p — 2. For the case in which the saffix is jp — 1, we 
have 

5p-i (1,2, ...,;>) = (;> -1)1 +;>^^.,; 
whence, since A^^ = 0, mod. ^*, 
^,..(l,2...,p)4l ^ (P-1)!41 ^^^ 

§ 11. For the sake of reference the formul» obtained in 
the preceding sections are collected together in the following 
list, in which 8^(\^ 2, ..., n) denotes the sum of the products- 
of the quantities 1, 2, 3^ ..., n taken r together: 

mod. ^, (t > 0), 
* The modulus is p* if (> 1. 
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0") -*J — = ^~p — ^ ' ^' 



r 



4e 



(vi) i"^^ ' ' '^-^ s y, mod. ;?, 



where 



j'«.l+(-l)«^^)» 



Kp-1) 



+ - 



I have verified formnlie (i), (li), (iv), (▼) for p = 5, 7, 11, 
13, 17 for all values of ^, (iii) for values of /? up to ;? » 23, 
and (vi) up to^=19, by means of the tables of S^h 2, 3, ..., n) 
on pp. 26-28| which extend to n » 22. 

§12. It is perhaps worth while to give the numerical 
values of the residues for the first few v^ues of the suffixes. 
These residues were used in the verifications.* 

Denoting, as throughout the paper, /8;(1, 2, ...,|? — 1) by 
-4^, and, for the moment ^,.(1, 2, ..., p) by jS;, we have 



A 


sS, 


s 


•iVP) mod./, 


A 


mS, 


s 


xiTF/^' 


r 1 


A 


sS, 


s 


- 5^5 Pi 


» 9 


^. 


s8. 


s 


iriryP* 


}> f 


^.. 


s^.. 


s 


-lijfP 


99 1 


^„ 


s-S., 


s 


^^^hP^ 


n i 


K 


&C. 


- 


-1^2P> 


if 1 
&c.. 



• The raddaeB of the quantity /=-! + (- l)^^^'-^i(p-i) + - are : for p = 6, 
/=0, mod. 6{ iotp^7j J=6, mod. 7) forj> = ll, ^=1, mod. 11; forp = 18| 
J=0, mod. 18; |^p = 17, /=5, mod. 17; forp = 19, /=2, mod. 19; forp=28, 
J=8, mod.28. 
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and 



Asip\ 


«. s aVP*. 


mod. p\ 


A s-A/. 


•8. s-^VpS 


)9 1 


A^tVp', 


^ ssi^y' 


tl 9 


A s-itioy. 


S, s -^o/. 


»» 1 


Ai s sV/, 


^u 3 /«y, 


»f » 


^« = -6'bV«P', 


^.. s -JJV'Ai'N 


99 9 


A. = ^2'', 


^..s^^y, 


99 9 



&C. &C. 



§13. The cxpressious tor 5^(1, 2, ..., n — 1) and for 
8^(ly 2, .•., n) ill terms of n were given on pp. 24 and 25 
for r s 1, 2| ..., 7 ; iuul il i» eas^y to veriiy that the coefficienta 
of the terms of lowe;U ditnensions in n in these expressions 
are the same as tLo coefficients of the residues in the pre- 
ceding lists. 'J'hi^ uiiisi iic«:cssariiy be the ease, for, e.g. the 

residue of - - , mod. p^ coulu not be ^ J^ for all valnes of /?, 

unless j^^ were the coefficient of n in the expression for 
S^ (1, 2, ..., n — 1). Thus the residues of 

P 

in (i), Hi), (iv), (v) of § 11 are the values which would be 
obtainea by putting n = in the expressions for 

g„ (1,2, ...,«-!) ^^ 
n ' 

in terms of n. 

We therefore find that, if n be any positive integer, and 
if £>.(1, 2, •••, n- 1) be expressed in terms of n as in § 46 

(p. 24), then the lowest term is (- 1)* ~ «> when na=2<, and 

is(-iy*i(i£+2lSn«,whenw«2<+l, 0>0). 

Similarly, if fif.(l, 2, ..., «) be expressed in terms of n as 
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in § 48 (p. 26), the lowest term is (- 1)* ^ n, when n = 2<, 
and is 

(, iy*i (^^ " ^) ^^ n% when n » 2e + 1, («>0)« 

S 14. The first three formulas of § 11, viz/ 

^n S(-1)'|'P, mod./, 

-4j^, s -l+Jp, mod. J)', 

where J^ - 1 + (- 1)*^'^'^^4(,_,)+ j . 

will be applied in the following sections to obtain some similar 
results relating to other quantities. 

Besidues 0/ 1 + -, + ^ +--'+7jrTvi ' 

§16. In the previous paper proofs were given of 
Wolstenholme's theorems (i) that the numerator of 

. 1 1 1 



2 ■ 3 p-l 

IS divisible by p*y and (ii) that the numerator of 

1 1 1 

l + 2. + 3.+-+^p^^^, 

is divisible hy p (§§ 1, 4, 5, pp. 1, 8). 

It will now be shown that similar results hold good with 
respect to the quantity jET^, where 

and that we can assign the residue of H^ with respect to p* 
or/?". 

* Th«8e results might alao be establMhed independentlj by a method corre- 
sponding to that by which the lesidues were obtained. 

VOL. XXXI. U U 
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§ 16. We have (§ 2, p. 321), 
(^-l)(«-2)...(a?-;7+l)=ar*- ^,x^«+ J,:r«"'-,..- A^,x^• A^^, 

and therefore 1, - , - , .... r are the roots of the eqaatloa 

2 3' p— 1 ^ 

A^^tT'^ - A^oT^ +...+ A^x' - ^jOj + 1 = 0. 

The quantity 

»r . 1 1 1 



2- ■ 3" ip-iy 

is the snm of the n^ powers of the roots of this equation, and 
therefore, by Newton^s rule, 

§ 17. Since -4^, is diyisible by ^\ the first equation shows- 
that 

flj = - A^^ mod.p\ 

Thus J5", is divisible by p*] and therefore, since -4^, la 
divisible by^, the second equation shows that 

jET, = 2^^^, mod. p*. 

Thus H^ is divisible by p ; and therefoi'e from the third 
equation 

27, = -3J^, mod./. 

Similarly, E^ s 4-4^^, mod. /?', 

and so on, the modulus being alternately p* and p*, up to 

l?^_,= (p-.3)^„ mod./. 

§ 18. The next equation gives 

^.-i?V, - (2^ - 2) ^, = 0, mod. /; 
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whence, since -4^ « ip (;> - 1), 

si(2>-2)(p-/)(l+-/jp), moi.p\ 
and therefore 

-H'p., s - J? - (/- f )p", mod. p\ 
The final equation gives 

I — « 
whence ^.i = ^-j — 7^ i rood, j?, 

and therefore 

J3;^,s-l-(y-l)i>, mod./. 
The value of J^(§ 11) is 

§19. Thus, if 2<<;>-l, 

E„ = 2«-4,^j, mod. p* ; 
and therefore, by § 11, patting A = 4 (p - 1), 

£. = 2< (- ir ^_^7_^ ;», mod. ;>• 

sC-l)*'*'!^'/^, mod.;,'. 
Ako, if 2« - 1 <p - 2 (<= 1 included), 

= - (2< - 1).(- ir- it=^I^^p\ mod. /, 

-C-O-^-^^i^P'.-d.,-. 

The residues of H^^ and JST , in terms of BemouUian 
numbers were given in the precemng section. 
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§ 20. Continuing the equations given by Newton^s rule 
from that in which the highest suffix of ^ is j? to that in 
which it is 2p — 2, we have 

A^,H,,, - ^,.,fl, + ^,.,fl^, -...+ A,H, - A,H, + fl, =0, 

Now, with respect to the A'% and ^'s with uneven suffixesi 
we know that 



-^8» -^«» •••' -^p-a* -"iJ -"a' •••> -"j 



p-4 



are divisible by p*, but that -4, and H^^ are divisible only 
by p ; and, with respect to the A\ and i/'s with even suffixes, 
we Know that 

-^ij -^4J •••» -^p-j» -^ai -^4) •••» -^1.-8 
are divisible by p^ but that 

-4^1 = -!, mod. p, -Hp.1 s - 1, mod. p. 

The first |7 — 3 of the above equations therefore show that 

are divisible by p', and that 

■^ii -^t» •••> -"lp-4 

are divisible by p. 

The last equation but one shows that 

A^^B^ - ^.^p-. + ^p.. = 0, mod. p\ 
whence, since 

A^^ s - 1, mod. p, .4j s - \p, mod. /, 
and I?,.j = - 1, mod. j), S^., = -p, mod. p' (§ 18), 

we find H^^^ = - |p, mod. i?'. 

The last equation shows that 

ir,^.,s5^,s-l, mod. p. 
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§21. In general, when n>p — 1, the S's are connected 
by the recurring relation 

and, bj proceeding exactly as in the last section, we see that 
generally, r being any positive integer, 

are divisible by/?', that. 

are divisible by p, and that 

^Ap.x)^t- 2^ Pi mod.;?*, 

and -H;^^,, = -1, mod. p. 

§ 22. I now proceed to determine the residues of H^ to 
the next higher power of the modulus, t.^., to determine the 
residue of H^ with respect to p* when n is uneven, and with 
respect to p* when n is even. 

Let n — rq + s^ where q ^p — 1 and s<q. Then, if r > 0, 
the recurring equation for H^ is 



Now, among 


the -4*8, 










^p.. 


-^p-4» •••> 


^. 


are 


divisible 


by/, 


^,.. 


•^p-6» •••> 


^. 


j> 


)> 


w i^» 


the anomalous ^'s being 










A=- 


-ip, mod 


./>•. 


^p-,s-i, 


mod. p, 



and, among the ^'s, we know that H^ is divisible by p*. if n 
is uneven, and by p if n is even, the exceptional cases oeing 

^r^.p-, = -^Pi mod./, 
J7^ = - 1, mod. p. 

§ 23. Since j=p — 1 is even, rq is even, and when s Is 
even and >0 and <o— 1, the only terms in the recurring 
relation for i/^+, whicn are not necessarily divisible by p' are 
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This expression is therefore = 0, mod. p', so that 

whence, putting r = 1, 2, •••, r, and adding, 

^r,.. = ^. - ^^^11 mod. p\ 

Now, (§ 17), s being even and <jt? — 1, 

jET = 5^p^.„ mod. p^ 

€uid therefore JST,.^ = (» — r) -4^^_j, mod. 2>*. 

This formula holds good for the even values 2, 4, ..., /)^3 
of s. 

§ 24. When s is uneven and <p - 2, there are five terms 
in the recurring formula which are not necessarily divisible 
by ^', and we have 

Now u4^j = — 1> mod. p, J3^ = — Ij mod. /?, 

-ff(r.,),^ = - i (r + 1)^7, mod. z^', 

^j = -ijt?, mod./?', 
and therefore 

Since s is uneven, « + 1 is even, and therefore, from the 
preceding section, 

-ff(^,),.-., s (5 - r + 2) J^^, mod. p\ 

Thus we have 

B^ - ff(,.,),.. s ^^., - i (2r - « - 1) ;?^^„ mod. />'. 

Now, from the formula quoted in § 8, viz., that if r be 
uneven and > 1 and <p — 1, 

A^P-^^A^.,. mod./, 

we find A^_^_^ = i(s + l)i?^p.^„ mod. p% 

when s has any of the values 1, 3, ..., p — 4. 
Therefore 

Br,..-^r-o,^. s (5 - r + 1)2?^,.,.,, mod. p\ 
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/hence, putting r=: 1, 2, ..., r and adding^ we find 

Now, by § 17, if « 18 uneven and <p — 2, 
fi; = -«4^^j, mod.p*, 
]ind, as just shown, 

^,^-1 s i (« + l)/>^,_..„ mod. ;?•, 

BO that -H, = ^— — -pA^_^^ mod. 2?*. 

Therefore 

that is 

This formula holds good for the uneven values 1, 3, •••,^— 4 
of 5. 

§ 25. It remains to consider the cases of * = and « = j»— 2. 
In the first case n » rij^, and we have 

^i>-i^r, + ^(r-,), = 0, mod.y, 
Now, (§ 11), A^^ = - 1 + .7^, mod. p\ 

where J= - 1 + (- l)^^^^'^(p_i) + ^ . 

Therefore J7^ s (1 + J» fl^^,.,,^, mod. ;?•, 
whence, putting r = 2, 3> ...^ r, 

^^ = (1 + rJp) ff^, mod. p\ 

Now, (§ 18), //^ = - 1 - (J- 1);?, mod./, 
and therefore iZ^ = — 1 — (r/— 1)/?, mod. ;/. 



§ 26. For n = rj +;^ - 2, the relation is 
that 18 
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whence 

Hr,.^ - S,r.,u^, = ^(P -P*) H^ + Jp E,^^, mod. p* 

s^(P*-p'){i+(.rJ-l)p}-Jpx^(r + 2)p, moi,p% (§21> 

Beducing the right-hand side, we have 

S^^-Ef,.,,^^^s-^p-[(r + l-)J-l}p\ moi.p'; 
whence, patting r = l, 2, ..., r, and adding, 

Substituting for E^ its value ■- jt? - (/- ^)p\ (§ 18), we 
have, finally, 

„ r4-2 f(r+l)(r4-2) ^ 2r + 3) , , , 

E,^ = . ^^p - 15^ '-^ U^ -2-p » °^^^- ^ • 

§ 27. It haa thus been shown that 
(i) if»=2,4,6, ...,jt>-», 

■H;« = («-»■) ^p^,, mod. /,', (§ 23), 
(ii) if »=1, 3, 5, ...,/?- 4, 

■5:^= -*(«-'•)(»-'•+ 1)/'^,.^^ mod.y, (§24), 
(Hi) H^ = -l-CrJ- l)p, mod. y, (§ 25), 

mod. p\ (§ 26), 

where jss/? - 1. In all the formulae r may have the value zero. 
The residues of the A'a were expressed by means of 
BernouUian numbers in § 11 , viz. 

^^A> even) = (- if^-')^^p, mod. p^ 

^i-lf''-''^?^p,mod.p\ 

A^_^ (s uneven) = (- i)*(^'-*-=) ^M j., mod. / 

^(-l)'''-'?^P,moi.p\ 
The value of «/was given in § 25. 
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§ 28. It may be remarked that, if in (ii) the right-hand 
Bide be expressed in terms of -4^_,.„ the formula becomes 

(>0 ^r,.. = - ^ 7— J P ^p-.-.» mod. p\ 

and if we express the right-hand side in (iii) and (iv) in terms 
of -4^,, these formulas become 

(lii) J7^ = jt> - 1 - r (A^^ + 1), mod. p\ 

(iv) JB;,^.. = - i {(r + 2)p + (r + 1) (r + 2) (^,., + l)p 

-(2r + 3)jD'}, mod.y. 

§ 29. If we denote by H^ the numerator of i7^, i.e. if 5^^' 
denote the numerator of 

111 1 

then -Er; = (-l+/^)"ir^, 

the modulus being p* or jd' according as n is even or uneven. 
Thus we find 

(i) if«-2, 4, 6, ...,/?-3, 

^'r,^. = (« - ^p-^p mod. ;>", 
(ii) if « = 1, 3, 5, ..., JO — 4, 

^'r^ = i (« - r) (« - r + 1) ;? ^^.^„ mod. p^, 
(iii) 5^'^ = ~ 1 - (2rJ^-. 1);?, mod. p% 

(iv) jy'^,^, = i[(r + 2)j. + (2r4 3) {(r + 2)/- I};,'], 

mod. j»". 

§ 30. I have verified these formula for p = 5 as far as 
fi'^, and for p = 7 as far as H\^. The details of the formulas 
and verifications in these cases are as follows : 

For^= 5, (i) and (ii) give 

H'^,=(2^)A„ rood. 5'; Zf',,„ = i(r-l)(r-2)6^„ mod. 6», 
whence, since A^ — 35, 

E\^^, = (4 - 2r) 5 = (3r + 4) 5, mod. 5', 

J2',,,, = (r-l)(r-2)5', mod. 5'. 

These formulas were verified for r = 0, 1, 2, 3, 4. 
When ^ = 5, Js^ 0, so that this value of p does not afford 
YOL. XXXI. X X 
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a good verification of (iti) and (iv). The formula (iii) gives 

S.' ^^ = 4, mod. 5, 
which was verified for r = 1, 2, 3, 4, 5 ; and (iv) gives 

^'4r.. s i {(r + 2) 5 - (2r + 3) 5'}, mod. 6', 
whence, since ^ = 3 +2.5, mod. 5", 

E\^ = (3r + 1) 5 + (r + I) 5*, mod. 6'. 
This formula was verified for r = 0, 1, 2, 3, 4. 

§ 31. For JO = 7, (i) and (ii) give 

H'^ = (2 - r) A„ Zr^M = (4 - r) J., mod. 7', 
^V« = K'-l)('-2)7^„ H'^^=\(r-Z){r-4.)1A„ mod. 7*, 
whence, since A^ = 1624 = 1.7, mod. 7*, 
and -4, = 175 = 4.7, mod. 7', 

we find -H;^„ = (2-r) 7 = (6r + 2)7, mod. 7', 
H'^^ = (2 - 4r) 7 = (3r + 2) 7, mod, 7', 

W^^ = 4 (r- l)(r-2)7* = (4r* + 2r + 1) 7', mod. 7', 

E'^^ = 2 (r - 3) (r - 4) 7' = (2r' + 3) 7', mod. 7'. 

These formulae were verified for r = 0, 1, 2,* 

* It may be conyenient to give the Talues of the H's naed in these Terifications. 

For p = 6, 
J7/ = 50, i/a' = 820, J7/ = 16 280, ff^'=Sb7 904, ir.'=8 252 000, J7,'=194 S97 760, 
B/ = 4 624 680 320, F,' = 110 528 752 704, J7,' = 2 647 111 616 000, 
F,o'=63 466 432 537 600, ir„'=l 622 433 104 271 860, Jr„'=36 629 884 482 763 904| 
H^; = 876 595 894 487 244 800, J7i/ = 21 037 008 518 043 811 840, 
if,j' = 604 872 725 632 177 766 400, iT,,' = 12 116 759 959 500 088 218 504, 
El/ = 290 800 015 862 516 770 982 400, J7„' = 6 979 173 721 033 620 729 864 480, 
F„'= 167 499 849 534 749 071 510 077 440, .&»'=4 019 992 562 757 173 784 232 858 504. 

For p = 7, 
F,' = l 764, ^,' = 778 136, ff/ = 444 278 984, F/ = 290 539 581 696, 
B/ = 200 610 400 564 224, ff/ = 141 727 869 124 448 266, 
B/ = 101 143 400 884 944 548 864, E/ = 72 614 862 031 522 896 086 416, 
B/ = 52 103 129 720 841 632 886 243 904, J7i/=37 476 298 202 061 058 687 475 122 176, 
iri/ = 26 969 44$ 088 598 136 973 236 417 593 844, 
Bu' = 19 418 186 108 695 429 657 310 844 133 441 536, 
jgr,/=rl3 976 769 975 383 863 963 783001 555 215 581 184, 
£r,/ = 10 061 935 961 280 787 737 819 694 943 961 043 690 496, 
Bi/ = 7 244 371 787 185 418 812 916 680 974 828 950 291 431 424, 
B^; = 6 216 867 864 041 746 999 797 068 420 111 368 841 966 126 056. 
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When p « 7, •/"« 5, so that (iii) gives 

27'^ s 6 + 4r.7, mod. 7", 
^hich was verified for r = 1 and 2. From (iv) we have 
?'t*5 s HC*- + 2) 7 + {5 (r + 2)(2r + 3) - (2r + 3)} 7-], mod. 7', 
irhencei sioce ^ s 4 + 3.7, mod. 7'| 

?e find Jff'^, = (4r + 1) 7 + (5r' + 2r + 3) 7', mod. 7*. 

This formula was verified for r s 1 and 2. 

Besidues of S^ {1",2', ..., {p - 1)*}. 

§ 32. It was shown in § 58 (p. 34) of the previous paper 
hat 8^{l\ 2', ..., (p^iy\^ the sum of the products of the 
lumbers 1*, 2*, ..., (p- 1)* taken r together, is divisible hjp 
'or all values of r from 1 top — 2 inclusive, except ^ = i (p— 1), 
n which case 8^{1\ 2\ ,.., (p- l)'}s(- ])*<'*"'> 2, mod. p. 
These results will now be extended to modulus p*. 

§33. The numbers ], 2, ..., p— 1 are the roots of the 
equation 

(i) J,3r*-^jar' + ^,aj»'"*-...-u4^,a;+^^^ = 0.* 

The equation whose roots are the squares of the roots of 
this equation is 

{^,x»<'-^)+ ^.*<'-*> +'...+ ^^,1' 

- [A^xi<^> + A,x^^> +...+ A^^x^y = 0. 

Writing this equation in the form 

(ii) «'-'-/8^ar' + i8,ar"-...-/9,.,aj + i8^., = 0, 

BO that /8,= flf{l',2«, ...,(p-l)'}, 

we find that /8,, 5„ ... are given in terms of the -4's by the 
following equations, in which k is used to denote i (p - 1). . 

i8,-2^,^,-2^,^, + ^,.l„ 
- ^. = 2A,A, - 2A,A, + 2A,A^ - ^,4„ 

* It ii Gonyeaieat to introduce the quantity A^^ the ralue of which ii unity. 
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(- 1)* ^. = iA,A^, - 2^.4,., + ...+ (- 1)» A,A^, 
(- ir /3,n = 2^,^^. - 2^.4,.. +...+ (- ir A..^»,P 

Now J^ and -4^_, are not divisible by p^ A^ and -4,, are 
divisible by p only, and -4,,^, is divisible by^?'. 
These equations therefore show that 

(- l)-i8,=2J,4^, mod. p\ (r= 1, 2, ..., A - l^ 

(-l)''/3,=2^^,4^.^^^, mod.p*, (r=A + l,A + 2, ...,p-2), 

(.l)*/3,=2^,^,,, mod.p-, /3^, = (^^,y; 

BO that, from r = 1 to r = ^ (p - 3) inclusive, 

i8,s(-lX2^,,=^>, mod.jt)'; 

from r = i (jo + 1) to r = jo - % 

^,= (- ir 2^,.,,, = (- ir ^;^, mod./; 

and i8^= (- 1)*"' 2 (1 - J^), mod. p\ 

i8,M = l-2J>, mod.jo'. 

§ 34. The preceding determination of the residues may 
be conveniently arranged in the following condensed form, 
which corresponds, as will be seen, to the method of investi- 
gation adopted in the case of the cubes and higher powers 
of the numbers 1, 2, ...,/? — 1. 

Let a^^C-iy^^ and &^=(- l)*"/?^, so that the original 
and the transformed equations become 

(i) a^oi^"^ H- a^d'-'' + a,x^~' +. ..+ a^^x + a^, = 0, 

and (ii) tT' + b.oT' + b,^-' +.,.+ h^jc + h^^, = 0. 

The object of this change is to make all the terms positive 
in both equations. 
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If the equation (i) is/Qr^ = 0, equation (ii) i» 

/(*»)/ (-;ri)=0, 

and It may be written 

(iii) (ao + «,+...+ a^.,y-(a,-fa,+...+ a^.,)' = 0, 

the coefficients alone being expressed, as the powers are not 

required,* since the value of J^ is derivable from (iii) by merely 

selecting those terms in which the sum of the suffixes is 2r. 

In order to obtain the residue of J^, we need only retain 

the term or terms in b^ which are divisible only by the lowest 

power of Pj the modulus being the power of p by which all 

the other terms in b^ are divisible. We know that a^, a^^ 

are not divisible by p, that a„ a,, are divisible by p only, 

and that a^, is divisible by p*. It is evidentjjtherefore that 

every term in the second terra, (a, + a3+...+ a^,)', in (iii) 

is divisible by p\ so that we need only take account of the 

first term. 

We thus find 

b^ s 2a^a^, mod. p\ (r = 1, 2, ..., h\ 
^ = 2a^i««,^P mod.p% (r = A + 1, A + 2, ..., p-2), 
or, as we may conveniently write these formulas, 

l^ = 2a,o^, mod. p\ (j?= 1, 2, ..., h - 1), 
*ik+. = 2a^.,a,., mod. p\ ( „ „ ), 

with h^^a^v mod./; Vi = (Vi)'- 

Passing^to /3's and ^'s,t these formulas give 

0, = (- l/-^»„ =(-!)• 2^.., mod. p\ 
yS, = C- 1)» 2^^„ P^, = (J,.,)', mod. p\ 

• The [power of ar to which the coefficient Or is attached is x^^ ' '. 

t Bxoept for the fact that the A'a ai-e the actual sums of pix>ducts, and that 
their yalues have been tabuhited on pp. 26-28, it would be scarcely worth while 
to replace the a's by A'a, The refiiduet) of the a's are given (§ 14 j by the formulse 

Or (r even) = (- 1)*'' — ^ />, mod. p*, 

V 

Or (r nnercn) = (- l)i('-l) -i^^ p\ mod p«, 
a^,., = - 1 + J]p, mod. p\ 
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§ 35. I have verified these formolffi for p=sl. In this case 
A = 3, .4 = 175 = 4.7, mod. 7', ^=1624=1.7, mod. 7', J=^5^ 
and the formulffi give 

/8j = /8, s - 2^, = 6,7, mod. 7', 
i8, = /3,= 2^, = 2.7, mod. 7«, 
/8, = 2 (I - 5.7) = 2 + 4.7, mod. 7', 
^^ = 1 _ 2.5.7 = 1 + 4.7, mod. 7'. 
The calculated valaes of the ^*s are 

/^, = 91, /3, = 3003, /8, = 44473, ^8^ = 296296, 
/S,^ 773136, /8. = 518400, 

wliich give the same residues as those obtained from the 
formulffi. 



Residues of 8^ [l\ 2', ..., (p^ 1/}. 



§36. Let 



7.= ^.{l',2',...,(;,-l)-j, 



and let c^=:(- 1)''7^, so that the equation whose roots are 
1', 2', ...,(;> -!)• is 

(ii) ^*+c,^" + c,ap^+...+ c^^ + c^, = 0. 

Now the equation whose roots are the cubes of the roots 

of (i), viz. /(ar) = 0, is /(ar*) /(®jar*)/(<»,ar*) = 0, where 
1, co^, (0, are the cube roots of unity. Writing only the 
coefficients as in § 34, this equation is 

(iii) a,'4a; + a,'-3a,aja, = 0, 

where ao — ^o + ^i + ^e +•••» 

aj = aj + a^ +flr, +..., 

To obtain c^ we have to select those terms from (iii) in 
which the sum of the suffixes is 3r, and (as before) to obtain 
the residue we require only those terms in c^ which are 
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ivisible only by the lowest power of jo, the modulus being 
le power o( p by which all the other terms in c,^ are divisible. 
j'bree cases arise, depending upon the residue when p is 
ivided by 3, viz. 

I. jo-l = 3A; 11. />-l = 3A+l; III. ji?- 1 = 3A + 2. 

§ 37. Case L p^3h + l^ h being therefore even. We 
lave 

a, 5= ttj + a^ + a, +...+ a^^, 

«i=«t + «. + «8+— +V.- 

Now a^ and a^, are the only two non-divisible /?'s ; a„ a^ 
are divisible by p only, and a„^j by /?*. Therefore every term 
in a.' and a/ is divisible by jtT, and we need only consider the 
equation 

o,'-3a„aja, = 0. 

Omitting numerical coefficients the terms in a,' which are 
not divisible by p^ are 



«.Xi 


^o'^iH • 


••) «o'Vi> 


^oVi^e. 


«oVi^ii> 


..., a.a^.|a^„ 


«VA) « 


VA» «Vt«it» — > «'p-i' 



Every term in a, and a, is divisible by ^, and therefore 
every term in the product a^a^o, must be divisible by p* at 
least. 

The sums of the suffixes in the terms not divisible by p^ 
are, in the first line, 6, 12, ...,^ — 1 ; in the second, p-k-b^ 
ji? + ll, ..., 2/) — 8; in the third, 2jt? — 2, 2/> + 4, 2/)+ 10, ..., 
Zp — 3. These are the values of 3r, and the corresponding 
values of r are therefore 2, 4, .•., h\ A + 2, A + 4, ..., 2A — 2; 
2A, 2A+ 2, ..., 3A. 

The numerical coefficient of a term of the form a^a^ is 3, 
and of a term of the form ctfljoi^ is 6. 

We thus find 

c^ = 3a/a^, mod. jo', (r = 2, 4, ..., A) 

s KVi^8r-t*» n^od- J»'» (r = A + 2, A + 4, ..., 2A - 2) 
- 3a"p i»sr-«> ™^^- J^'» (r = 2A, 2A + 2, . . ., 3A — 2) ; 
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or, as we may write these formulae, 

c, = ^a*a^^ mod. ji^*, (« = 2, 4, ..., A - 2), 

^i».. = ^«Vi^».' » ) ( >» « ) 

with 

Cp = 3«oVn ^M = Sa^^j, c^ = aVi, mod, ;>\ 

§38. Selecting now the terms divisible by /)* and not 
by p^^ and putting the corresponding values of r in the same 
line, we have, from, a/, 

^o'««' ^o\^ "M «o'^p-i> (r=l, 3, ..., A— 1), 
«oVi^»' ^oVi^^' •••♦ ^oVi V4' (^ = A + 1, A + 3, ..., 2A — I), 
«Vi^8» ^'p-i^»' — ' «'p-iV4» (»• = 2A + 1, 2A + 3, ..., 3A - 1) ; 
and, from a^a^ag, 

«,«,«,» ^o^i^s' •••) ^0^1 V«' (^=^) 3, ..., A — 1), 
Vi^i^*' Vi^A' — > Vi^iVi' (»• = A + 1, A + 3, ..., 2A-1). 

The coefficients of all the terms in OLjxfl^ are unity ; and 
we find 

c, = 3a/a,, — 3aoa,a,^j, mod. jp', (5 =« 1 , 3, . . . , A — 1 ), 

^8*-N = 3a^ja,^, « ) ( » » )• 

§ 39. Case 11. j»? = 3A + 2, A being therefore uneven. We 
have 

ao = «o + ^i + ««+— + Vi' 
a^ = a^ + a, + a,+...+ a^^, 

a, = a, + a^ + a, +.,.+ a^_,. 

In Case I. the two non-divisible coefficients a^ and a^^ 
occurred in the same expression a^, but in this case a^., occurs 
in a diflFerent expression a . Every term in a^ is divisible by p, 
and therefore tne term a, in the equation (iii) can contribute 
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10 terra that is to be retained. Selecting the terms which are 
lot divisible by p\ we obtain, from a/, 

«o\, «p*«,„ -M V^,^) (r = 2, 4, ..., A - 1), 
Prom 04", the term a'^^a^ (r = 2A + 1) and 
aVi«4^ a'p-i^io* -j^ViV^^ (^=2A+2, 2A+4, ..., 3A-I), 
and from a^ajOt, 

«oVi«i» «oVAi •••) «oViV»' (»- = ^ + 1, ^ + 3, ..., 2A). 
We thus find 

c,= 3a,*a,,, mod. jt?', (« = 2, 4, ..., A — 1), 

<^*+.=- HVi^»^i» " ) (*== ^ 3, ..., A), 



c 



'fh*t 



= 3«Vi^i.-»' « > (^ = 2» *> — » * " ^)» 



with c^^j = 3a'p.,a„ mod. p\ 

). Selecting now the terms divisible 1 
e, from a/, 



§ 40. Selecting now the terms divisible by />", but not by^', 
we have, from a^', 



from a, , 



Vi^i^4^ Vi^Aoi — ) Vi^iS t' (r = A + 2, A + 4, ..., 2A - 1), 

<-i^T' «Vi^it' •••' ^Vi^P-*' ('•-2A + 3, 2A + e, ..., 3A), 
and, from o^a^o^, 

^o^A' «o^i^8' •••» ^fiflpv (t— ^ 3, ..., A), 
«oVA» «oVAn •••> ««Vi^iMi» (r = A + 2, A + 4, ..., 2A - 1) j 
whence we find 

c^^Za^a^ - 3a^«,fl^.,, mod. p\ (« = 1 , 3, . . ., A), 
<^*..= 6Vi«i^3. t- KV»«3.-iJ >» » (« = 2, 4, ..., A - 1), 
<^A.. = 3a'^.,a3^„ „ , (5 = 3, 5, . . . , A). 

§41. Case IIL jo = 3A + 3, A being therefore even. We 
have 

ao = ao + ^i + «e •*■— H^ Vr 

a, = a, + a, + a, +...+ a^,. 
roL. XXXI, Y Y 
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In this Case the non-diyisible coefficient a^_, occurs in a,. 
Every term in a^ is divisible by jo, and therefore a^* contributes 
no term to be retained. 

The terms not divisible by p* are, from ocg', 

from a,', 

aVA, a'^,a^, ..., a^^V^* (^ = 2A + 2, 2A + 4, ..., 3*) ; 
and, from a^OL^a^^ the term a^a^^a^ (r=:A+ I) and 

«pVi^*' ^oVi^io' •••' ^oVi^p-ft' (r = A + 2, A + 4, ..., 2A), 
giving 0.= 3a/a,., mod. j»", (« = 2, 4, ..., A), 

and c^,=--3a„ap.^ap mod. y, 

§ 42. The terms divisible by />', but not by /?', are, from a/, 

«o'«tj «oX? •••> ^o'^P-d' ('•= ^» 3' •••» *- 0* 
from a,', 
«Vi«»» «Vi«.i^ •'•) «ViV4» (»'='2A +3, 2A+ 5, ..., 3A+ I),, 
and, from a^a^a,, 

^ifli^ty ViS» — > ^o^iVt) (»•= ^> 3, ..., A- 1), 
^o^P-i^7> ^o'^P 1^11' •••» «oViVi» (»• = A + 3, A + 5, ..., 2A + 1), 
^iVi^e' ^iVAf — » ^iViVsJ (»• = * + 3, A + 5, ..., 2A+ 1), 
giving 

0, = Saja^ - 3a^^a.a^.„ mod, ;?', (« = 1 , 3, . . ., A - 1 ), 

c,,^= 3aV,^3^,, » ,(« = 3, 5, ..., Ah-1). 

§ 43. Collecting the results obtained in the last seven 
sections, and replacing the c's by 7's and the a's by A^a and 
putting a^^l, A^^'ip, mod. p% -4p., = -l, mod, p, we 
obtain the following list of formulae in which 

7,-=5,{l',2',3',...,(/>-l)'}. 
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Case L j» - 1 = 3A, so that A = J (jo - 1) and is even. 
7,= 3-4„, mod. y, (« = 2, 4, ..., h - 1), 

7^= 3u4p.j mod.jt?'; 7^=3.4"p_„ mod. p', 
7.S 3^,. + Ijt?^,..,, mod./, («= 1, 3, ..., A - 1), 
7a+.S-6J,.-|P^,^„ „ , ( „ „ ), 

Case //. /> — 1 = 3A + 1, so that A = J (jo - 2) and is uneven. 
7,s3^3., mod. p\ (« = 2, 4, ..*, A - 1), 
7a..s3^,^„ „ , (5=1, 3,..., A), 
7rt4*=3^..-.9 » > (« = 2, 4, ..., A), 
7tt+i = -|P, mod.y, 
7.=3^,. +fp^a^„ mod./, (5=1,3, .,., A), 
7*..s3i4,^j + 6/>^3^„ „ , (5«2, 4, ..., A-i), 
7rt+. = 3.4,^„ „ , (5 = 3, 5, ..., A). 

C7a5« ///. j> — 1 = 3A + 2, so that A = J (p -^ 8) and is even. 
7.=3^,., mod. />*, (5 = 2, 4, ..,, A), 

7iA+*=3-4,^, „ , ( „ ,, ), 
7».iSf;?, mod./, 
7.s3J^ + ^P^u-v mod./, (5 = 1, 3, ..., A - 1), 
7»+.s3^^, - ^pA^^, „ , (5 = 3, 5, ..., A + 1), 
7j»^«s3-4jj^^, )> ) ( » « )• 

In all three cases 

7tt = 7p.i = -4Vr 

$44. Whenever in the preceding list the right-hand 
member of the congruence consists of two terms, we may 
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combine the two into a eiogle term by means of the formula 
(§8) 

A^ (r aneven) s ^p (/> - r) -4^, mod. p\ 

Thus^ for example, we maj write the second groap in 
Case I.y 

7.S- 3 (35 - ^)pAu~v mo^- P\ (« = 1» 3, ..., h - 1), 

§ 45. I have verified the formulie for jt? = 7, but the verifi- 
cation afforded by so small a value of p is not a very good one. 
This value ofp falls under Case I., and the formula are 

7, s 3A^j mod. 7*, 7^ = 3A^\ mod. 7", 

7j = 3^, + i.7..4„ mod. 7', 

7, s — 6-4, — J.7.-4,, mod. 7', 

7j = 3-4,, mod, 7*. 
Forp = 7, 

J, = 720 = 6 + 4.7, mod. 7'; ^, = 735 = 1.7', mod. 7"; 

A^ =s 175 s 4.7, mod. 7' ; and ^ = 4, mod. 7. 
Thus the first two congruences give 

7, s 4, mod. 7*, 7^ = 3 + 5.7, mod. 7*, 
and the others give 

7j s (3 + 12.4) 7* = 2.7', mod. 7", 
7, = (-6+2.4) 7« s 2.7', mod. 7», • 
7, 5 3.7", mod. 7». 
The calculated values of the 7's are 

7^ = 441; 7^ = 63655, 7, = 3587535, 
7^ = 74550304, 7, = 444273984, 
which give the same residues as the formul®. 

Residues of S^ {i% 2", ..., {p - 1/}. 
§ 46. In a similar manner we may determine the residues of 
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If we put d^ = (- \)%^ and 

«o = ^o + «4 + «e+ — ' 

otj =« ttj + flg + a^ +••., 

a, = a, + a^4- a,^ +..., 

a, sss a, + a, + a,j +..,, 
then the equation 

(ii) «'-" + J^:c^-' + rf,a;'-'+...+ rf^,a; + cf^, = 
is the same as 
(iii) a/ - a/ + a,* - a,* - 2a, V + 2a, V 

- 4ao'a^a, + 4ajV, - 4a,''a,a3 + 4a,Xa, = 0, 

in which, as in §§34 and 36, the coefficients alone are written. 
There are four cases according as 

|>-1 = 4A, 4A + 1, 4A + 2, 4A + 3, 

which have to be treated independently in the same way as 
the three cases of ti = 3. 

§ 47. For 71 = 5 there are five cases ; and in general, for 
the determination of the residues of 

X, = 5,{l-,2",...,(p-l)«l, 

we have to consider n cases. The expressions for a,, a^, ...| a^, 
are given by 

ai = «i + ««*i + «f-*i+—> 
a, = a, + a^„+a^, +..., 
•••••• ••, 

and the equation (iii) is 

n (a, + «,a, + «;a, +...+ o,-*a..,) = 0, 

where »,, w,, ..., m^ are the n"* roots of unity. 

The product on the left-hand side of (iii) may also be 
expressed, as is well known, by the cyclical determinant formed 
from the elements a^, a„ ..., a^.,-* 

* The yalues of tbis determinAnt for n = 5 and fi = 6 were giren in the 
Quarterly Journal, Vol. xv., p. 864 and Vol. xvi., p. 88. 
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§ 48. A complete determination of the residues of \ would 
necessarily be intricate, if only on account of the number of 
cases, and I therefore confine myself to the determination of 
the values of r for which \ is not divisible by p. 

There are two cases according as a_ occurs, or does not 
occur, in o^ (i,e, in the same a as a^). In the first case p — 1 
is a multiple of n, = nh say, and, ia the second, p^l^nh + t^ 
t not being zero. 

Let K^ir'^YK 

In the first case, in which jt? — 1 = wA, the only non^diviaible 
terms are derived from a<,*, and are therefore given by {a^ + ap.i)". 
We thus find 

Ij^ = (n\ a^\_^, mod. p\ 



?^=(n).a;-(v,y, „ , 

••• • • •....•...», 

It is evident that the modulus is jt?', i, e. that all the other 
terms must be divisible by p'; for the sum of the suffixes must 
be a multiple of /? -- 1, and if the suffixes are not all O's and 
(jt?- l)'s there must be at least two suffixes, i.e, the term must 
be divisible by p*. 

§ 49. In the second case^ in which p - 1 = nA + ^, ap_, occurs 
in a^y and, in the equation (iii), viz. 

n (a, + o^.a, + a,;a, +...+ wr\J = 0, 

the only a-terms which can produce terms not divisible by p 
are given by 

n (a, + 6);aJ. 

The non-divisible terms are therefore 

(iv) (a, + a»>p.,) (a, + (.),V,)...(a, + ui.V,), 

where Wj, w^, ..., w„ are the n^ roots of unity. 

Now it can be shown that the equation whose roots are 
to/, w,*, ..., cu^is 

where S is the greatest common measure of n and t and 9 = ^ • 
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Therefore (a? - w/) {x - w,*)...(ar - wj) = 

18 the flarae equation as (x^— 1)*= 0, and, by putting ^= ^ , 

we see that the expression (iv) is equal to ^-» 

Thus the values of r which correspond to the non^divislble 
terms are 



g (jP - 1) H {P " 1) (g-l)g(;>-l) 

that is ^, 2^^, ..., (S-1)^; 

and, putting 2:^ = j, 

we find Z^=(- 1)'»^^) (8X a,--^ (a^J^ mod. j.«, 
s having the values 1, 2, ..., 8—1. 

§50. Passing from Z's and a's to X's and -4's, we have 
thus obtained the formulee : 

I. /? - 1 = wA, 

Xa=(-l)'*(").(^.-.)'. raod-p', 

where « has the values 1, 2, ..., n— 1. 

IL. /? - 1 = wA + ^, 

x^=(-l)•(^-*^)(8X(J^.^)^mod.p^ 

where S is- the greatest commoa measure of n and ty 

P — I IV 

and 8 has the values 1, 2, ..., 8 — 1. 

Case I. is included in case 11., for, when < = 0, 8 = 7?, ^=s A, 
and ^—1. 

§51. Since 

Jp,, = -1+ Jp, mod.y, 
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we have finally 

K=(r 1)-"*" (8). (I - sgJp), mod. p\ 

where S, «, and a are as in the preceding section and s has the 
values 1, 2, ,.., S - 1, 

This formula holds good also when < b 0, in which case, as 
just mentioned, g^h^Z=^n^q^\, 

§ 52. It has therefore been shown that X^ is always divisible 

by JO, except for the values r = ^, 2^, .,., (8- 1)^, where 

JD — l = nA + ^ S is the greatest common measure of n and ^ 

p— 1 
and q =^— §— • If» then, n is a prime there are no non-divisible 



values of r, unless jt? — 1 is a multiple of n ; and, when n is not 
a prime, there are no non-divisible values of r if the remainder t 
is prime to n. When t is not prime to n the number of non- 
divisible values is equal to the greatest common measure of n 
and t diminished by 1.* 

§ 53. These formule may be partially verified in the cases 
of n=:4, 5, 6 by means of the expanded cyclical determinant. 
This value for n = 4 was given in § 46 (p. 348) ; the values for 
n =s 5 and 6 were referred to in the note on p. 349. 

There is of course always the term o^** which gives rise 
to Case I. (§ 48], viz,, to the non-divisible values in the case 
in which I?— 1 is a multiple of n. 

The other terms in the expanded determinant which give 
rise to non-divisible terms are those which involve a^ and only 
one other a. These terms are 

forn = 4, -2a,V> 

for n 3s 5, none, 

for w = 6, - 3a,V + 3a,V + 2aoV + ^^oV- 

The single term in the case w=4 shows that if p— 1=4A+1 
or 4A + 3, there is no value of r for which l^ is not divisible 
by ^, and that if p - 1 = 4A + 2, there is one such value of r, 

2f»-l) «-l , , 

V12., r = — ~ = ^ , and we have 

'i(p.i) = -2{(i^,)', mod./, 

* This diminution by 1 is caused bj the omission of the ralae r = »— 1 
which has been excluded throughout the whole inYestigation ; since Xp_, = (^p.i)* 
identically. 
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Arhicfa agrees with the formula in §49, for S=2,^ = i(/?— 1), 

For n^5 there Is no term involving a^ with only one 
Dtber a, which is in accordance with § 52. 

For w = 6 the terms show that for p — 1 = 6p + 1 or 6A + 5 
there is no non-divisible value of r, and that 

when 2> - 1 = 6A + 2, l^^^^^ = 2 (a^.J', mod. p\ 

^ . 1 « 6A + 3, Z^^^jj = - 3 (a^.,)', „ „ 

and 'l(p-i)- ^(O*) « 'I • 

In the first two cases S=:2, ^ = ) (je?- 1), q=^S] and in 
the third S = 3, ^ = JCp— 1), j = 2; so that the lesults agree 
with those given by the formula in § 49. 

§ 54. Since 
^,(l",2",...,y) = ^,{l-,2«,...,(^-l)"} 

+ p"fi:.,{l«,2-,...,(j.-l)-}, 

it is evident that when n> 1 the residues of 5^(1", 2", ,.., p") 
are the same as those of S^{l% 2", ..., (;?— 1)"} which have 
been obtained, the modulus being the same, viz.,|7^ or p' as 
the case may be.* 

It may be remarked that HJ, the numerator of 

i ^ 1 

^ "^ 2" ■*" 3" ■*■"•■*■ (;?-l)-' 

IS iSp.^ {r, 2\ ..., f p— 1)"}. The residue of this quantity has 
therefore been assigned in § 29 for all positive values of ?i. 



* For n = 2 the moduliu was p' for all the reddnes (§ Bd), bo that then ia no 
exception in this case. 



VOL. XXXI. ZZ 



Digitized by 



Google 



( 354 ) 



THE QUAETIO SURFACES WITH rOUETEEN", 
FIFTEEN, AND SIKTEEN NODES. 

By C. M. Jessop. 

T^HE sixteen nodal qnartic surface is discnssed by Kummer 
■^ in the well-known papera in the Monafsberichte derAkcidemie 
zu Berlin^ 1864, and in the Abhandlungen der Akademte^ 1866. 
I have investigated the results stated without proof in tlie 
latter paper by a preliminary discussion of the fifteen nodal 
surface and an application of a result therein obtained to the 
sixteen nodal surface. The forms arrived at for the latter 
' surface are seen to be similar to those of Kummer, but in 
a somewhat more symmetrical shape. 

The qnartic surface V(«»^') + V(yy) + V{^0 = ^ ^^^ *® 
singular tangent planes 

X = 0, X =0, y = 0, y' = 0, « = 0, «' = 0, 

and has as nodes 

i^^\ (^y«)) (^y«')> {^y^')y (a^»» (a?y«^)) («>')j («>'«')» 

together with 

aj = 0, x'^^.yy ^zz\ y=:^0, y=0, zz =^xx'y 

aj =s 0, «' = 0, XX = yj/'. 

We shall investigate under what conditions other singular 
tangent planes and nodes can occur. 

The surface may be written in the form 

{xx + yy' - zz' - 2kxyy e 4txy {xy + k'xy - k {xx + yy - ez")} 

= 4txy {[kx - y') {ky - x) + kzz\. 

If the expression (kx — y) {ky- x') + kzz is the product of 
linear factors, we shall obtain another pair of singular tangent 
planes. 

Now the condition that this should be the case is that 
quantities a, /3 can be found such that 

z'^kapz + a (Ax - y) +I3{ky- x), 

and then the given expression becomes 

{k/5z + kx - y) {kaz + ky - x). 
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Hence we have as the required condition 

kax - fix + i^y - ay' + kafiz - «'sO, 
or generally 

Ax + A'x +Bi/ + By + Ci + CV = | ,j . 

with the conditions ^^' = BB' = CC ) 

The two singular tangent planes are then ^ 

Cz'{-Ax + B'y = 0, 

and from the symmetrical form of the equation I. we see that 
there will also be the singular tangent planes 

C'z + ^jj + 5y = 0, 
j4a? + -By + Cfe = 0. 

It is easily seen on trial that no other singular tangent 
planes will arise from this method of treating the equation 
of the surface. 

From the form of the identity I. we see that the four planes 
thus arrived at meet in a point whose coordinates are given 
by the equations 

Ax^Ax, By^B'y\ Cz^C'z\ 

and which is seen to be on the suiface, and since the line of 
intersection of any two of the singular tangent planes meets 
the surface in two nodes, it follows that this last point is also 
a node. 

Hence the given surface is fifteen nodal and has ten singular 
tangent planes if the condition I. is satisfied, 

Kach of the four new singular tangent planes passes through 
one of the set of nodes x = 0, jt' = 0, yy = zz\ &c., and each 
singular tcingent plane contains six nodes. 

We now consider under what conditions the surface Is 
sixteen nodcil. 

The surface may be written in the form 

{xx + yy - zz - Hcxxf = ^xx^ \j^xx - k {xx + yy - ««') + yy\ 

« ^xx {k {k - 1) XX +(!-*) yy + kzz\ 

It remains therefore to investigate under what conditions 
the expression ouca?' + fiyy + ^zz can be the product of two 
linear factors. 
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It is clear that for this to occur four of the eight nodes 
{xyz\ iStc, must lie in one plane and four in another, let the 
plane which contains (x'yz)^ (^y'^)j i^!/^')} (^'^'^') ^^ called I, 
then it must be possible to determine constants p^ ..., a, ...| 
BO that 

px ^by— cz 4 k^t ' 

qy^cz - ax-^-kj^ ■ (H.)i 

r«' = aaj— by +kjt . 

with the condition A, + A;, + ^g= I. 

Now if axx -\- I3yy' + ryzz' = u.t, it follows that, since {aryz) 
does not lie on t^ we must have 

a: ^: y^pa: qb: rc^ 

p q r % fif M 1 

t^px' + qy + rz\ 

Taking for a, ^, 7 the quantities /:(*- 1), 1 - A, i, we 
easily see that it is necessary that 

l+l+ir=0 (III.). 

pa qb re 

Again, multiplying the equations II. by \ a«, v, and adding', 
if \, /Lt, y satisfy the condition 

A;,\ + kj^ + *,v = (IV.), 

we obtain 

\px + yiqy' + vrz — X (Jy — cz^ '~/ji{cz — ax) - y {ax — 5y) = 0. 

If this be written in the form 

Ax + Ax + -By + B'y ^-Cz-\- C'z=0, 

the condition AA' = BB' = CC gives 

\pa {fi'-y) =^ fiqb (f — X) = pre [\ - fi) (V.). 

By aid of III. the equations "V. are seen to reduce to one 
only. Thus from IV. and V. we obtain two sets of values for 
X, fij V, That is, we find two independent relations of the 
form I. between the planes x, y, z, x^ y\ z. Writing them 
in the form 

A,x+ a;x' + Bjf + B;y' + 6> + c;z =0 

A,x + A;x' -f Bjf + B;y + C,z + (7,V = " 



...(VI.), 
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-we have, by the same reasoning as that applied to the fifteen 
nodal quartic, the following as singular tangent planes 

^} y? «i ^'j y\ «') ««j ^ 

^,ar+B,^+(7ja, Alx\B^y^0^z, A^x^B^y^-C.z^ A^x^B^y^-G^z, 
Ji^x+Bjf^-Cjs, A^x\Bjy\Cji, A^x^B^y^G^z, Ajc^B;y^G^z\ 

or sixteen in all. 

Moreover from VI. we see that the last two sets of four 
planes are each concurrent, and the two singular points thus 
obtained are in addition to the original fourteen nodes. 

It is easy to see that through each singular point there pass 
BIX singular tangent planes, and on each singular tangent 
plane there lie six nodes, which is a known property of a 
Kumraer's surface. 

The coordinates of the two additional nodes are given by 

A^ - A^x^ &c., -4,0? = A^x, &c. 



ON THE ALGEBBA OF DIFFERENCE-TABLES. 
By Prof. J. D. Eveebtt, F.R.S. 

T^HE object of this paper is to explain a notation which 
■*• yields automatically most of the formulas applicable to 
ordinaiy tables of successive differences. 

In the standard aiTangement of such tables, the first 
column contains consecutive values of the function u or /(a;) 
for equal increments of x ; the second column contains their 
first differences written opposite the intervals between the 
entries in the 6rst column; the third column contains their 
second differences written opposite the intervals in the second 
column, and therefore opposite the numbers in the first column, 
and so on. 

The operation A carries us from any entry in the table to 
the entry next below it on the right, so that u, Au, A"u, t^Uy &c. 
lie in one line sloping downwards to the right from u as a 
starting point. We shall in like manner use the symbol h to 
denote the result of passing from any entry to the entry next 
abom it on the right ; so that u, hu, S'u, S*Uj &c. will lie in 
one line sloping upwards to the right from u. This completely 
deGues our notation. It is equivalent to defining 
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the iDcremeDt h being constant throughout the table. The 
operations A"* and fi~\ or 1/A and 1/8, carry ub in the 
opposite directions to A and 8. The operation A"*S" carries 
us (from any entry in the table) m steps down to the right 
and n steps up to the right ; the order in which the steps are 
taken being a matter of indifference. We may, in fact , regard 
m and n as the coordinates of the point of arrival relative to 
the point of departure, the two lines along which the powers 
of A and h are disposed being the axes of coordinates. It is 
obvious that, with arbitrary positive or negative integer values 
of wi and «, the operator A"*8" can carry us from any entry in 
the table to any other. As particular cases, A**S" or (AS)" 
carries us 2n columns to the right, the point of arrival being 
at the same level as the point of departure; A"S"" or {^/S)* 
carries us n places down the column in which the starting 
point lies; and 8* A"* or (8/ A)* carries us n places up it. 



h'A-' 




6'A-' 




S* 


8'A-' 


S» 


8A-' 


S' 


AS' 


8 


AS' 


1 


AS 


A'S' 


A 


A-S 


/^Sr' 


A' 


A'S 


A'S-' 


A' 


A'S-^ 


A'r* 


A* 







These geographical relations are exhibited in the annexed 
scheme, which represents a fragment of a difference-table, 
divided into compartments for the purpose of more precisely 
indicating relative position. 

Proceeding from left to right along any sloping line of 
adjacent entries, we have a geometrical progression with the 
common ratio A or 8 according as the slope is downwards or 
upwards. 

In any column, read downwards, the ratio is ^/S, or, read 
upwards, 8/d, and the sum of the indices of ^ and 8 for any 
column expresses the order of the differences contained in the 
column. For the first column this sum is zero. 

In travelling horizontally, the entries which stand at the 
same level are in alternate columns, and their ratio in going 
from left to right is ^8. 
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Automatic Law. 

We now come to the gist of our subject. The position 
of A8 opposite the space between ^ and S shows that the 
operation a8 is equivalent to the operation A - 8. The point 
which I wish to emphasise is that the equation^ 

^S = A-8 (1) 

contains the whole theory of difference^tablea. 

As elementary illustrations of its working, we have 

A"-S'=(A-S)(A + 8) = aS(A + S) = A'S+Z^8\ 

A' + S'=(A-8)* + 2AS=a'S« + 2AS. 

Systematic Development of the Law. 
Equation (l) divided by S gives A = ^ ~ 1 (2), 

^ „ S=l-| (3), 

AS „ l = S-*-A^ (4). 

All four equations express the same arithmetical fact — the 
fact that, in a group of three adjacent entries arranged like 
a, /9, iS in the margin, we 

- a have ^ = ^8- a. In (1) the origin 

P (which would be denoted by 1) is at h. 

In (2) it has been displaced by 8 and Is at a. 

In (3) „ „ A „ /8. 

In (4) „ „ a8 „ z. 

Every equation between our operators expresses an 
arithmetical fact — an arithmetical relation which must always 
hold between entries in certain specified relative positions; 
and when the equation has been divided by A'^S'* it expresses 
the same arithmetical fact as viewed from a different origin ; 
the divisor being the specification of the new origin relative 
to the old. Transposition of a term from one side of the 
equation to the other involves no change either in the origin 
or in the arithmetical relation expressed. The most useful 
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transformations of equation (1), by mere change of origin and 
transposition, are (2) and (3) together with 

1 = 1+ A (4), 

1 = 1-8 (5). 

From these last we deduce by the binomial theorem 
(|)'-14»A^.li^^V '''"-,"^-" ^--H&c...(6). 

(|)-..-„8^"J^)8.- '(-')('-" 8.^4.....(,). 
and, from (2) and (3), 

-•=(f)"-"(fr-^^(t)"-'^ •••<«• 

S. = .-.|.l(!^(|)'-4. W. 

Put n =r 3. Then in the annexed scheme 
. of entries 

A, '' " (6) gives (I) = 1 + 3 A + 3A' + £^\ 

"• I ,, <«) ■• --(f)-»(l)'^»(f)-- 
"" (») - *■— 'i-»(iy-(i)"- 

With ^ as origin (6) asserts D=sA + Sa + 3a + z ' 
„ D „ (7) „ ^ = J9-3c + 3^-« ....(10), 
„ A „ (8) „ z = D^SC-^3B^a] 

which is also the assertion of (9) with D as origin. 

(9) can be derived from (8) by dividing by f g J , which is 

the specification of D from the origin -4. It will be noticed 
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that in all these cases the entry at one corner of the triangle 
ADz is expressed in terms of the entries along the opposite 
side. 

Negative Exponents. 

When n is a negative integer, or a positive or negative 
fraction, the equations will be interpretable unless they yield 
divergent series* 

Putting — n forn in (6) and (7), we have 

(§) = (1)'"- (^ - «)■" " ^ + «« ^ ^^ ^ + &-••(»). 

(i)-= (|)-=(1 4 ^)-= 1 - „A + !il!Lti) ^._&e....(12). 
Thus we have 

(|)=l + 38 + 6S«+10S» + &c. 

^|^ « 1 - 3A + 6 A' - lOA' + &c. 

^hat is, in the scheme figured above, 

2) = ^ + 3 J[^ + 6^, + 10 J, + &c. 
-4 =: 2> - 3Dj + 6i>, - 10i>3 + &cj 

In most practical cases the series in (11), (12) converge 
rapidly, owing to the smallness of the higher orders of 
differences. As far as I am aware the theorems expressed 
by these equations are new^ 

Putting n = 1, they give 



(13). 



-.= 1-A+ A'- A' + &c. 
A 

that is, in the figured scheme, 

2>=C + i + a + &c. 

VOL. XXXI. 



.(14). 
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Fractional Exponents. 

When n is a fraction, (6), (7), (11), (12) become formulae 
for interpolation. For instance, to interpolate a term midway 
between A and 5, we may put n = ^ in (6) or (11) with A as 
origin, or in (7) or (12) with B as origin. 

The amount to be added to A is, by (6), 

ia - ia + T^« - &c. 

and by (11) it is (15). 

\A^ + |J, + ^A^ + &c. . 

The amount to be added to B to obtain the same result is, 
by (7), 

-4a-K-iV.-&c.j 

and, by (12), -jj + |;3-&c. J 

We have thus four independent modes of computing the 
interpolated term. Four others can be obtained by putting 
n = 1 ^ in the same formulsB and thus computing the amounts 
to be added to the term preceding A and the term succeeding 
B ; four others by putting n = 2^, and so on ; but as n increases 
the convergence becomes less rapid, and increasing weight is 
given to higher orders of differences, which, with the data 
available in practice, are apt to be irregular and untrustworthy. 
As a test, I have calculated log 55-5 by (6), (7), (11), and (12), 
from a seven-place table of logarithms of two-figure numbers ; 
differences being carried to the third order. iSeven independent 
computations were made ; in two of them n was 2^ with log 58 
as the starting point ; and in no instance did the error exceed 1 
in the 7^ decimal place. I also employed 6 and 11 with 
n = 1000 to compute log 102] 22 from log 101 122 and three 
orders of differences, as given in Button's tables, p. 215, to 
20 places. The two computations agreed to 9 places, and 
agreed with the eight-place value given at p. 190 of Ilutton. 

Powers op d8. 

The operator A*6* has some interesting properties. Wo 
have 

-"•-^.-w-sz-d)' 1"). 

showing that, if Ay jB, C are three consecutive values of the 
tabulated function^ the result of the operation when performed 
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on B is the excess of the valae interpolated midway between 
B and C above that interpolated midway between A and B. 
We have also 



-'"-(tp-a)- "«>• 



showing that the resalt is a difference of the first order inter- 
polated midway between h and A. 

Squaring the first and last members of (17), we get 

-»-{(f)'-(l)T-t-l-^ ('"• 

a result which can be verified by multiplying together the 

values A=^ — 1, 8 = 1 . 

o ^ 

When n is any positive integer, we have 

(-)-{(t/-(i)T-{(t)"-a)i 

-..(-■)■■'"'"'-"•••"'*" m, 

^ ' 1.2. ..n ^ '' 

a result which is believed to be new. 

The absolute term with which the series concludes is equal 
to minus the sum of the coefficients of the other terms, or to 
minus twice the sum of the coefficients of the bracketed pairs. 
This equality follows from the fact that the sum of the coeffi- 
cients in the expansion of (a — J)** is zero. 

x) "*" (a) ~'^' equa- 
tion (20) reduces to 

, ^,. „ 2nf2n-l) 
(^8)- = ^.-2n^.., + 'i,^., 

—^-^> l.2...(n-l) ^^'^' 

giving 
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whence, conyersely, 

^j = A8, ^, = 4AS + AT, ^, = 9 A8 + 6 A'S* + A'i', 

^,= I62IS+ 20A*S' + 8a'8"+ A*5* (22) 

Again, using the symbol F^ to denote f^J "-(t)i 



we 



have 



8 A'-S« A«-S* 



8 A 

/'A 



A8 
/'A 



A-S 



= A + S, 



^. -'(t-l) (|" + ? + i + D-(^+«)(*-'*. + *J- 

■f» -(4 + 8)P"+», + ».+-+*.^,) 1 ,2,1 

L, ••••••••••••••• XAitJ m 

■?;.«= (^+ 8) (2« + 1+ ^,+*,+...+ K J 

Hence, by (22), 
i?;=A + 8, i?;=(A+8)(2+A8), i?;=(A+S)(3+4A8+AT) ^ 
-F;=(A + 8)(4+10A8+ 6A'S'+ A»8») [-..C-i^). 

2?;= (A + 8) (5 + 20A8 + 2 1 A'S* + 8 A'S» + A*8*) J 

Another set of values are obtained from (6) and (7) by 
addition and subtraction. We have thus 



2,3 



.(25), 



F^ performed on /(x) gives /(a; + ???*)-/ (a; — wJi), which, 
wlieii developed by Taylor's theorem, coutaius ouly odd 
powers of mk. 
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^w gives f(x + mh) 4 f(x - mK) — 2/(aj), which, when 
developed, contains only even powers. 

It is easy to deduce from (8) and (9) that, when n is even, 

and, when n is odd, 

(26), 

the coefficients being those of the expansion of (a - i)", with 
the last term omitted. 



No INTERPRETATION OP A'S* WITH p-\-q FRACTIONAL. 

Though we can interpolate any number of intermediate 
terms between two consecutive entries in a column, we cannot 
interpolate between two consecutive columns ; for we can 
form no conception of fractional orders of differences. The 
general operator A'^S* is interpretable when jd + ^ is zero, or 
a positive or negative integer, but not when it is fractional. 
It is zero for all powers of A/3 and S/A, and is unity for A*S*. 
In the more general case in which p and q are any positive 
fractions whose sum is unity, we have 



^'^-(f)'«-(S-. 



indicating a first difference interpolated between h and A at 
distances from them as p to q. 

Still more generally, when p-\-q\B any integer m, we have 

-^-(t)>-a)>. 

indicating a difference of the m^ order at distances from S"* 
and A"* as p to q. 

Deductions FROM THE VALUES of f^j -l and 1 - (-) . 

Equations (6), (7), (11), (12) give two expressions for 
(A/S)"-1, the operation which produces y (a? + w A) -/(x); 
and two expressions for 1 — {h/^) , the operation which pro- 
duces f{x) —fix - «A). All these expressions are divisible 
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by n. If we put H/h for n, bo that H is the incremeat ni^ 
the two expressions for (A/ 8)"— 1 are 

A"^ 2 A^"^ 2:3 ^ + <Kc. 

-...(27). 

^h + 2— A' + 2I A» + *'^^ 

and corresponding expressions are obtained for 1 - (8/A)*. 
All four, when h is diminished to zero, reduce to Taylor^s 
theorem. 

Again, dividing out by n, we have 

nh 2 2.3 

L..(28) : 

which, when n is diminished to zero, become 

A^ = A-iA» + jA"-&c. = S + iS« + JS' + &c....(29); 

whence, by squaring, 

h' (^) = A« - A" + liA* - &c. = S' + S" + t^S* + &c. ...(30). 

As applied to values rigorously calculated from a formula, 
the two series in (29) will rigorously agree ; but this will not 
be the case in dealing with experimental results, or with values 
correct only to a certain number of decimals. The accumula- 
tion of small errors increases as we go to higher orders of 
differences and interferes with regular convergence. In such 
cases it becomes a question how the two series in (29) can be 
best combined. The problem may be stated in this way: how 

to find the best value of A -7- when differences above a certain 

ax 

order are to be excluded from the reckoning. It can be 

solved by equating some of the first differences to their values 

as given by Taylor's theorem, and combining the equations in 

such a way as to eliminate one or more of the lower powers 

(after the first) ofh^. 
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Let a stand for 1 (0; A for ij (|)*; 

Then Taylor's theorem is 
f{x^K)^f{x) 

giving 

/(a; + JI) -/(^ - ^) = 2 {if ^ + aS» + Jfl' + &c.|/(a:), 
that is^ in the notation above employed, 

i?'^ = 2 (twA ^ + am^V + imW + &c.^ . 
Thus wo have 



.(31). 



JF,=:A^+ aA'+ W + &C. ' 

ii?;==2 „ +8 „ + 32„ + &c. 
iF, = 3 „ +27„ +243,,+ &c 

If third differences, and therefore [ j- ) » are to be ignored, 
a and ^ are zero, and we have ^^' 



A^ = ii^. = i(^ + i 



.(32), 



which is the best first approximation. It is better than JF„ 
because the error aV is less than the error 4aA'. 

If the first four orders of differences are to be included and 
the fifth ignored, h is zero, and we are to eliminate aA' from 
the first two equations, giving 

which may also be written i (A + 8) - ^ (A' - S"). J 
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If the first six orders of differences are to be inclnded and 
the seventh ignored, we have to eliminate aV and bh^ from the 
three equations as they stand above, omitting the &c.'8. This 
gives 



.•.(34). 



which may also be written 

MA + 8)-iV(A*-S')+^ff(A' + «') 

In passing from the F^ notation to our standard notation, 
we have employed in each case, first, equations (24), and, 
secondly, equations (25). It will be noticed that the second 
and third approximations derived from (24) have the same 
coefficient of AS; whereas, in the approximations derived 
from (25), the coefficient of (A* — fi*) changes from ^ to -^. 

In like manner we have 



.(35) 



f^,^v(^\ Ah'+ m* + &c. 

^, = 4 „ + 16 „ + 64 „ + &c. 
^, = 9 „ +8l„+ 729„ + &c. 

giving as the first approximation, neglecting fourth differences 

h' (iy= 0^ = A8 = A - 8 (36) ; 

as the second approximation, neglecting sixth differences, 

*'(0=^«.-T^*. = Aa-AA'5' = J(A-S)-T»3(A* + S^ 

(37); 

and as the third approximation, neglecting eighth differences 

A' (0=i*.-.^o*. + .V*.= A8. AA-3'^ ^A'8' \^ 

•=8J(A-S)-^V(A' + S") + i^(A'-S') ^ 

Here a^ain the coefficients change in passing from one 
approximation to another when the results are expressed in 
powers of A and 5 ; but not when they are expressed in powers 
of A8. 
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Central Differences. 

The differences of even order A8, A'S", A'5*, &c., which 
itaod at the same level as the operand, are called ^^ central 
lifferences." The same name is also given to the arithmetical 
neans, i (A + 8), i ( A'S + AS*), i (A'S* + A'8"), &c. of the two 
lifferences of any odd order which stand nearest to the level 
>f the operand, one being just below and the other just above 
:bi8 level. The odd central differences can be written 

i(A + 5), i(A + S) AS, i(A4S)A'S«, i (A + S) A'S", &c. 

The values 

i(A + S)(l-iA8 + ^A'S'| 

AS-T»ijA'«'+T^A»a« J ^ ^ 

above obtained for A3-, A' ( 3- ] , are expressed in " central 
differences." ^ ^ ^^' 

in reducing a given expression to central differences, A — S 
should be replaced by Ao wherever possible^ and resolution 
into factors is often helpful. 

Thus we have 

A* + S' = (A + S)(A'-A8 + S') = (A + 8)(A'S« + aS), 

A* - S' = AS (A* + AS +. V) = AS ( A'S" + 3 AS). 

In reducing A" the first step is to replace it by A*"* (S + AS) 
or aS (a""** +1). In like manner we nave 

S« = S»-* (A - AS) = AS (S"^- - 1). 

These methods suffice for reducing expressions of the forms 

A*^ ± S**, -^ ± -tm , n being any positive integer, and m a smaller 
one. 

Expressions of the forms A"**S*, A*S"**, occurring not in 
conjunction, but separately, can be reduced as follows. 

Let c denote the central difference i (A"**S" + A"5"**) . Then 
we have 

A''*'S» + A"S"**«2(?, 

A"**S" - A-S"** = A»S" (A • S) = A"«S"*' ; 

whence A""S« = c + iA»^»S"«) 

A»S«*» = c-iA«**S**'J 

But these last formulas will not be required for any of the 
reductions in the present paper. 

VOL. XXXI. BBS 
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The foUowinj? remits of rednction to centr&l differences 
are easilj verified, and will be aaeful for reference : 



A' + S' = 2AS + A»S«; A'-S-sASCa+S) ^ 

A' + «• = (A + S) (AS + A'5') ; A» - «• = 3 A'8' + A'S» 
A* + 8*«=2A'S' + 4A*S'+A'5* 
A* - «* = (A + 5) (2 A'S' + A*«*) 
A*a + a5' = 2 A'S* + A*S' ; a'S - A8* = A'S* (A + S) 

^ + % =2AS + 4A*S''+A*S» 
y-|=(A + 8)(2AS+A'S*) 



^ + |i = (A + 8)(l+3A8 + A*S») 
j^-|i = 5AS + 5A»S' + AV 
^V^=(A + S)(1 + A5) 

A* Ji* 

^_* =3A8+A'8« 
o A 

^'-5=(A + 8)(2 + A8) 

AS ^ A S 

| + ^ = 2 + AS; 8-^ = A + 8 



I. ..(41). 



/ 



An interpolation forniala in terms of central differences 
can be obtained as follows : 



By (4) and (5) we have 

rA\-' 



(f)"=(i+Ar=(f)" (i+Ar=|(i+Ar ' 
(«)^«(i-8)-=(|)"'(i-8r'=f(i-8r' 



....(42). 
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Each of these is an expression for the required interpoland. 
The two right'^hand forms when expanded are 

4 I 
Their sum, or twice the interpoland, is 

^ + 1+ n (A+ S) - (A-S) + «'A8 + "^"^~'^ (A'8+ A8^ 

+ ^li^)(A'S + AS") _!!Li^) (a'8- AS') + &C. 
- 2 + A8 + n (A + S) - AS + n'A8 + -^^-^^pl) (A'S + AS") 

+ «Ili^ (2 A'S* + A«8') - 2ill^ ^.g. (^ + 5) + &c. 

Neglecting central differences of higher orders than the 
fourth, the expression for the interpoland is therefore 

t .«^ + ^ I "Vsi "^"'-^) A'S+AS* «'(n'-l) y 



.(43). 



The next two terms are most easily found by regarding 
the interpoland as half the sum of 

J(l + Arand|'(l-8)-'. 

We shall thus obtain, in the expression for twice the 
interpoland, the sum of the four terms 

n(n«-l)(n'-4) („'-3«) (»'- 1) («'-4) . 

51 ^^ + 6l ^*' 

„(„«-!)(»' -4) , (n'4 3»)(n'-l)(n'-4) , 
51 "^ 6! 
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The two left-hand terms give 

51 

as the coefficient of ^ (A'8* 4 A'S*) in their half sum. 

Also, since A*S'+ A'S* is A''8*(A'S*+ 2A8), the coefficient 
of A'S* obtained from the half sum of the two right-hand 
terms ia 

6! 

Two more terms can in like manner be deduced from the 
expansions of 

and so on. 

The general expression for any pair of terms thus found 
may be written 

m; 

which, by potting m successively equal to 0, 1, 2, 3, &c. and 
prefixing 1, gives the complete expression for the interpoland 
(1 + A)* in central differences. 

Since £?n is -5- , we have -7- = A -?- . 

n an ax 

The result of performing this operation on the series (43) 
will be identical with the coefficient of n. This is 

whicb includes the approximations to hy given in (32)^ (33), 
(34). "' 
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*M T-) ^^ i'T] '8 twice the coefficient of n* in the series 
(43), (44), and is therefore 

f 1» 1* 9» 1* 9* «t* ^ 

2|iA8-ij A'8' + ^ A'S"-— gj- AT+ &c.| ...(4«), 

which includes the approximations (36), (37), (38). 

This last result can be checked in the following way. 

Denoting -j- by D^ we haTe the well-known symbolical 
ux 

equation X— e - 1.. Similarly we have S= 1 -e . Hence 

7 4 TY4 7 ( 7\6 

whence, by reversion of series, h^iy can be expressed in a series 
of powers of AS. 

In like manner we have 

A¥ = .**--e-*»^ ^KD^'^ + 4S0 + *- •"(^)5 

whence, by reversion, hD can be expressed in a series of 
powers of A*S*. 

When n is |, a more rapidly convergent series than (43) 
can be deduced as follows. Let u^ and u^ be the two conse- 
cutive values between whicb it is desired to interpolate a term 
midway. Then the relation between u^ and u^ is 

A2*. = Swj, or A"**SX = ^*"8'**\ *..-(49). 

The differences represented by these formuls are sym- 
metrically placed with respect to t/^ and u^, and are of odd 
order. They may be called central differences relative to the 
required midway interpoland ; and the corresponding central 
differences of even ^der are expressed by the formula 

iCA-sx + 'i-s"".)} 

which we shall sometimea write 

i A"8"* (k, + u,), or A"r "^^ . 

From the series (43) we can derive two expressions for the 
interpoland, one corresponding to i j\ u^^ the other to [-j] ti^. 
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They are 



1 + 



A + 8 . AS A'8 + AS» A'8' 



4 +1B-- 



32 



128 



SfA'S' + A^S^ ^ A'S-N 



("^ 



512 

A + S A8 A'8+Ay A^y 
8 '^ 32 128 



1024 



^j"o 



512 1024y '^ 



.-.(50), 



Their sum, omitting terms which cancel by (49), is- 

-^V(A8X-A'8wJ I (51) 

But 8(/^ - Am^ is ( A - AS) Wo- (S + ASj w^ = - AS (i/^ + u,) ; 

hence AS*w, - A'S^^^ = - A*S' (w. + u J ; 

A'SX - A'S\ = - A'S* (i/, + u,). 

Substituting accordingly, and halving, we find for the 
midway interpoland the expression 

(i - A AS + 5f 5 A"S' - •silbA'S' + &c.) (w.+ tt.) ...(52). 

More generally, p and ^ being any positive fractions sacb 
that i> + 9" » 1, the interpoland 

(f )'«., or (I) V, 
has, by (43), the two expressions 

(i i«^+^ i^'as p^^p-^^) A'S+Ay ^ 



ri _ « ^L±i + 1' AS + £i^2+^ ^!^±^' 

\ * 2 "^ 2 ^ 3! 2 

-^«^)a»S' + &c.)«. 

' m 



..(53). 
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Their sum, or twice the iuterpoland, is 

^ , A+B, s , AS, , ... 

+ ^^^1^? 1(1 + ?)».- (!+?)«.} 

" -jrPi {P (^ +PJ ^0- ? (1 + ?) wj + iS:c....(54). 

Hence, with the help of the same formuls of reduction 
which were employed in deducing (52), we find 

Vi^/ • Uy • 2 ^ 2 " • 2 2 

_ PIJJL^) A.8„.H. a(i±|Hl±il A.8.!f*+ii. + &e. ...(55), 

the general term being 

/ jv« pq{l-i-p){l+q)...(m-l+p)(m-l+q) 
^ ' 2 (2»/i) 1 



xJA-rK+uj+^i^A-s-ul 



Interchanging p and q simply reverses the sign of the 
factor p^q which occurs in the coefficients of the odd 
differences. 

Putting i> = i + ^, 2 = i — ^, expression (55) becomes 

_(l'-4.')(3'.-4^)(5'-4y)^.yg^_^^ ^^^^^ 

The coefficient of d in this expression is the value of 
T2 or A-i- for fl = 0, that is for the value of u corresponding 
to the midway interpoland. It is 

or (A - al^A'S + ^IjA'g' - TT^^A*8' + &c.) w. , 



.(57), 
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which contains only odd differences central with respect io the 
midwaj interpoland, as in (49). 

The value of A'-j-i or -r^ for ^ = is twice the coefficieot 
ax aGr 

of V in (56), and is 

f 8 . 8 (1' -H 3') ,., 8 (1'.3' 4- 1'.5' + Z\S^ 3^ 

t2U^^ 414^^^+ 6U^ ^^ 

8 (l'.3'.5> 1\3'.7'+ l">5'.7'4-3'.5'.7') ^,y ^^^ tf^-Hf^ 

More generally, the valaes of ^ ;t- ftD<l ^' j— 1 1 ^o the fifth 

order of differences, for any value of 6, are fonnd, by differ- 
entiating (56), to be 

These formulae enable us, from an ordinary table of values 

of tt for equidifferent values of *, to find ^ and -rp for the 

value of u corresponding to any intermediate value of x. 

Results (56), (57), (58) were published (without proof) by 
Mr. W. F. Sheppard in Nature^ August 24th, 1899 (Vol. LX., 
p. 391). 

Comparison of Notations. 

For passing from our notation to the ordinary notation, or, 
conversely, the most convenient formula is 

8X=-^X. (60), 

which gives A"S"m^, = A*"m^. 

Again, denoting, as usual, d/dx by i>, we have 

A IS r-(^^^- 

*-D«logf -log(l + A) =- log^|- = -log(l - 8) J 
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THE STRESS IN THE WEB OP A PLATE GIRDER. 

By J. H. MiCHELL. 

1 . TT is proposed to find the stress in a web of an I-shaped 
■*■ plate girder, supported at both ends and uniformly 
loaded, on the following assumptions: — 

(a) The chords (top and bottom members) are perfectly 
flexible, so that the load is transmitted directly to the web, 
which takes all the vertical shearing stress. 

(d) The longitudinal extensions of the web at top and 
bottom are, at each section, those of the two chords. 

(c) The web can be treated as a uniform thin plate under 
forces in its plane. 

(d) The girder is long in comparison with its depth, so 
that the principle of equipollent loads can be applied to the 
ends. The solution therefore does not apply near the ends. 

Take the horizontal middle line of the web as the axis 
of ar and the vertical throuji;b one end as the axis of y. Let tv^ 
be the load per unit length on the top chord at a section 
distant x from the origin, w, that on the bottom chord. The 
weight of the web is neglected. Let jT,, T^ be the tensions of 
the two chords, 2/^ the depth of the girder, / its length. 

If €,, <?, are the extensions of the chords at section x (and, 
therefore, by assumption (b), the longitudinal extensions of the 
top and bottom of the web) 

where -B,, E^ are the Young's moduluses of the chords and 
-4p A^ their areas of cross-section. 

Let P, Q, U denote, as usual, the elements of stress per 
unit length in the web ; P,, ^„ C„ P^, Q^, U^ being their 
values at top and bottom respectively. 

Then Ere^ ^P^^gQ^ = P^'¥ aw^, 

Ere^^P^-aQ^^F^^aw^, 

where E is the Young's modulus of the web, a its Poisson's 
ratio, and r its thickness. 

Resolving longitudinally for the equilibrium of the chords, 
we have 
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378 Mr. Micliell^ Stress in the loeb of a plate girder^ 
Substituting for T,, T,, these give 



(I). 



These, with 



«■=-"•} w. 



are the boundary conditions at the top and bottom of the web. 
The areal equations for the web are 

dP dU^^ dU dQ^^ 
dx dy ' dx dy ^ 
which are satisfied quite generally by 

' d^^ d^ rz— iV 

W ^^dx'' ^" dxdy' 
where \f/ satisfies y* (P+ Q) = 0, 
or vV = ^ (^)- 

2. Suppose that the girder is uniform throughout its 
length and that the load is applied on top. Writing w for ir^, 
and putting u?, = 0, the equations (1), (2) become 

<?,= o| 

where K^ = E,AJEt, K, = E,A^IEt. 

Since -r- + -3- = 0, the first two equations become 

I \ w- 

From the general theory* of uniformly loaded beams, we 

♦ Discussed in a paper on "Uniformly loaded beams," which will shortly 
oppear in the Quarttrhj Journal. 



(4), 
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know that if the principle of equipollent loads can be applied 
to the end conditions, a sufficiently general solution is obtained 
by making the stresses quadratic functions of x. We therefore 
take as the solution of (3) 

+ («. + *.y + ^y + ^y) ^\ 

linear terms being omitted as of no significance. 
This gives 

^= - (2c, + 6rf,y) - 2 (2c, + ^djf) x. 

The conditions (5) therefore give 

K, (2c, + 6rf,A) + Ji + 2c,A + MJi^ = 0, 

K, (2c, + 6rf,A) H- J, + 2c.A 4 3rf,A* = 0, 

Jf, (2c, - ^dji) - (J, - 2c,A + 3i,A*) = 0, 

E^ (2c, - 6i,A) - (J, - 2c,A + 3rf,A*) = 0* 

To simplify the algebra suppose the two chords alike, so 
that K^ = -ff,. These conditions then give 

c, = c, = 

i, + Zdji Qi + 2K) = 

\ + 3rf,A (A + 2^) = ^ 

Further C = ^ = 2 (a, + A^ + cy + ^y ), 

and therefore, from (4), 

a, + JgA 4 c,A* 4 djh!" = - ^w, 
a, - J,A 4 c,A* — J,A' = 0. 
Hence, since c,s=0, 

M + ^.*' = -i«^^ 



.(6). 



.(7). 
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Therefore, from (6), 

X , A + 2JC 



.(8). 



^'^ *A-(A + 3ir)"'- 

The other constants must be determined from the terminal 
conditions. We have 

P= ^ = 2c, + 6d^ - 4<?y + 6rf,yx + 6d^x\ 

and hence 

T,=iC(P,+ ffw) =Z'(ffK> + 2c,+ 6rf,A- 4d,A*+6(i,Aa:+.6J,Aj;«), 

T, = ^P, = 5" (2c, - Gd^h + 4 J,A' - edfix - 6d,hx*). 

Since there is no resultant horizontal force across any 
section 

^"^ "•"-irnt*'"' ^*^ 

At the end x = 0, 

and, since the couple at the end vanishes, 

Pydy + (T,-T,)h=0, 

h 

that is, id,h* - f J,/t' + K(12dji' - 8d,hr} + Khaw = 0, 
or dji (h + 3^) - 2rf,A' ( JA 4 iiT) = - iKaw ; 

and, substituting the value of <?, from (8), 

^.A(A + 3ir)' = iA(iA + ^)-i^(A + 3ir)aio...(IO). 
Finally, the shearing force on the end Is wl/2, so that 

Udy = -wll2, 

or 2JjA + 2rf,A' = wZ/2, 






r 
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and hence, from (6), 



1 



wl 
tol 



.(11). 



From eqaatlons (6) — (10) llie constants of the solution are 



K 



ato. 






*.= 



l(h + iK) 



to. 



A (A + a/T) ' 
c,= 0, 

, I 

- ^ h+iK 

^• = -*A(A + 3ir)"'' 

c,= 0, 



<?,= ixr 



A' (A + 3ir) 



to. 



Substituting these valnes in the expressions for P, Q, {7, 
they become 

aKw 



p_ aKw 3w f A + 5g erg) 

*A+fi"'''A + 3/f |lO(A+3ii:) 2AP 

3«> ,, . to , 

~4A'(A + 3A:)''*-*"'^^^"2A'(A+3i:)^' 

^=-4A^(Al^^l^*' + ®*'^+^*<^* + '^^^y"^^' 



I^=-5IT 



32^ 



ah' (A + SJT) 



(A' + 2Air-y")(7-2;r). 
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If Ky h are of the same order and V/x^ may be Deglected, 
we may write these 

P=-6ra?(Z-a:)y, 

l7=-3r(A'+ 2hK^f) (?-2x), 
w 



where r= 



8A"(A + 3JS:)* 



The valae of P is now that derived from the application of 
Bernoulli's formula for uniform flexure. The process com- 
monly used by engineers to determine the shear U in the web 
is equiyalent to the use of the equation 

dx dy "" 

and the given value of P. The stress Q can, for moat 
purposes, be neglected. 

The solution for a load on the bottom chord can plainly 
be derived from that obtained without further investigation. 



ON THE HOLOMORPH OP THE CYCLICAL GEOUP 
AND SOME OF ITS SUBGROUPS. 

By O. A. Miller. 

A FEW of the properties of the holomorph of a cyclical 
group were determined by Bumside.* In what follows 
several other important properties of this holomorph and 
its subgroups are determmed. Most of the results were 
obtained by means of the commutator subgroups of the groups 
under consideration. 

Since the group of isomorphisms of any cyclical group ( Q) 
must be Abelian, the commutator subgroup of the holomorph 
(E) of O must be contained in Q. The number of different 
commutators of a group is not less than the number of the 
operators in its largest system of conjugate operators.f Hence 
it follows that every operator of O must be a commutator of 
^whenever the order of G is odd, and that at least one half 
of the operators of Q are commutators of K when the order 

• Bumaide, Theory of Groups of a Finite Order, 1897, p. 340. 

t liilleri Bulletin of the American Mathematical Society^ Vol. IT., 1898, p. 13i. 
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of O IB even. If we represent (? as a regular substitution 
group, one half of its substitutions are negative when its order 
is even. Since the commutator of any two substitutions is 
positive, this proves that the number of the commutators of 
the holomorph of a cyclical group of an even order cannot 
exceed one-half the order of this group. These results, 
together with the known properties of the commutator sub- 
groups, lead to the following theorems : 

Theorem /. If the holomorph of a cyclical group of an odd 
order is isomorphic toith an Abelian group^ this Aoelian group 
must have a 1, a isomorphism with the group of isomorphisms 
of the given cyclical group. 

Theorem IL If the holomorph of a cyclical group of an 
even order is isomorphic with an Abelian group^ this Abelian 
group must have a 1, a isomorphism with the direct product of 
the group of isomorphisms of the given cyclical group and an 
operator of order two. 

Let JTj be a subgroup of K composed of all its operators 
that correspond to a cyclical subgroup of its group of isomor- 
phisms, and let g^ k, k^ represent the orders of O^ JT, K^ 
respectively. If we represent by t any operator of K^ such 
that Q and this operator generate JT,, and if we represent 
by 7/1 the number of the operators of O that are commutative 
to «, then the number of the diflFerent commutators of K^ 
cannot be less than g-^m. In order to prove that the number 
of these commutators is always equal to g -h-m^ it is only 
necessary to prove that the quotient group of JTj, with respect 
to the subgroup of O whose order is ^ -i- w, is Abelian. 

If s is any generator of (?, then it follows from the pre- 
ceding paragraph that f^st = «" (where a = A'w + 1 , k bein^ 
Erime to g). All the operators of Q which may be obtained 
y raising all of its operators to their kmXh power, must 
correspond to identity in the given quotient group of K^. 
Hence this quotient group is always Abelian. The following 
theorems depend directly upon this fact : 

Theorem IIL If K^ is any subgroup of K that includes ff , 
and if just m^ operators of O are commutative to every operator 
of JT,, then the commutator subgroup of K^ is of order g ~ ?w,. 

Theorem, IV. The group of cogredient isomorphisms of K^ 
is Abelian whenever m^ -^g is an integer^ and only then. 

Corollary. The group of cogredient isomorphisms of the 
holomorph of a cyclical group is Abelian whenever the order 
of this cyclical group is two or four ^ and only then. 
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Every sabgroup of K that coutains G must correspondl 
some Bubgroup of the group of isomorpliisms (/) of (?. Wl 
the order of (? is a power ol an odd prime number, or twice f 
a power, its / is cyclical, and there is one and only one i 
j^roup of Kj containing (?, for every factor of the order of ] 
When the order of O is 2"", its group of isomorphisms contail 
just three subgroups of every order, greater than unity, tbi 
divides 2""*. lience the corresponding K contains three sub- 
groups of the same order that contain 6r. One-half of the 
operators of any one of these three subgroups are contained 
in each of the other two. We proceed to prove that no two 
of these three subgroups are simply isormorphic. 

AVhen their common ordei* is 2"*\ only one of them can 
contain two cyclical subgroups of order 2". since the operators 
in the tail of such a group have to trausCorni the operators 
of G into their 2""* -; 1 power. Since the other two groups 
transform the operators of G into their 2""* — 1 and 2* — 1 
powers respectively, and contain only one cyclical subgroup 
of order 2", they must be distinct as abstract groups. When 
the order of the three groups under consideratiou exceeds 2"*\ 
we may prove in the following manner that no two of them 
can be simply isomorphic. Oiie of them contains operators 
of order 2 that are not com*non to the three, while the other 
two do not have this property. In one of these two groups 
each operator transforms each operatoi of G into its 5'^ power. 

If t and G generate this group, we have [tsf ~ t^s*^^ , s being 
any generator of G, Since 4, =^ J , «iod. 4, ^8^ + 1 cannot be 
divisible by 4. 

The tail of the other group will contain an operator t^^ 
which has the same square as U The operators which this 
group has, in common with the preceding group together 
with t^ must generate the entire group. As before we have 

(<^«)' = «'/'^\ where y8,.:-l=0, mod. 4, since (2"- 1)5^+1 
must be divisible by 4. As the squares of the operators in 
the tail of this group give a smaller number of diflFerent 
operators than the squares of the operator in the tail of the 
preceding group, the groups cannot be simply Isomorphic. 

Coniell UniTenity, 
Octobery 1899. 

END OF VOL. XXXr. 
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